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Abstract. This paper deals with coefficients characterization of lower (p,q)-order and
generalized lower (p,q)-type of Newton’s interpolating series of entire functions. Finally,
some inequalities connecting generalized (p,q)-type and generalized lower (p,g)-type of
interpolating series have been derived.

1. INTRODUCTION

Let z,,2,,...,2,,..., where z,, s need not be all distinct be a bounded sequence
of complex numbers and let f be analytic at the points z,, n =12,..., set

wy(z) =1

W (2) = (22 )(Z2~2y),n(z—2,), n=12,..., (1.1)
A series of the form

Y C W, (2), (1.2)

k=0

n
where P, (z) = ZCka (z) , is a polynomial of degree n which interpolates f in the
k=0

points z,,2,,...,2,,, , is called Newton’s interpolating series of f. It is well known

[6], [7] that if the points z, ’s are chosen interior to a domain D within which T is

analytic, it does not necessarily follow that lim P,(z)=1f(z) for every zeD.
n—eo

However, if f is an entire function, the series (1.2) converges uniformly on every
compact subset of the complex-plane to f and the coefficients C, are given by
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1 f(t
C,=— —-—S)—dt, n=0,.2,.., (1.3)
2 e Wy (8)
where I' is any contour which contains in its interior all the points z,. It is clear

that Newton’s series of an entire function reduces to its Taylor Series about z =0 if
z,=0forn=12,. .

Definition 1. An entire function f(z) is said to be of (p,q)-order p(p.q) and

lower (p,q) order A(p,q) if it is of index-pair (p,q) such that
m P log?M(r) _pr(pa)

ro=inf log®r  Mp,q)’
and the function f(z) having (p,q)-order p(p,q) (b<p(p,q) <eo) is said to be of
(p,q)-type T(p,q) and lower (p,q)-type t(p,q) if

Jim P 108 b-Ime) _Tpa)
t—se0 inf (log[q—ll r)p 1(p,q)
where b=1if p=q, b=0if p>q.

, 0<t(p, @) £T(p,q) < e,

Kasana [3] has extended the idea of proximate order to entire function with
(p.q) growth as follows.

Definition 2. A positive function p, ,(r) defined on [ry,%0), 15 > expld™1,
is said to be a proximate order of an entire function with index-pair (p,q) if

1) P > p(p,g)as T = o, b <p(p.q) <o,

(i) A pEp,q] (r)—>0 as r— o0 pfp,q] (r) denotes the derivative of

Ppq (D).

It is known that (logl4™" r)P®0 ™™ ¢ 2 monotonically increasing function of r
for r >, . Hence we can define the function ¢(x) to be the unique solution of the
equation,

X = (log[q_l]r)p(p“” & 0(x) = 10g[q"1]r (1.4)
where A=1 if (p,q)=(2,2) and A=0, otherwise.

(r)—-A

Definition 3. Let f(z) be an entire function of (p,q)-order p(p,q)(b < p(p,) <o)
such that
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[p-1] T *
lim sup-‘———log M@ __T*e.0
e (logldIpPea®  t*(p,q)
Let f be an entire function. Here we can write

f(z)= 3.C,W, (2). (L.5)
n=0

, 0St*(p,q) <T*(p,q) Lo

Winiarski (8] connected classical order and type of an entire function f in terms
of the coefficients of the expansion of f into a Newton’s interpolating series. These
results have been extended to (p,q) scale introduced by Junaja et.al. ([11[2]) by Rizvi
[5].It has been noticed that these authors fail to compare the coefficients of those

Newton’s interpolating series which have same positive finite order but their. types
are infinity. For the view point of including this important class of entire Newton’s
interpolating series we shall utilise the concept of proximate order.

The text has been divided into two parts, Section 1, consists of introductory
exposition of the topic and Section 2, includes the theorem which characterize the
lower (p,q) —order in terms of the ratio of coefficients of the expansion of f into a
Newton’s interpolating series. Finally, some inequalities connecting generalized
(p,q) type and generalized lower (p,q)-type of interpolating series in terms of these
coefficients have been drived.

Before discussing the main results it will be justified to introduce with the
concept of (p,q) —scale p>q =1, and certain notations which will be frequently

used in the text:

m—l]

exp[m]x = log['"‘]x = exp(exp[ X = log(log[m_l]x),m =+1,42,...,

Apyx) = 'l"[olog[i]xfor r=01,...,

L(p.q) if g<p<es,
+L(p,q) if p=q=2,
BIL(pgi=] * @ 1 P=d
oo 1f p:q = o0

_ 2,2) .
(p(2.2) ~ PP MOEDTET g q) = (2,2)
¥(p.q) = 1/ep(2,1) if  (p,q)=(2.D
1 otherwise.
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Let f(z)= Zonz" be an entire function. We set M(r,f) =rln|ax|f(z)|; M(r,f) is
n=0 z|=r

called the maximum modulus of f(z) on the circle |z| =1

If the quantity t*(p,q) is different from zero and infinite then p, o(r) is said to

be the proximate order of a given entire function f(z) and t*(p,q) (p.q) as its
generalized lower (p,q)-type.

2. MAIN RESULTS

Theorem 1. Let f(z)= ZCan(Z) be an entire function with index-pair
n=0

(p,q), lower (p,q)-order A(p,q) (b <A{p,q) <) and generalized lower (p,q)-type

t*(p,q), then there exists an entire function g(z) g(z) = Z‘Cn{z“ such that

n=0
Mp.q.f) = Mp,q,g) and t*(p,q,f) =t*(p,q,8). (1.6)
Proof. We have for |z| =r (r>L= sup|zn|).
n=0
L n
W, ()| 2 (1——) ™,n2>1.
r
Using (1.3) we have
n+l
cal<[ =] M0 psiandrsL.
r—-L r“
Hence
r n+l
Max|C, |r" = p(r;g) < (——] M(r, f) (1.7)
n2l r-L
where
g(2) = Y |Cylz" (1.8)
n=0

Again it is easy to find for any &> 0.
M(r,f) < M(re®; g) (1.9
for all large r holds.

Now using the inequalities (1.7),(1.9) in Definitions 1 and 3, we get the required
results:
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Theorem 2. Let f(z) = ZCan (Z) . Then f(z) be an entire function of lower

n=0
(p,@)-order A(p,q)(b < A(p,q) < =) if and only if, for (p,q) # (2,2),
Mp,q) = r{na>}<[Px (1(p.q))] (1.10)
g
and
Mp-q) = max [P, 1% (p.q))} (L11)
ng
where
[p-1]
2(p,q) = hm inf — 108 nk‘llln
ke log[q 1’C l b
and
[p-1]
£%(p,q) = lim inf log™™ ny
ke 1 1 Cn |
logla-1l logl—*%-t
Dy — Dy | Cn, |
Such that

x=xn = lim inf 108 M-t
o logn,

further (1.10) and (1.11) hold for (p,q)=(2,2) also provided {n,} be the sequence of

principal indices such that
logny_; =logn, as k — oo,

Proof. By Theorem 1, f(z) and g(z) have the same lower (p,q)-order. Applying
Theorem 2 by Juneja et al. [1, PP 62] to the function g(z) = Z|Cn|Z", Theorem 2
n=0

follows.

Theorem 3. Let f(z) = ZICDIWn (z). Then (z) be an entire function of (p,q)-
n=0

order p(p,q) (b<(p,g)<=) and generalized lower (p,q)-type t*(p,q) (0<t*(p,q)<oo)
if and only if
p(p.q)

[p- 2]
d(log k1) ,p=3, (1.12)

|-1/mk

t*(p,q) = maxs lim inf
et Koo Og[q l]lcm
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and further, if the sequence of principal of principal indices {n,} satisfies
ny_; = as k — oo, then for p=2,
p(2,q)-A
*
P29 _ o dimint olmy.)

— kel , (1.13)
-1/
¥(2,q)  Amil| ko log[A1|ka‘ m

where maximum is taken over all increasing sequence of positive integers, A is
defined as in (1.4). '

Proof. To prove this theorem we apply Theorem 2 by Kasana et. al., [4] to the

function g(z) = ZICH|Z“. and the resulting characterization of t*(p,q,g) in terms
n=0

of C, and the relation t'(p,q.f) = t*(p,q, g) taking together prove the theorem.

i/p,q)-A

Taking p, o(r) = p(p,q) Vr>1, and O(x)=x , we have the following

corollary which gives a formula for lower (p,q)-type t(p.q) in terms of coefficients of
an entire function f(z)

Corollary 1. Let f(z) = ZC,,W,,(Z) Then f(z) be an entire function having
n=0
(p,q)-order p(p,q) (b<p(p,q) <) and lower (p,q) type t(p,q) (0<t(p,q) <o) if
and only if
(P21 1y

log k-1

|’” Mk YDA

___t((p,q)) = r{naﬁ likminf :
N m e dind ~1]
¥(P.q K (log® |c,,,k

Finally, we study the subsequence {n, } of n such that for f(z)= Y C, W, (2), it
n=0
satisfies

an_ll >

Co,

andC, =C,  forng_;<n<ng. (1.14)

The next theorem shows how this sequence influences the growth of

f(z)= ZCan (Z) in reference to its generalized (p,q) type and generalized lower
n=0

(p,Q)'type-
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Theorem 4. Let f(z) = ZCan (Z) be an entire function having (p,q)order
n=0

P(p.q) (b<p(p,q) <e), generalized (p,q)-type T* (p.q) and generalized lower
(p.q)-type t* (p,q) and {nk} be the sequence defined by (1.14). Then

a g[P 2, ny) p(p.q)
* * e kAl
t*(p,q) < T*(p, q)llmmfl: I T %) } ,p23

Further, if {m,,j} be the sequence of principal indices satisfying

my_;=my as k — o then

p(Z.9)-A
t*(2,q) < T*(2, q)hmmf[q)( k- ‘)] )
o(ny )

Proof. Let us define a function u(z) such that

u(z) = i:(Cn_1 -C,)z"

n=1
= Z(Xk an
k=1
where
O(k = an_] —an .

Since the function g(z) = C z". has same (p,q)-order as that of f(z), it follows
n P9

that u(z) has also the same (p @)-order. By Theorem 1, the generalized (p,q)-type and
generalized lower (p,q)-type of u(z) are given by

T * (p’q9f) - T * (p)q9 u) and t * (p’q3f) - t*(P,q,u)
Thus, using Theorem by Kasana [3] we have

T*(p,q,f) limsup[ ¢(log(P—2) n,) j’

—1 n
¥(p.q) log~Y o /™
Considering above formula and Theorem 3, we observe that
p(p.q)
¢(og®n, )

t*(p,q) = y(p.q )I{na)i liminf

- -1/n
Mmoo log[q 1]0( km

nkm
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p(p-9)
. loglPn
< y(p,q) max< limsup _¢(_g_Tk)_ X
fn}| mow | logld ™o "km
nkm
p(p.q)

1o [P—2]
max< liminf ¢(log My
kml}

mi| mo= | o(log® Ty )

(p.q)
Mbé“”mlqp“

<T*( )11m1nf
P [¢m@p“n>

Similarly, for the case p =2 and q = 1 or q = 2, let {mk} be the sequence of

principal indices such that my_; =~ m, as k — e, we have

o(ny_;) p(2,9)-A
£%(2,q) < T*(2,q) liminf| 20k ‘
a (q”33[¢mu}
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