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ABSTRACT

In this work, existence of Korovkin’s theorem in the space of continuous and 
unbounded functions defined on unbounded sets has been studied.

INTRODUCTION

Korovkin theorem ([7]) which is important in approximation theory, 
extends the convergence on three functions to the functions which are 
continuous on [a,b] and bounded on E. Baskakov ([1]) extended the 
boundedness condition on E to the unbounded functions.

Let C(a,b) denote the space of ali continuous functions on [fl,b] and 
let B(a,b) is the space of ali bounded functions on the same interval. 
Then the Korovkin’s theorem can be stated as follows.

Theorem (P.P. Korovkin) If the sequence of positive linear operators
A : C(a,b) —> B(a,b) satisfy the three conditions n

lim ||A (U) - 1|U ,, = 0 n-)oo ' n'' "C(a,b) (1)

then

lim ||A^(tpt) - = 0

2 2
lim ||A (t ^) - X |L, = 0 ,n-)«» " n'^ ' C(a,b) ’

(2)

(3)

lim HA (f,x) - = 0

for ali function / g C(a,b) for which l/(x)| < on E.
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Some generalizations of this theorem may be found in [4], [5] and 
[6], But ali those generalizations use a finite closed interval for 
convergence. In [2] and [3], Gadjiev defined the wcighted spaces and 
B of real functions defined on the real line and showed that Korovkin 

p
theorem does not hold in these spaces. Here B^ ;= {f: |/(x)| < M^.p(x), 
— 00 < X < 00, p> 1 and p unbounded} and := {f: f & and f 
continuous} are the spaces of functions which are defined on an 
unbounded regions. Furthermore in [2] and [3] it was shown that this 
theorem holds on a some subspace of the space C^. Generalizations of 
this theorem also appear in [4],

In this work, we extend these results of A. D. Gadjiev for different 
p^ and p^, and show that a Korovkin’s theorem does not hold for a class 
of positive linear operators, acting from to B^^. We give a proof of 
this result, different from the proof, given in [2] anÜ [3].

Let us consider the spaces C (E) and (E) where p^. First 
we give the following properties, of positive finear operators which are 
the maps between these spaces:

1. Positive linear operatör L, defined on 
iff the inequality

P.
acting from C to B

Pı P2

||L(p^,x)||p^ < 

holds.

2. Let L: (E) —> B^ (E) be positive linear operatör. Then
Pı

IILII,
'Pı P2

'p2= IIL(P1^)II.

and therefore for ali f e , the ineguality

||L(/^)|| < ||L(p ^)|| ll/ll
"2 ”2 I

holds.

Pı

3. Let

BA : C 
n IPı P2
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be positive linear operators for ali n € N. Suppose that there exist M>0 
such that for ali X G E, p^(x) < Mp2(x). If

İm ||A„(p,,x) - p/x)||p^ = 0 ,

then the seguence of norms ||An"C ->B
Pı (P2

is uniformly bounded.

Remark. From the above condition pjx) < Mp^(x) we have C
C c B . 'Pı

P2 P2

Theorem 1. Let (p^ and (p^ be two continuous functions, monotone
increasing on real axis such that limX— «Pı = lim (p^ = ±oo and that
pj(x) < Mp^(x) (M > 0 İS arbitrary constant) for ali x e E where

2
p^(x) = 1 + (p^(x) , k = 1, 2

c

and

lim =2 a
P2(X)X—>»«

Then, there exist a sequence

A : C -4. B
n Pı P2

of positive linear operators satisfying the follovving three conditions
V V

JâS l|A„(<Pı.x) - (p/x)||p^ = 0 V = 0, 1, 2, (4)

but on the other side there exist /* e C
Pı

c B such that 
Pı

lim sup ||A (/*,x) - /*(x)|| 0.
n->oo “ ^2

Proof. For given functions and <p^, let 
of operators defîned as follows:

be the sequence

A„(f,x) :=
/(X) +

P2(x)
2p2(n)

91 (X)

1 /(x+l) - f(x)
.<Pı(x+l)

; 0 < X < n

ı/(x) ; X i [Ojı]

Without loss of generality we can assume that 9^(0) = 0 and (p2^0) = 
since 91 (x) ;= (pj(x) - 9^(0) implies 9ı(0) = 0 whenever 9^(0) 0.

0
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It is obvious that A ’s 
n are linear. Furthermore, since for ali

X G [0 , n], p^(x) < p^fn) and therefore 1 -
p2(x) 

2p2(n)
> 1 - 1- > 0 , we obtain 

2

= f(x) +
P2(X) (Pı(x)

1 
.<Pı(x+l)

/(x+l) - f(x)

, 1
P2(X) + P2(X) 91 (X)

2p2(n)J 2p2(n) 2
9ı(x+l)

= f(.^) 1 -

2

/(x+l) - f(x) > o

for ali X G [0 , n] and for f > 0. That means A, ’s are positive. Since (p, n 1
1 2

monotonic, by using the fact <Pj(x) < (Pj(x +1), we get the following 
inequality

P2(^) 
2p2(n)

2 
9ı(x)

2,
.9ı(x+l)

1 2
(1 + (p,(x+l)) - (1 + (Pı(x))

< pı(x) < Mp2(x).
By Property 1 above, have A^(p^ , x) g B^ . Thus

P. Pj

is positive linear operatör. Next we will show that this seguence of 
operators satisfy three conditions in (4). Since for x g [0 , n]

A„(l,x) = 1 +
P2W 

2p2(n)

1
<Pı(x)

.9ı(x+l)

we have
|A„(l,x) - 11

P2«
1 

2p2(n)

1
I (P1(X)
' 2
<Pı(x+l)

-1| 1 
2p2(n)

= PıW +

A : C 
n I

B

- 1

<

That means

= 0 .lta||A(l,x)-l||,'P2

Also, since

|A^((p^ ,x) - (p^(x)| 

P2W
1

2p2(n)
l<PıW|-1I q>ı(x) 

9ı(x+l)
-11



SOME PROPERTIES OF LİNEAR POSİTİVE OPERATORS... 179

and by the monotonicity of (Pp | 9ı(x) 
<Pı(x+l) 

1

- 1| < lwe obtain

||A (tp , X) - (p,(x)|| sup
" ‘ ^2 xs[0fl] 2p2(n)

<Pı(n) 

2p2(n)

and thercfore

ıiAJ^Pı 'P2 = 0.

|(p,(x)l <

Finally,
2

2 2
A„((pı ,x) - <pj(x) =

P2(X) (P1(X)

2p2(n) 2
.9ı(x+l)

2 2
(p/x+l) - (Pj(x) = 0.

Therefore ali conditions of theorem are satisfıed.

Now let g(x) be a function defined on the interval [-1,1] given as 
follows

g(x) :=
2(1 + x) ; -1 < X < 0

2(1 - X) ; 0 < X < 1, 
and let us extend g(x) to a function h(x) on E with period 2.

If /* is defined by
1 

f*(x) := (pj(x) . h(x)

for ali X G E, then we can obtain the following equality

.X) = + P2W 
2p2(n)

P2(X) 
2p2(n)

2
<P1(X)
2

_tpı(x+l)
1

9ı(x)

/*(x+l) - f*(x)

.91 (x + 1)

2 2
ıpj(x + 1) h(x + 1) - (p/x) h(x)

p2(x) 
2p2(n)

(pj(x) [h(x + 1) - h(x)]

= f^(^) +

= +

1

for ali X G [0, n] and n e N. Then

sup 
x€ [0, n]

- r(x)|

P2W

2 
(p/n) 
2p2(n)
2

|h(n + 1) - h(n)|

=
2p2(n)

1
<Pı(n)

2
1 + (p2(n)

>

2 =
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Since limn—
1

2

1 + <P2(n)
= 0 and lim

2

1 + (p/n)
1 + <pj(n)

2

a , it follows

lim sup ||A (/* , X) - /*(x)||
n-><» P2 > lim

n-)oo

1 + 91 (n)
2

1 + 92(")

= a 0.

n—>©«

This completes the proof.

This theorem shows that there cxists no theorem of Korovkin type 
for the class of positive linear operators from to . Note that more 
general statement can be proved for a class of' positive linear operators

p,
acting from C to C , We have 

Pı P:'2

Theorem 2. Let and be as in the Theorem 1. Then there
exists a sequence A^: C

Pı 
V

—> Cp of positive linear operators such that

.X) - <Pı(x)|lp^ V = o, 1, 2,

Moreover there exists a function f* s C
Pı

such that

lim sup ||A (/* , x) - /*(x)|| 0.
° Pı

The positive statements of Korovkin-type theorems for linear positive
operators A^: —> B^ may be proved as in [2] and [3], in some
subspace of . §uch a type theorem will be given in our another paper.

'2
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