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ABSTRACT

In this paper, we construct the sequences of the sheaves of homotopy groups of a pair
(X,A) and of a triple (X,A,B), where X is a connected, locally path connected, and
semilocally simply connected topological space and A, B are both open comnected, locally
path connected, and semilocally simply connected subspaces of X with B ¢ A < X.
Furthermore, we prove the existence of a homomorphism induced by a continuous map
fi X,A) > (YB) (respectively, f: (X,AB) — (Y.C,D)) between the sequences of the
sheaves of homotopy groups of the pairs (X,A) and (Y,B) (respectively, of the triples
(X,A,B) and (Y,CD)).

1. INTRODUCTION

The theory of sheaves, developed and applied to various topological
problems, has recently beer applied to algebraic geometry and to the
theory of functions of scveral complex variables. Furthermore, for
homology and cohomology groups in algebraic topology and algebraic
geometry, the “coefficient” groups must often be taken locally; that is,
should be sheaves of groups. This is one of the basic reasons for
considering sheaves. Now lct X be a connected, locally path connected
and semilocally simply connected topological space with base point X,
For n = 1, the nth homotopy group nn(X,xo) of X is defined 0o be the
homotopy classes of maps o: (I"i") — (Xx,) such that o < X and
od = X,» Where I'= {(t..t) € R0 < t <1,i= 1l..n} is n-cube
and I" its boundary. Equivalently, nn(X,xO) may be regarded as the
homotopy classes of base-point preserving maps o (S",PO) - (X,xO) such
that (8™ < X and a(PO) = X, where S" is n-sphere and Po = (10,...,0).
nn(X,xo) is abelian for n > 1. Let Sn(X) be the disjoint union of the nth
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homotopy groups obtained for each x € X, ie., S (X) xeX nn(X,x).
Steenrod [5] showed that Sn(X) is a bundle of coefﬁmcnts On the other
hand, it is known that Sn(X) is an algebraic sheaf. Indeed, for each
Ce Sn(X), define a map ¢: Sn(X) — X as, ¢(0) = (p([a]x) = X, where
xe€ Xand 6 = [OL]x € nn(X,x). Let X, € X be arbitrary fixed point.
Then there exists a path connected open neighborhood W = W(xo) of X,
such that for any two points x and y in W, every pair of paths in W
joining x to y are homotopic in X with endpoints held fixed since X is
locally path connected and semilocally simply connected. If y is a path
from X, 0 X, for any X € W, then vy induces an isomorphism

"), ®Xx) = ©Xx)

for all n, given by (y*) ([(xox] ) = [a] which depends only on the
homotopy class of v. Thereforc we can deﬁnc a mapping s: W(x) - S
(X) with s(x) (‘y*) ([a] ) = [(x] Clearly, s is well-defined. In fact
if Y, and Y, are two paths ‘in w from x, to x, then they are homotopic
in X with cndpomts held fixed. Hence ('y *) ('y *) Moreover, ¢ 0 s =
and s(xo) [(x] ET (X,x) For each X € X all such sets s(W) =
{s(x) [o] € S (Xﬁ x € W c X} form a basis for the topology on
S (X). Indccd let Wl W, be any two path connected subsets of X and
o€ sl(Wl) N s2(W2). Then s;» s, agree at o(c) = (p([oc]x) = X,
(xe W1 nW2) and by the definition of the mappings 85 8, S1(W1 N W2)
= s2(W1 s} W2). Therefore 6 has a basic neighborhood sl(W1 N W2) =
sz(W1 N Wz) inside sl(W 1) N sz(Wz). It follows that s is a continuous
mapping with respect to this topology. Let x € X be any point and V =
V() < X be an open neighborhood of x. Since (p'l(V) xel s(V) ¢ is
continuous with respect to the topology on § (X). Moreover, ¢ | s.(V):
si(V) — V is a homeomorphism for every i € I. Then @ is locally
topological. Therefore (Sn(X), ) is a sheaf on X. It is called the sheaf of
nth homotopy groups. For n = 1, Sn(X) is called the sheaf of
fundamental groups [1,3]. It is a sheaf of abelian groups for n > 1. By
the definition, (S (X),(p) is also a covering space on X. For every x € X,
¢ (x) nn(X,x) is called the stalk of the sheaf and denoted by (Sn(X))
The continuous map s: W — Sn(X) is called a section of Sn(X) over W.
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The collection of all sections of Sn(X) over a fixed path connected open
subset W of X is denoted by I'(W.,S (X)). The set I‘(W,Sn(X)) is a group
with the pointwisc addition. Furthermore, if A c X is open, S (X) |, =
¢ (A) —xe A nn(X,x) , then (Sn(X) | L @ { (Sn(X)) IA)) is a subsheaf of
S (X).

If A is an open connected, locally path connected, and semilocally
simply connected subspace of X, then nth relative homotopy group
n (X,A,xo) of pair (X,A) with base pomt in A is defined as the set of all
homotopy classes of the maps o: (I, J"_) —) X A,x) such that
ol c X, o™ < A and (™) = x, where I'" = {(t,.t) € T' | ¢,
= 0}, I"' = i" — intI™". Equivalently, we may represent [(x] ET (X,A,x)
byamapa(E S“‘,Po)—a(XA,x) where E" = {(tt) € lR“It+

.+ t < 1} is the unit n-cell, 8" is the (-1)- sphcrc 1tn(X A,xo) is an
abclian group for n > 2, Let Sn(X,A) = XXA nn(X,A,x). Sn(X,A) is a set
over A and the map @: Sn(X,A) — A defined by ¢(©) = ¢([a]) = x for
any X € A, G € Sn(X,A), is onto. Similarly it is readily checked that
Sn(X,A) is an algebraic sheaf. For n > 2, Sn(X,A) is the sheaf of abelian
groups.

As indicated, (X,x) is only defined for n = 1, while ©t (X,A,xo) is
only defined for n > 2. It is often useful to introduce = (X,x) and
1 (X’A’xo) Let S° be the unit O-sphere and P the point (1 0). Then
n (X,x) is defined to be the set of homotopy classes of maps o (S ,P)
- (X,xo) We will not attempt to give this set any algebraic structure. It
is clear that nO(X,xo) has one element for each path component of X.
Since X is path connected = (X,x) is the pair (X,x) In a similar
manner we use the symbol T (X,A,x) to denote the set of all homotopy
classes of maps o (E S ,P) —) X A,x) The “identity elements” of this
set is the class of the constant map E' — X, and is denoted by O.

2. THE SEQUENCE OF THE SHEAVES OF HOMOTOPY
GROUPS OF A PAIR (X,A)

Let X be a connected, locally path connected, and semilocally simply
connected topological space and A be an open connected, locally path
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connected, and semilocally simply connected subspace of X. We can
define a boundary operator on the sheaf of relative homotopy groups. In
fact for every x € A, if [@] € S(XA) with o (E",S“"l.PO)
— (XAx), then the homotopy class of o | $"" : (s“‘l,Po) - (AX)
depends only on that o, so that we may define d*: SH(X,A) - Sn-x(A)
by 8*([01]’() = [o] S"_l]x. Equivalently we may represent [01]x € Sn(X,A)
by o 1 S (X,Ax) and then we have o | L @t
= (Ax) and 9*(a) ) = [a|T] .
[

[
Lemma 1. The boundary operator o*: Sn(X,A) - Sn—l(A) is a sheaf
morphism.

Proof. Firstly, d* is continuous. Let x ¢ A < X and W(x) be a
path connected open neighborhood of x in A. Let s: W(X) — Sn(X,A) be
a section and [oc]x € s(W). Then, s(W) is an open neighborhood of [a]x.
If a*([a]x) = [B]x = [ou | I"_l]x, then there exists a section t: WX) —
Sn_l(A) and t(W) is an open neighborhood of [B]x, and so for every x €
W, 8*(s(x1)) = 8*([al]x) = [a, II"_I]x € t(W). Therefore 0*(s(W)) c t
(W) and 9* is continuous. '

Secondly, 0* is a homomorphism: Let lo ] [o,] € S (X.A) then it
is clear that

B*([Oll]x + [a2]x) = a*([al + (xz]x) = [(al + 0‘2) I In—l]x
= [o, | I+ [o, | I™"] = 3*(lo,]) + 3*(lo..)).

Finally, 0% is a stalk preserving map: ¢, and @ are the natural
projections of Sn(X,A) and Sn_1(A)’ respectively. For every [()L]x € Sn(X,A),
9,([0)) = x and (9, 0 3*K[a]) = ¢,@*([0]) = A1 T"]) = @, AB])
= X, hence ¢, = ¢, 0 J*.

Lemma 2. Let the sheaves Sn(X) and Sn(Y) be given. A continuous
map f: X — Y induces a stalk preserving sheaf homomorphism of
sheaves f*: Sn(X) - Sn(Y).

Proof. {1,3].
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Lemma 3. Let the sheaves Sn(X,A) and Sn(Y,B) be given. A
continuous map f:(X,A) — (Y,B) induces a stalk preserving sheaf
homomorphism of sheaves f*: Sn(X,A) - Sn(Y,B).

Proof. Similar to the proof of Lemma 2,

Lemma 4. For a map o: E"S"'P) > (XAx), [@] = 0 in &
(X,A,xo) € Sn(X,A) <> o is homotopic, rel " toa map into A.

Proof. [2, p. 448 Theorem 5.8].

Lemma 5. For a map o (S"P) = (Xx) [0] = 0 in m(Xx) €
S (X) e o has an extension o" E"' 5 X.

Proof. [4, p. 36 Lemma 2.21].

We can now set up the sequence of the sheaves of homotopy groups
of the pair (X,A). Let i: (A,xO) - (X,xo), I (X,xO) - (X,A), X, € A, be
the inclusion maps, then we have sheaf homomorphisms

i*: Sn(A) - Sn(X), j* Sn(X) IA - Sn(X,A)

and J*: Su(X,A) - Sn_l(A) by Lemmas 1, 2, and 3. We have a sequence

a* i* *
= Sn+1(X’A) - Sn(A) - Sn(X) lA - Sn(X,A) — .
r &ﬁ i*

- S,X) [, = S,XA) = S(A) - $,X)
called the sheaf sequence of homotopy groups of the pair (X,A).

Theorem 1. The sequence of the sheaves of homotopy groups of the
pair (X,A) is exact.

(Note that in this exact sequence the last three maps are not sheaf
homomorphism, but only set maps. The kernel of a set map between
pointed sets is by definition the inverse image of the base point, i.c., they
are just base-point preserving functions. Exactness in this context is given
by the same condition: “the image of each map is the kernel of the
next™).

Proof. The proof of Theorem 1 is divided into six parts.
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(1) i* 0 3* = 0. For if [a] € S_ (X,A) with o E™S"P) —
(X,Ax) then a | 8" (§° ,P) - (A,x) represents o*([a]), and 1*8*([(x])
is represented by i o (o ] S) which has an extension to E™'. Thus, by
Lemma 5 i*0*(Ja]) = 0.

@ j*oi*=0 I [o] e S(A) wrth @ @I > (Ax), then
j*i*({a]) is represented by (j o i) o a: "I JN) o (X, AX ), where o
(I") < A. Since I" is contractible over itself to (00,...,0), then it follows
that. j*i*([a]) = O.

(3) 9% 0 j* = 0. If [a] € S(X) | with a: (") — (Xx), then
o*j*([a]) is represented by jo (o | " 1) @i - (Ax), but o™ ™)
= X, so that o*j*([a]) =

(1) ker(i*) < Im(d*). If [0 € ker(i*), then o (S",PO) - (A,xo) and
i o o is nullhomotopic in X. By Lemma 5, o has an extension to o
(E™'S") — (X,A) which represents [o] € n  (X,Ax)and 3*(o]) = [al,
ie., [o] € Im(d*).

2" ker(i*) < Im@*). If [0 € ker(j*), then o: (E"S™) — Xx)
and j o o: (E" s+t ,P) - X, A,x) is nullhomotopic. By Lemma 4, o is
homotopic, rel S*°, to a map B E' — A. Thc map P represents an
element [B] € S (A) such that i*([B]) = [a]. Thus [a] € Im(i*).

(3) ker(@*) < Im(j*). If [0] € ker(@*), then o: (E"S™ 1,P) -
(X.Ax) and o | s=h (™! P) — (Ax) is nullhomotopic. By the
homotopy extension property, o is homotoplc to a map o (E"S™ h o
(X,xo). Then o represents [0] € nn(X,xo) such that j*([a]) = [a], ie.
[a] € Im(*).

Corollary 1. For any connected, locally path connected, and
semilocally simply connected topological space X,Sn(X,X)=0 for all n2>1,

Now, if f: (X,A) — (Y,B) is a continuous map such that f(X) c Y,
f(A) < B, then f induces homomorphisms

* * *
fur S0, = S, f,: S(A) » S B) . f,: S (XA) -8 (YB),

by Lemmas 1, 2 and 3.
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We obtain a homomorphism between the sequence of the sheaves of
homotopy groups of the pairs (X,A) and (Y ,B):

x * *
l

9

ny+l J“l

KA > S (A) —) SX) 1, » SXA) — ..
&
fn2+1‘L fnli fn i fnz‘L
8;2“ :2 j:
«—S (B - SB) -S| —>S{YB > ..
It is then a matter of straight forward verification from the definitions
that the commutativity relations,

fnlanlﬂ = an2+1fn2+1 * fn 1“1 = ln2fn]+l ’ ‘fnz']n] - anfn

hold between the homomorphisms of the sequences of the sheaves of
homotopy groups of the pairs (X,A) and (Y,B). We say that (f *,f *j *)
is a homomorphism of the sequence of the sheaves of homotopy groups
of the pair (X,A) into thc sequcnce of the sheaves of homotopy groups
of the pan' (Y.B). If f f f are isomorphisms for all n, we describe

¢, J J ) as an 1somorph1sm
Therefore, we have the following theorem.

Theorem 2. Let f: (X,A) — (Y,B) be a continuous map. Then,
there exists a homomorphism (f *J f ) between the sheaf sequences of
homotopy groups of the pmr (X A) and (Y.,B). Furthermore, if f is a
topological map, then (f, of »f ) is an isomorphism.

3. THE SEQUENCE OF THE SHEAVES OF HOMOTOPY
GROUPS OF A TRIPLE (X,A,B)

Let X be a connected, locally path connected, and semilocally simply
connected topological space and A, B be open connected, locally path
connected, and semilocally simply connected subspaces of X such that
Bc AcX. Letk (AB) = (X,B), : (X,B) = (X,A) be the inclusion
maps, then we have sheaf homomorphisms
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k*: S (AB) - S (X,B), I*: § (X,B) — S (X.A).
by lemma 3. Furthermore, we have a boundary operator
a*: Sn”(X,A) IB - Sn(A,B)
which, is defined as the composite of
S (XA - S (A) and S (A) l; = S (AB),

where the first map is the boundary operator of the sheaf sequence of
homotopy groups of the pair (X,A). Then we have the sequence of the
sheaves of homotopy groups of the triple (X,A,B)

* * *

d k i

. =S (XA) |, > S(AB) > S (XB) > S XA) |, - ..

n+l

This sequence is called the sequence of the sheaves of homotopy groups
of the triple (X,A,B).

Theorem 3. The sequence of the shcaves of homotopy groups of the
triple (X,A,B) is exact.

Proof. This follows from Theorem 1, together with certain
elementary facts. Firstly, that /* o k* = O follows from commutativity of
the diagram

S (AB) — Su(X,B)
! l
5,(A4) > S (X.A)

of injections and corollary 1. Secondly, we will describe the proof that

ker(k*) = Im(d*). Consider the diagram
s®  S@®)
O 4 i:1 i, 4 i:2

S &AMl 2 SAW g >SX Iy
SR R
k 2

S(AB) —S(XB)
b .

Sn—l(B) SIH(B)
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®
Here aml, i: are homomorphisms of the sheaf sequence of the pair (X,A);
* *
i*, j*, d relate to the pair (A,B); and i*, j*, d, relate to the pair (X,B).

%
By deﬁmtlon, we have d* = :am , and the followmg ‘commutativity’

relations obviously hold:

* *
l*l* - l* ,k*J* =J*1* ’a k* =a

n n‘ 112 nl 11211
Now let [a] € S (X,A)I . Then
K3 (o)) = k* i 3,,+1([0t]) =il

since i a = 0. Thus Im(3*) — ker(k*). Now let [a] € S (A,B) and let
k*([a]) 0 Then a ([oc])— ’i(*([a])—O so that by exactness, {0t -] ([B])

for any [P} € Sn(A) .. Then 0 = k*([a]) = K i ([ﬁ]) =j, 1 ([B]) so that
by exactness, i ([B]) = 1n2 (Il), for any [y} € S (B). Thus

" (@) = 0,

n, 1 n+1

i, (1B - i, (D) = i, (B) - i, (D) = O,
whence, by exactness, [B] - i::([y}) = a::l([ﬁ]), for any [8] € Sn(X,A)IB,
and (o] = j/(BD = (B - D) = ' 3, (18D = 9*(BD, since ], =
0. This shows that ker(k*) < Im(d*) and so completes the proof of the

assertion that Kker(k*) = Im(d*). Similarly routine diagram chasing
completes the proof of remaining assertions.

Now let (X,AB), (Y,CD) be triples and f: (X,A.B) = (Y,CD) be a
continuous map such that f(x) c Y, f(A) < C, and f(B) < D. Clearly
the map f induces maps f]: (X,A) - (Y0, f2: (AB) —» (CD),
and f3: (X,B) — (Y,D). Then fl, fz’ f3 induce homomorphisms

f:; : S (XA, » S (YO, f,: : S(AB) - S (CD), f,:: S (X.B)
- S (YD)

k k%
Then we obtain a homomorphism (f "1’f ,,2,f n}) between the sheaf
sequences of homotopy groups of the triples (X,AB) and (Y,CD)
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-8 XA |, > S(AB) - S XB) - Sn(X,A) g = -
N

mn
. 28,0 I, - SCD) > SYD) > S (YO |, = -

Therefore we give the following theorem. The proof of this theorem
is similar to Theorem 2.

Theorem 4. Let f: (X,AB) - (Y,C,D) be a continuous map. Then
there exists a homomorphism (f::f:;f:) between the sequences of the
sheaves of homotopy groups of the triples (X,AB) and (Y.CD).
Furthermore, if f is a topological map, then (f:f:;f:;) is an isomorphism.
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