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ABSTRACT
In this paper, it was obtained, by using the Yano-Ako operator, the complete lift of
the tensor structure S € TI(M) a]ong the pure cross-section of Tl (M) as: ‘?: s s
R Sl] ; i) oy c i1gh é‘k
csjk-csj‘_cs- 0, csjk_ o Jq°s‘ =S . &q S =0 and Cﬁm 518
where @ is Yano-Ako operator.

1. INTRODUCTION

Let S € ﬂ'gM) be tensor slructurc on the differentiable manifold M
of class C”. Tensor field t € E‘]’SM) is called pure tensor field [1] W1th
respect to the S-structure if it satisfies.
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Now, let us consider the tensor bundle T1 ™M) = U TJ Q of type
{1, q. Lctt ™M)= U t (Q) be the subbundle of pure tcnsor field with
QeM

respect to the S- -structure, where t (Q) is subspace of the pure tensors of
type (1, q) at the point Q € MIl [2] The components of the complete lift
‘S are given by
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all the other being zero, with respect to the natural frame {Bi, &i}, where

xk = ti‘ o xx = t’:‘ 1[2]' Yano-Ako operator which is defined by S-structure
1k 1A
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was applied to the pure tensor field t e qu (M“) of type (1, q) and was
obtained tensor field of type (1, q +2):
S —
@) X Y. X, Xy o X) = C L 3 9 K V) ©
+t ((LXIS) (X,Y), X2, v Xq)
+ ..+ t(X1’ Xz’ vy (qus) X.Y)),

VX,X, . .X,X Ye Tlo(Mn) or on the natural frame {3} of
coordinate neighborhood U Mn was obtained [1]:

a
¢kjtl1 iq = Skjaatll iq ) til...iqaas Skjak i 1q (4)
q
h a
Skaaj i .q + 22:1 ti]...a...iqaikskj

2. AFORMULA CONCERNING WITH THE YANO-AKO OPERATOR

Theorem 2.1. Let CDutJ] . be tha Yano-Ako operator. Then

‘WOt =L S A IShip o 5
oAt g S(V,W)jl... Uy Whpd, @S, VJ1 ®)
for VV = uiai, W = wjaj, where LV is the Lie derivative with respect to

the vector field V.

Proof. If we consider equation (1), operation (4) is written as
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Then, (6) can be rewritten as
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where j shows dismiss of j in the above sum. To the Lie derivative, we
write

Lvsix;j = Uiaisj:xj * (ambi)sii} + (E)j\)i)S;‘]i - (amu“)s;j

or
i\ iy i i i\ dy ( il)i
(8,v)s + vash, = L.t - (a)sh, + (3,0")s], - ®)
From equations (7) and (8), we find
i_Si S(V); »1 ! 1
VO | =@ 2( )x . ©)
30 i g J1]J2 Iylig-ig
o, - (i,
Ipiip-ig i Jl.Uz dq mj 1)-dg
g
SV i, ( )1
= (I)J tJl"q - LV Jidige Jq l"V /g 1
S(V) iy m

— g
= 4, Salvhig,
where @ is Tachibana operator which is defined for affinor S(V) [3].

Similarly, the operation of contraction is written for the Tachibana

S(V)

operator, as
i SV i) .
“’d)j tjl...jq - LS(V,W)tjl...jq T (S(V))va Sdg (10)
From (9) and (10), we find
ijeS i i i mo 2
Dw(bijtjl...jq Ls(vw)tJ R LWtjl...jq - ‘”SmJLvtjl . (11

3. LIFT ON THE CROSS-SECTION

Let us consider the tensor bundle of 'IJ (M) with a natural
projection 1t : T1 M ) - M If a differentiable mappmg o M - T . (M)
satisfies oG = idM then G is called a cross-section of qu (M) whcre
id  is the identity mappmg on M It is obvious that the cross- scctlon on
M defines a tensor field t i1-dq of type (1, q). Since the rank of the
d1fferent1al of the mapping G is n and © is injective, the cross-section of
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Tl(M) is submanifold of T(M) with respect to induced topology, which
is dlffcomorphlc to M We w1ll investigate the complete lift of a tensor
S along a pure submamfold defined by the cross-section.

The complete lift of a vector field V = (\)) € TI(M) to the tensor
bundle T:(M) with respect to the coordinate neighborhood n (U) c "IJ(M)
was obtained in [4] as

= (“\/J cV)‘) = (Di, Lvoc) , (12)

o eT?(U);i= 1, .,mi=n+1,..n+ n* where o can be
considered as a differentiable function on the space T1 (M) in the usual

way by contraction o = ot). Particularly, if we get (x = —t1 x then the
- i
complete lift of V to T (M) in the coordlnate neighborhood 7 (U) with

respect to the natural framc {a o}, x tl i is given by .
q
v = (v ) -

Let us consider the cross-section of (M) defined by the tensor

i
field tj1 j( ) This cross-section equation is wrlttcn as
14

L m 13
v, to.)amu Z tjl,..m...j %V | - o
m=]

J I 1

x--x(xj),J=1,...,n+n“q
or )

% = \

7 tijll...jq(xj)‘ ’

It is obvious that the systcm
A
- {05} = {28} —{aat }—88+3t1 a-\

iV gy 1y
c={ax') = (d‘d;) - (o, ) ...a;aij) - 8}‘...8;‘6;‘8—}1 ’

defines a frame along the cross-section. B and C i=1,.,n i=n+1
, . 0+ 09 span the tangent plane of T:(Mn) and they are tangent to

the cross-section and the fibre, respectively.

~d ~
Using (13) and V' = V B} + ¥V &, we have
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. . 9, i J
h ~ p h
vox + (t'fla v! - 2 0. nm)3xh =VB +VC(C 1
i @ 'm .., M i i
p=l 4
Therefore, we obtain
~l 3
V=uv
,Jl

LV

that is the complctc lift “V of V with respect to the frame (B, C) along
the cross-section is written as

V=l )= k). (14)

We define the complctc lift °S of a tensor S € sr(M) along the
pure cross-section of T (M) by

SV, W) = 8¢V, ‘W). (15)
The equality (15) can be written as
SV, W) = <8, VW' (16)

by using coordinates. If we take I = i in (16), we have
0" = (5v, W) = ssheVew” = soviw® + cs;;;\w
+ cS}fk“\fi oW + °Sr;f\" °W;
Then, we obtain

s =§

= Sy S = Sp=S=0. a7

If we take I = 1 in the equality (16), we have
SV, W) = S, VW' = o5 VoW 4+ S vew” (18)
+ S 4 seviw
ik ik i ) )

Now, let us find solutions which are °Si , ¢S , °S- , cSi.— of the
3 & 3 Jk

equation (18). For this purpose, taking account of (13), we have
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i i 8 i omo 2
1 = D.t! T+ ‘ (19
Ls<vw>‘,,..4q VO utxl--aq +810 LWtJ]-"Jq (oSmJLthl i )

From (14) and (19), we get
c id S meiy o Jdge ]
SV, W) = nwcbijtjl_._jq +VS 8‘ e Lwt] vy +

VS 5. 8%W - cv"‘s‘1 5. ...8.%v¢ (20)
ml ™ Iq ml™j; i
Then, from (18) and (20), we obtain
c - (I)S 4
i = n‘J, Jq : Q1)
°§ - = smlzsj1 5‘*

csl1 S]miih 5‘1

c——0

Thus (17) and (21) are the complctc lift of the tensor structure S €
T (M) along the pure cross-section of T (M) In particular, if the pure
cross-sectlon is integrable, that is 8t’ y = (0, hence we find formulea (2)
from (17) and (21). T
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