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ABSTRACT

In this article using the Schottky uniformisation of the hyperelliptic Riemann surface 
new formulae for the characteristic of finite zone Solutions to the equations of Toda chain 
are obtained. For this characteristic of the solution are expressed through the parameters of 
uniformisation with the use of Poincare series.

1. INTRODUCTION

In [2] the finite zone Solutions of Korteweg-de Vries (KdV) equation 

and Toda chains were determined by using the theory of hyperelliptic 

Riemann surfaces. In this article the characteristics of the Solutions were 

givcn by using Abel differentials. However the calculations of

characteristics by using Abel differentials caused some difficulties in 

application. In [1], for the characteristics of KdV equations, an effective 
formula by using the Schottky uniformisation of Riemann surfaces was 

found. In this article using the similar method given in [1], we obtain a 

new formula for the characteristics of finite zone Solutions for Toda 

chains with respect to Poincare series.

2. SCHOTTKY UNIFORMISATION AND TODA CHAIN

Let us consider the Riemann surface of hyperelliptic curve F given

by
2 

W
2N+2

= n - ^1) ’ < Z2 
i=l

< ... < ^N+2 < °o .

We will denote the points of F of the form P* = («», ±) by P^ and 

P”, wherc ± refer to the upper and lower branches of the curve F, 

respectively. Let a^, bp ..., a^^, b^^ be some canonical basis of cycles of
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r, du n be the nonned differentials of first kind (i.e. holoraorphic

differentials), be the normed differentials of second kind with'p*
the dual pole at the points P*, P respectively. It is cicar that

= f (z^^) dz'^ ,dun du = 27ti8 m nm , (n, m = 1......N) ,
./a

where z are the local parameters in the neighbourhood of the points r 
and f....... f are holomorphic functions, [3].

. N
The matnx B = (B ) ' nm'ınnr lumsl is called the period matrix of F, where

Bnm du m
Jb.

Let the çharacteristics of Abel differentials be 
(.p

U := n
P

du , (1)n

2V n
and let «>„ bn

(2)
+

0(z\B) = 2 m> + {t., m>j
'2 I

meZ

be the Riemann theta function. Then the finite zone solution of Toda 
Chain

= C„,,(t) - C (t)

C.(t) = C (t) [u (t) - u .,(t)] 

is the following [2],

(3)

V İt) = -i İn 
" dt

0 [(n + 1)U + tV + zj 

0 [nU + tV + zj
(4)

c„(t) =
e [{n + 1)U + tv + zj e [(n - 1)U + tv + zj

Ö^nU (5)+ tV + zj

where z^ is an arbitrary vector, the vectors U = (U^, U^^), V = (Vp
Vj^) are determined by the expressions (1), (2) and are known as the 

characteristics of the Solutions (4), (5). Let G be a Schottky group 

generated by the collections of elements a , a , a . We show the 12 n
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fixed points of transformations o with A and (-A ). Then we also show n n nn
the subgroup of G generated by o^ with G^. Hence

O z + A Z -F A _____ n
7. - K 

n

nn 1

n I
= ,0<u. <1,A ,u gR.*n ’ n *^n

o
It is obvious that G cz SL(2, R). Let G/G and G \G/G be factor n m n

group and the two sided factor groups, respectively. In the view of the 

results in [1];

idU n 2
oeG/G, - (A) - (AJJ

dz (6)
n

z z

The Poincare series is the holomorphic differentials of T. The 
components of the matrix B are defined as follows;

-12

B nm 2 İn
0SG \G/G A - of-A) nı V n/J

(7)

B nn = İn li + İn - °(A)
n2

CT€G„\G/G„, 0*1 n n
- a(-Aj_ (8)

m n

2
Here

az -I- P
Yz -F 8

, a, p, Y, 8 G R, aS - Py = 1

Now, using (6) and (8), let us calculatc thc characteristics defined in 
(1) and (2).

u = n

P 
du nP

2 1
P/8 (jeG/G]jl.OZ + A^

al'I

2aeO/G_] Jp/5

doz 
oz + AI 

fi- + A

1 
oz - A

doz
nJ

■ aly
doz 

oz - A n

-İni
fi- - A

2 İn
n

n asGIO^

n

â â 
8

osG/G, + A n - Ann
8

-g (A) Pfl2 İn
oeG/G n

-8 A + p ____ n
YA • n

nJ

7{A) -a
/

a
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2 to
O€G/G,

= 2 İn 
oeG/G n

then, we obtain

(-A) 
^(AJ 

(-AJ ’

oeG/G n

°(An) 
{-Aj ■ (9)

n

u = 2 İn

Since

'b.

£ip. = t.U*).

n

we have

2V : n Qp+ ■+•
'b n

= yo) + f„(co)
= yo)
= 2 - O(-AJ} ,

oeG/G,n

or

V.4 2 WAj-o('Aj). 

aeG/G„n

Thus the following theorem is proved:

(10)

Theorem. The finite zone Solutions of (3) are (4) and (5). The 
characteristics of U and V are (9) and (10) and the elements of B are 

obtained by (7) and (8).
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