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ABSTRACT

In this paper, we have studied connection among some restricted dual Pappus
Theorems, some speciel forms of Desargues Theorem stated for quadrangles and minor forms
of Desargues Theorem stated for triangles, in a projective plane, by using algebraic
properties associated with these configurational propositions.

1. INTRODUCTION

Let # = (P, 4,I) be a projective plane with the incidence relation I
and coordinatized by a set R with relative to a coordinatizing quadrangles
(X, Y, O, E) the points not on XY (the line joining X, Y) and the lines
not on Y are written, respectively, as their pairs of coordinates (x, y), [m,
kl, (x, y, m, k € R), the points # Y on XY and the line # XY on Y,
respectively as (m), [x] with (x, y) I [x], (m) I [m, k] and O = (0, 0), E
= (1, 1), X = (0), OY = [0], EY = [1]; OX = [0, 0], OE = [i, 0], (0,
k) I [0 k], (1;m) I [m, O], (for special elements 0, 1 € R).

Using the notation in [1], a ternary operation t may be defined on
the set R as follows:

X, y) I [m, k] &y = Tm, x, k), for all X, y m, k € R,

The system (R, T) is called a ternary ring (TR) on ® and © can be
coordinatized by this ternary ring (R,T) [1].

There different binary operations denoted by +, . , * may be defined on
R as follows [1, 3].
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a+b=Td4, a,b),
a*b=T,l1,b) and
a.b=T(a,b,0), for all a, b € R.

In [3], it has been studied several minor forms of Desargues
Theorem stated for triangles in a Hall temary ring and several algebraic
results associated with these minor froms.

By a configuration we mean, in. this paper, a finite partial plane [7,
p-22], thus the hypothesis of a configurational proposition constitutes a
configuration which will be called the incomplete configuration of the
proposition; while the incidence in the conclusion is called the missing
incidence. Adding it to the incomplete configration gives the complete
configuration of the proposition.

We start with some known properties which will be used in this
paper.

Property 2 (Desargues theorem stated for quadrangles) [2]: Let
ABCD and A’'B'C'D’ be two quadrangles in m such that AA’, BB’, CC’
and DD’ pass through a point P and the points AB A A’B’, BC A B'C,
and AD A A'D’ on a line d, then CD A C'D’ also lies on d. The point
P is called the center of perspectivity and the line d is called the axis of
perspectivity for these quadrangles.

(It is denoted that the line through any points A and B as AB or
A v B; the intersection point of any lines o and P as aff or aA B).

Propertiey 2(M, N): Let X, Y, O and E be a sct of reference
points in © and M,N be two points in 7.

If two pairs of corresponding (and opposite) sides of the quadrangles
in Property 2 meet in M, then the other two pairs meet in N.

One can ecasily observe that Property 2 is equivalent to its dual
form and the usual Desargues configuration in © for triangles with P as
center and d as axis implies Property 2. (A, B, C) - Dual Pappus
Theorem ((A, B, C) DPT) [4]: Let A, B, C be threc distinct points of
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oo B,yI Aand o, B', ¥ I B be any lines of n. If of’vaB I C
and oy va’y I C then BY vpy I C.

One can easily prove that (A, B, C) - DPT implies (X, Y, Z) -
DPT, where (X, Y, Z) is any permutation of the points A, B, C. In each
(A, B, C) - DPT exactly 4 of 9 lines are arbitrary and positions of the
remaining lines depend on these four lines. This leads us to:

Definition 1.1. An (A, B, C) - DPT is calld an (A, BC) -
Restricted Dual Pappus Theorem ((A, B, C) - RDPT) if the number of
its arbitrary lines is less than 4.

Minor forms of Desargues arise when one requires, one, two and
finally three vertices of one triangle to lic on the sides of the other
triangle [7, p.26]. We shall denote these propositions by D,, D,, D,,
respectively. Another special form of D1’ denote by Dll, may be
formulated as follows: ABC and A’B’C’ be any two triangles, with A I
B’C’, A’ I BC, and this triangles are perspective from the point M, then
these triangles are perspective from the line d.

Theorem 1.2, [3]: D, and the validity of the following conditions, in
every coordinatizing (R, T), are equivalent for all a, b, ¢ in R:

i)a*b=a+b.
(i) a(l + b) = a + ab.
(ii1) T(a, b, c) = ab * c,

Theorem 1.3. [3]: D' holds in m if and only if one of the
following conditions is valid in every coordinatizing (R,T) for all a, b €
R:

i al+1) =a+ a.
(ii)) T(a, b, ab) = ab * ab,

Theorem 1.4. [3]: D2 holds in m if and only if one of the following
conditions is valid in every coordinatizing (R,T) for all a, b € R:
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(i) a*a=a+ a.
ii)a+b=0=>a*b=0.
(iia+b=1=a*b=1

Theorem 1.5. (3]: D, holds in 7 if and only if one of the following
conditions is valid in every coordinatizing (R,T) for all a, b € R:

i)a*a=1=>a+a=1l

ii)a+a=1=>a*a=1

2. MAIN RESULTS
Proposition 2.1. The following statemens are equivalent:

(i) The operations + and * are equivalent in the ternary ring (R,T),
thatis a+ b=a*b, forala be R

(ii) ((0, b), (o), (0)) - RDPT holds in © whenever o = [0, b], § =
[a, b], Yy = [1, b] and &’ = [0], B’ = [a]y = [1] for all a, b € R - {0}
a# 1.

(iii) The property 2X(w), (0)) holds in © for two quadrangles ABCD
and A’B’'C'D’ with the point (0, b), as center, and the line [0, b], as
common side, whenever C' = (a, at+b) and D" = (1, a * b) for all a b €
R - {0}, a= 1.

Proof: Using figure 1, let o, B, v and o', P’, ¥ generate an
incomplete configuration ((0, b), (=), (0)) - RDPT. Using properties of
loops (R, *) and (R, 4), it is easily seen that of’vo' = oy va'y =
bl, BY = (1, a * b) and By = (a, a + b). So,

BY vBy=(1,a*b)v(@a+bI 0 <a+b=a*b, foral
a, b € R. Hence,
i) & (i) 1)

(i) & (ii): Using figure 1. Let ABCD and A’B'C'D’ generate an
incomplete configuration 2X(ec), (0)), where D = [b] A [a, b] for all a, b
€ R+ {0},a#1 Then D = (b, T(a, b, b)) and AB = AB" = [0,b].
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C=DX A [l, b] = (x, T@a, b, b)), since CC’ = {1, b}, CD I X
and the equation x + b = T(a, b, b) has unique solution in the loop (R,
+). Therefore, A = (b, b), B = (x, b), C = (x, T(a, b, b)), D = (b, T(a,
b,b), A =(1,b),B =(@,bC =@a+b),D =(0,a*b).

Hence,
() & (i) )
(1) and (2) imply (i) & (ii).

In the following seven propositions, proofs are quite similar to that
of the above Proposition 2.1. Therefore we only state these propositions
and give a related figure for each of them.

Proposition 2.2. The following statements are equivalent:
(i) T (a, b, c) =ab * ¢, for all a, b, c € R.

(i) (€0, c), (o), (0)) - RDPT holds in w, whenever oo = [0, c], B =
fab,c]y=1[a,c]and o =[0], p'=1[b], Y = (1] forall a, b,c e R -
{0}, b 2 1.

(iii) The property ZX(es), (0)) holds in m for quadrangles ABCD and
A’B’C'D’ with the point (0, ¢) as center and the line [0, ¢] as common
side, where C' = (b, T(a, b, ¢)) and D’ = (1, ab * ¢) for all a, b, ¢ €
R - {0}, b # 1.

(See figure 2).
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Corollary 1: D, and validity of the following conditions, in each
coordinatizing (R, T), are equivalent:

(i Property 2X(=), (0)) holds in 7 for quadrangles ABCD and
A'B’C'D’ with the point (0, b) as center and the line [0, b] as common
side, whenever C = (a, a + by and D" = (1, a * b) for all a, b € R -
0}, a % 1.

(i) Property 2X(e0), (0)) holds in = for quadrangles ABCD and
A'B'C'D’ with the point (0, ¢) as center and the line [0, ¢] as common
side, where C’' = (b, T(a, b, ¢)) and D’ = (1, ab * ¢) for all a, b, ¢ €
R - {0}, a # L.

(i) ((0, b), (=), (0))-RDPT holds in =, whenever o = [0], B =
[al, ¥ = [1] for all a, b € R - {0}, a # 1.

(iv) (0, c), (), (0))-RDPT holds in © whenever o = [0, c], B =
[ab, ¢], y=[a, c] and " = [0], B’ = [b], ¥ = [1] for all a, b, c € R -
{0}, b # 1.

Sketch of proof: This corollary can be obtained by Proposition 2.1,
Proposition 2.2 and Theorem 1.1.

Proposition 2.3. The following statements are equivalent:
(i) a(l + 1) =a + a, for all a € R,

(i) (0, 0), (=), (0))-RDPT holds in =, whenever o = [0, O], B =
[a+a0,y=[a0lado =[], =[1+1]Y ={1] forall ae R
- {0}.

(iti) Property 2X((e), (0)) holds in m for quadrangles ABCD and
A’B’C’'D’ with the point (0, 0) as center, where C’ = (1 + 1, a(l + 1))
and D" = (1, a + a), for all a € R - {0}.

(See figure 3).
Proposition 2.4. The following statements are equivalent:

(i) T(a, b, ab) = ab * ab, for all a, b € R.
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(ii) ((0, ab), (), (0))-RDPT holds in ®, whenever o0 = [0, ab], B
= [ab, ab] ¥ = [a, ab] and o’ = [0}, p’ = [b] ¥ = [1] for all a, b € R -
O b # 1.

(ili) Property 2X(ec), (0)) holds in 7 for quadrangles ABCD and
A’B'C'D’ with the point (0, ab) as center, and the line [0, ab], a common
side, where C' = (b, T(a, b, ab)) and D’ = (1, ab * ab), for all a, b €
R - {0}, b= 1.

(See figure 4).

Fig. 3 Fig. 4

The following corollary can be obtained by Proposition 2.3,
Proposition 2.4 and Theorem 1.2.

Corollary 2: Dll holds in 7 if and only if one of the following
conditions are valid in every coordinatizing (R, T):

(i) Property 2X(e0), (0)) holds in m for quadrangles ABCD and
A'B’C'D’ with the point (0, 0) as center and the line [0, 0] as common
side, whenever C' = (1 + 1, a(1 + 1)) and D’ = (1, a + a) for all a €
R - {0}.

(i) ((0, ab), (>0), (0))-RDPT holds in =, whenever o = [0, ab], B
=[a+2a0], y=[a0] and o = [0], P/ = [1 + 1], ¥ = [1] for all a,
be R-{0},b=1
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(i) ((, 0), (), (0))-RDPT holds in ®, whenever o = [0, 0], B =
[a+a0],y=1[a0 and o/ = [0], f' = [L + 1], ¥ = (1] for all a € R
- {0}.

(iv) Property 2X(ec), (0)) holds in = for quadrangles ABCD and
A'B'C'D’ with the point (0, ab) as center, and the line [0, ab], as
common side, where C’ = (b, T(a, b, ab)) and D’ = (1, ab * ab), for all
a,be R- {0},b=1.

Proposition 2.5. The following statements are equivalent:
())a*a=1=>a+a=1,forall ae R

(ii) Property 2X(), (0, a)) holds in 7 for the quandrangles ABCD
and A’B’'C’'D’ with the point (0), as center. Where A = (1, a), B = B’ =
©),C=(@),D=(,1 and A" = (a, a), C' = (1), D’ = (a, 1) for all
e R - {0, 1}.

]

@iii) ((e), (1, 1), (0, a))-RDPT holds in © whenever a = [1], B
[*], ¥ =[a] and &’ = [a, a], ' = [0, 1], ¥ = [1, O] for all a € R - {l}.

(See figure 5).
Proposition 2.6. The following statements are equivalent:
) a+a=1=a*a=1 forallae R.

(ii)) Property 2((e), (0, a)) holds in 7 for the quandrangles ABCD
and A'B'C'D’ with the point (0), as center, and the lines [0, a] and [oo]
as common sides, where A = (a, a), B=B" =(0),C = (), D = (a, 1),
A=(,2,C =@, D =(,1),foral ae R- {0, 1}.

@iii) ((e0), 0, 0), (0, 2))-RDPT holds in =, whenever o = [0] = o,
B =11, vy =[e], ' = [a, 0], ¥ = [1, O], for all a € R - {0}.

(See figure 6).

The following theorem can be obtained by Proposition 2.5,
Proposition 2.6 and Theorem 1.4.
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Fig. 5 Fig. 6

Corollary 3: D, holds in © if and only if one of the following
conditions are valid in every coordinatizing (R, T):

(i) The property 2((«), (0, a)) holds in ® for quadrangles ABCD
and A’B’C'D’ with the point (0), as center, where A = (1, a), B = B’ =
0),C=@,D=(,1),and A" = (a, a), C'"= (1), D’ = (a, 1) for all a
e R - {0, 13}.

) ((e), (1, 1), 0, 2))-RDPT holds in 7, whenever a = (1], B =
[o], ¥ =[a] and o = [a, a], B’ = [0, 1], ¥ = [L, O], for all a € R -
{1}.

(iii) (=), (0, 0), (0, 2))-RDPT holds in ®, whenever o = a’ = [0],
B = [11, v = [eo] and B =[a0],Y=10[1,0] forall ae R - {0}.

Proposition 2.7. The following statements are equivalent:
Ha+b=0=>a*b=0,for all a, b € R.

i) ((=0), (0, 0), (0, b))-RDPT holds in ®, whenever o = 0] = o,
B = [0, 0], v =[a, O], B’ =[], ¥ = [1], for all a € R - {0}.

(iii) Property 2((e<), (0, b)) holds in =, for the quandrangles ABCD
and A’B'C'D’ with the point (0), as center, where A = (0) = A’, B = (a,
b), C = (a,0), D =(1) and B'’ = (1, b), C' = (1, 0), D’ = (a), for all a,
be R - {0, 1}.

(See figure 7).



162 i. GUNALTILI and S. OLGUN

Proposition 2.8. The following statements are equivalent:
ia+b=1=>a*b=1,foral a,be R.

(i) ((==), (0, 0), (0, b))-RDPT holds in ®, whenever o = [0] = o,
B = [ec], y=[1], B’ =[1, 0], ¥ = [a, 0], for all a, b € R - {0}.

(iii) Property 2{((e), (0, b)) holds in =, for the quandrangles ABCD
and A’B’C'D’ with the point (0), as center, where A = (a, b) = B, B’ =
©,C=(),D=(@ 1),A =(,b), C =(@,D = (1, 1), for all a, b
€ R-{0},a#L

(See figure 8).

Fig. 7 Fig 8

Corollary 4: D, holds in = if and only if one of the following
conditions is valid in the coordinatizing (R, T):

@ (=), (0, 0), (0, b))-RDPT holds in ®, whenever o = [0], o, B
=1[0,0], y=1[a 0], B’ =[], ¥ = [1], for all a € R - {0}.

(ii) Property 2X(e), (0, b)) holds in ® for quadrangles ABCD and
A'B’C'D’ with the point (0) as center, where A = (0) = A", B = (a, b),
C=(0),D=(l),ad B = (1, b), C = (1, 0), D = (a) for all a, b
€ R - {0, 1}.
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@iii) ((e), (0, 0), (0, b))-RDPT holds in %, whenever o = [0] = o/,

B=1[w], y=[1]and B’ = {1, 0], ¥ = [a, O], for all a, b € R - {0}.

(iv) Property 2X((e), (0, b)) holds in © for quadrangles ABCD and

A’B’C'D’ with the point (0) as center, where A = (a, b), B = B” = (0),
C=(),D=( 1), and A’ =(1,b), C = (@, D = (1, 1) for all a, b
e R-{0},a#Ll
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