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ABSTRACT

Let X be a connected complex n-dimensional manifold with fundemental group
Fx,t{l}, H be the sheaf of the groups over X [7] and T(X,H) be the group of the global
sections of H over X.

In this paper, the sheaf of the Homology groups is conmstructed by means of the
homology groups HX/NX of the connected complex n-dimensjon manifold and given some
characterizations. Finally, it is shown that if two connected complex manifolds are
topologically equivalent, then their corrosponding sheaves of the homology groups are
isomorphic.

1. INTRODUCTION

Let X be a connected complex n-dimension manifold and F # {1}
be the fundemental group of X with respect to the base point x, for any
x € X, (X,x) pointed n-dimension complex manifolds which have the
same homotopy type.

If P is any H-group, then there exists a sheaf H = V H_over X
which is formed by P H-group. For each x € X, xeX

M) = [(Xx)P] = B,

is the stalk of the sheaf which has a discrete topology (where [(X.x);P] is
set of homotopy classes of homotopic maps preserving the base points
from (X,x) to (P.py) [6.7].

If x € X is an arbitrarily fixed point, then there is W = W(x) an
open neighborhood of x in X and mappings s: W — H such that s is
continuous and ITo s = lw. Hence the mappings s is called a section of
H over W.
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Let us denote all of the sections of H over X by I'(WH). The set
I'(W.H) is a group [7].

The sheaf H satisfies the following properties:
1- Any two stalks of H are isomorphic with each other [6].

2- Let Wl, W2 c X be any two open sets s, € I“(Wl,H) and
s, € I"(WZ,H). If SX(XO) = Sz(xo) for any point x € W1 N Wz’ then s, =
s, over the whole W1 N W2 [6l.

3- Let W < X be an open set. Every section over W can be
extended to a global section over X. In other words, the sections over W
are the restrictions of the sections over X, ie., s | W € T'(WH), for
every s € T'(X,H).

4- let x € X be any point and W = W(x) be an open set. Then,
m'w) = i\E’I si(W) for every s, € I'(WH) and Hlsi(W) : si(W) > Wis a
topological mapping for each i € I. Thus, H is a covering space of X,
such that to each point G = Lf]x € Hx there corresponds a unique
section s € I'(WH) such that s(x) = . Furthermore, Hx is isomorphic
to I'(W H). In particular, Hx = '(W,H) [6].

5- A topological stalk preserving mapping of H onto itself is called
a sheaf isomorphism or a cover transformation, and the set of all cover
transformation of H is denoted by T.

Clearly, T is a group. T is isomorphic to the group I'(X,H). Hence
Hx =z I(XH) = T. Thus, T is transitive and H is a regular covering
space of X [6].

2. SUBSHEAVES OF H

Definition 2.1. Let H be the sheaf of the groups formed by H-group
over X and H < H be an open set. Then H’ is called a subsheaf of
groups, if;

iy NHHY =X
ii) For each point x € X the stalk H'x is a subgroup of H_ [3].
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Definition 2.2. Let H be sheaf of the groups formed by H-group
over X and N” ¢ H be a subsheaf of groups. Then N’ is called a normal
subsheaf, if the stalk N'x c Hx is a normal subgroup for cach x € X.

Let N c H be a subsheaf of groups and W — X be an open set.
Then, the set T(WN") < I'(W,H) is a subgroup. Moreover, if N' < H is
a normal subsheaf, then T(WN") < I'(W,H) is a normal subgroup. In
particular, if we take W =X, then [(XN") « I'(X,H) is a normal subgroup.
Consequently, each subsheaf of group gives a subgroup of I'(X,H) and
cach normal subsheaf gives a normal subgroup of I'(X;H) [6].

Conversely, let us suppose that, T'(X,H) is group of global sections
of H over X and G cI'(X,H) be a subgroup. Then, the set {si(x): 5. € G}
is a subgroup of Hx over X for each x € X.

Let us denote {s(x): s € G} by N. Then N' = V. N'_is a set

x€X x
over X with the natural projection IT' = IT | N” and G = I'(X,N").
Moreover, if G ¢ T'(X,H) is a normal subgroup, then each stalk of
N’ is a normal subgroup of Hx. (N’,JT) is a subsheaf of the groups and
(N'JIT) . is a normal subsheaf (or sheaf of normal subgroups) of H, if
G < I'(X,H) is normal subgroup [1,6].

Then, we can state the following theorem:

Theorem 2.1. Let H be the sheaf of the groups formed by H-group
over X and I'(X,H) be the group of global sections of H. Then, the
subgroups of I'(X,H) define all the subsheaves of groups of H. In
particular a normal subgroup of I'(X,H) defines a normal subsheaf of H.

It is easily seen that, subsheaves of groups of H (or normal
subsheaves of H) have all the properties of H stated in Section 1. Thus,
they are also regular covering spaces of X and N’x = T(XN) = T for
each subsheaf of groups N’ c H.

Definition 2.3. Let G be a commutator subgroup of I'(X,H). The
normal subsheaf of H defined by G is called the commutator subsheaf of
H and it is denoted by [HH]. Moreover, G = I'(X,[HH]).
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Now let ¢ € X be an arbitrary fixed point and Nc be commutator
subgroup of Hc. It is known that Nc is the smallest subgroup for which
Hc/Nc is additive. Hc/Nc is called the homology group of the connected
complex n-dimension manifold and it is denoted by Hc. The sheafl N
determined by the commutator subgroup is called homology covering
space of X [L,5].

Let x € X be any point, I-T be the Homology group of X with
respect to X ie., H =H /N whcre N c H is commutator subgroup
Let H = V H H 1s a set over X and the mappmg I(c) = I'I([f]x)
for any G [f] € H is onto.

We introduce on H a topology as follows:

Let ¢ € X be arbitrary fixed point and ﬁc be the homology group
of X with respect to the point c. Then there exists an open
neighbourhood W = W(c) of ¢ in X. If 6_= [h] € [(Xc)P] = H_is an
arbitrary fixed element and x € W is any point, then there is a
homotopy equivalance map y : (X,x) = (Xc). Hence the map h o vy :
Xx) —» (P,p) is continuous and base point preserving. [f] e [(Xx);P]
= H is a homotopy class of map f = h o y. Therefore, we can define a
mapplng ss W — H with s(x) = s(x) [f]x where s € T(WH). Thus, s
is well-defined,

Mos=1_ and 5 =50 e (W) c H.
Let us denote the set all of the mappings defined over W by I'(W,H).

Now, if P(x) is a basis of open neighbourhoods of x, then

B={S(W):We Bx),s e I(WH)

is a topology base on H. In this topology, the mappings IT and s are
continuous and II is a local homeomorphism.

Thus, (H,II) is a sheaf over X. S is called a section of the sheaf H
over W. Let us denote the collection of all sections of H over W by
w ,I_i) which is an abelian group [7]. The homology group I-_Ix is called
the stalk of the sheaf H over X, for each x € X [4].
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Definition 2.4. The sheaf, (IE,I_'I_) is called the sheaf of the Homology
groups over the connected complex n-dimension manifold X. Moreover, H
is a sheaf of abelian groups [3].

Then we can state,

Theorem 2.2. Let § € I'(W,H). Then II | s(W) : s(W) > W is a

topological mapping and (T | S(W))! = §
Proof. If we consider the statement I1 0 s = Iw, then for each
xe W,50 (I ]5W) () = 5o ITo sHx) = sx),

Therefore s o (IT | S(W)) = l-s-(w) [2].

Remark. It is easily seen that the sheaf (H,IT) has all the properties
of H stated in Introduction. Thus, it is also regular covering spaces of X
and_Hx = I'X,H) = T, where T’ is the set of all cover transformations
of H.

3. CHARACTERIZATIONS

In this section, we will explore the relation between connected
complex manifolds and the sheaf of homology groups constructed over
complex manifolds (see [1] for some definitions).

Theorem 3.1. Let P be any H-group and X, X, be connected
complex manifolds of dimension n and Hx’ H2 be the corresponding
sheaves of homology groups respectively. If the open map v X . X2 is
given as continuous and surjective then there exists a homeomorphism
between the pairs (Xl,ﬁl) and (Xz’ﬁz)‘

Proof. X € X1 be an arbitrary fixed point. Then 'y(xl) € X2 and
[(Xl,xl):P] =H cH, [X,Yx):P] =H < H are the corresponding
1

)
stalks.

If (X x). (Xz,y(xl)) are pointed spaces and f, g are base point
preserving continuous maps from (Xz,y(xl)) to (P’Po) then fl, g base
point preserving continuous maps from (X X 1) to (P,po) can be defined as
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f = f oY g = o v, respectively. Furthermore if f ~ 8, rel y(x)
then it can be easxly shown that f ~g rel X Thus the correspondence
Lﬂv( D
base-pomt preservmg continuous maps from (X ,'y(x )) to (P,po) to the

= [f o7l is well- defmed and the maps homotopy classes of

homotopy classes of base-point preserving continuous maps from (X x)
to (P,po). That is, to each clement [f] there corresponds a unique

element [f o Y] So if o1l Y] y( <)’
1

Since the pomt X € X _is arbitrary fixed, the above correspondence
gives us a map 'y* H - H such that Y*([f]) = [f o V] € H , for
every [f] € H 'y* is a sta]k preserving mapping and a homomorphlsrn
on each stalk.

To complete the proof, let us show that ¥* is continuous and an
open map. Since y* is continuous and an open map [7], it can be easily
shown that ¥* is continuous and an open map. Thus, (yty) is a
homomorphism between the pairs (Xl,ﬁl) and (Xz’ﬁz) {7].

Then we can state the following theorem:

Theorem 32. Let the pairs (X H), (XH), (X H) and the
surjective, open and continuous maps Y,: X1 - X, X2 - X3 be
given. Then, there exists a homomorphism (y*: (XI,HI) = (X3,H 3) such
that

Y=7, 079, Y =Yo7,

Proof. Since Y, 07 X1 - X2 is a surjective, open and continuous
map, there exists a homomorphism

() (X H) o (H)

(Theorem 3.1). To prove this theorem it is sufficient to show that ¥* =
?1* o ?2* = l* o 'yz;f‘. In fact, for any [f] € H3, we must show that

v (D) = @* o K,
@) =Fon=0Foqonl=I[Foy) o]
Y ({F o) = 0 o 1,
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Therefore —y.* =y*o0 72*.
Now, we can state the following theorems:

Theorem 3.3. There is a contravariant functor from the category of
connected complex manifolds of dimension n and surjective open and
continuous maps to the category of sheaves of homology grops and sheaf
homomorphisms.

Theorem 3.4. Let the pairs (X H) and (X, H) be given. If 7. X,
- X2 is a topological map, then there exists an isomorphism between the
pairs (X .H ) and (X H).
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