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ABSTRACT

The speed of convergence of the Cauchy-Stieltjes singular integral to its boundary value is established.
The main result is the generalization of Tanaka’s version of fundamental Privalov’s lemma.

1. INTRODUCTION

Let L be a closed rectifiable Jordan curve of length ¢ in the complex z —
plane. We denote by ¢(s) the angle between the positive real axis and the tangent at

the point x(s) on L, where s is the arc length parameter. Let f(s) be a complex-
valued function of s of bounded variation on the interval [O, !i]. The following
integral is called the integral of Cauchy-Stieltjes type
1 cedf(s) 1 £eCdf(s)
T L,

F(z) =

L X—2 2miy x(s)—z
If F(z)=0 for z outside L, the integral of Cauchy-Stieltjes type is called Cauchy-
Stieltjes integral [3, p. 154].

Let x4 be the point x(sy)and L, (€ > 0) be the part of L which is left after

cutting off the small arc with end points x(sy —€) and x(sqy +¢€) . If the limit
ip
lim L e df(s)
e—0 27 [, X—Xo

exists, then we call it the singular integral at X¢, and we write
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1 e%f(s) . 1 ¢ e®df(s)

lim —

2ni] x—Xg a—>02mLE X —Xg

Choosing a point z on the straight line zx, inclined by angle y to the

i(pp+wg)

normal at the point X, at a distance € from x,,i.e., z= X, tice , consider

the difference:

1 04f io
F(g,xq,¥g) =__|:J'e df(s) _J' e df(s)]

2mif] x-z L, X—Xo

which is well defined at the point x, on L where a defined tangent exists.

The following fundamental lemma was proved by LI. Privalov [3]:

Lemma 1 (Privalov). If {’(sq) exists then the difference F(g, xq, y,) tends to

1., | ) ,
Ef (sg) (or ——2—f (sg)) uniformly with respect to g, \|10| < ge, (0<06<1), when

z tends to x, from the inside (from the outside) L, respectively.

This lemma has an important role in the theory of boundary values of analytic
functions. The boundary value of the integral of Cauchy-Stieltjes type is obtained
with the help of this lemma. Privalov also proved that the difference between the
values of the integral of Cauchy-Stieljes type inside and outside L tends to F'(sg)

for all points on the curve L when z — L (from the inside and outside). Ibragimov
and Gadziev [2] established the order of this convergence. In [4], we investigate the
speed of convergence in Privalov’s lemma.

Tanaka [5] generalized this lemma to the case where L has a corner at x,, and

both F] (sy) exist:

Lemma 2 (Tanaka). Let
@, = lim @(s;—h), @, = lim @(sq+h), 6 =@, ~¢ (|9] <)
h—0* h—0"

and further that f(s) is continuous at s =s,. Put z = x, + ¢’ = x, +ge'% " *?
for £> 0, IOL! < 7, where
|coso < q, |cos(a—8)| < q for afixed q (0< q <1). (1.1)

Then we have
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2mi i

1 { J ¢%df(s) f e'®df (s)

F(g, xq,00) = — J N f,(sg) [(6- ) - sign(®— oym]+ f_(sp) o
A 2n 2

as € — 0 uniformly with respect to o satisfying (1.1).

In this paper we investigate the speed of convergence in the generalized
Privalov’s lemma. We obtain the order of convergence, to its boundary value, of the
integral of Cauchy-Stieljes type along the Liapunov’s curve, having a corner in some
point, by using the methods of the theory of singular integrals as in [2]. Our result is
a generalization of the Tanaka’s lemma.

2. THE ORDER OF CONVERGENCE OF THE INTEGRAL OF CAUCHY-
STIELTJES TYPE

In this section we assume that L is a closed Liapunov curve of length ¢ in the
complex z-plane, i.e., a curve L on which the angle ¢ of inclination of its tangent,
as a function of the arc length parameter s, satisfies a Holder condition:
|(p(s1)—(p(sz)| < cls, —szl}” , where s and s, are any points on L, c is a positive
constant, and 0<A<1. Notice that a Liapunov curve is always an oriented
rectifiable Jordan curve. Assume L has a corner at xo and as above f(s) be a
complex-valued function of s of bounded variation on the segment [0,/].
Furthermore, let f(s) be continuous at s =s, and both fi(sy) exist. Following [1],
we introduce the function

I =16) _prqy s> 50
S—SO
s) =
¥(s) 0 s=s,
f(s)—1f(sg) .,
876 sy
— (so) $>sg

Itis clear that lim y(s) = Oon [0,/]. By the definition of y(s),
$—8¢)

f£(s) = f(sg) +f (so)(s ) +Y(s)s —sg) for s <s,
£(s) =1(s9) + £ (sp)(s ~5¢) + Y(s)(s —5¢) for s>s,,
and hence



26 A. SERBETCI

df (s) =7 (sg)ds +d[y(s)(s — 8¢)] for s < sy,
df (s) = £ (sg)ds +d[Y(s)(s —sg)] for s> s,
Then

(P 1(p
F(a,xo,a)—_-a%i{j df(s) _[ df(s):l

i X—z Xg

_ L { | ei“’df(s):“f edf (s) | ei“’df(s)}

2w X—z " X—Z

X—X
Ly S0 0

Le

2mi

1 l: | e“"df(s)+S°J‘E+S"J“+S"I”‘ ei‘Pdf(s)_S"I's_s"fh Pdf(s) | ¢'®df(s)

[, X7 X—z h X=X X=X

sp~h  sg-&  sgtE 50— sy+e Ly

Hence by (2.1),

1 s“J-_E O’ (so)ds+dys)s—s) ]} + _1_5"th O’ (so)ds+d[ys)s—sp)} .

F(e, Xo,a) = 5 .
S()—h X-z T SOtE X-Z
1% o (s )ds+dye)s-sl 1 0 € (so)ds+dlys)s—s)l}
_ ) (08| +\50 (LA
e X—Z 2m % X—z
1 I ¢ spds +dve)s sl 1 jh ot (sp)ds+dlvs)s—s)l}
2mi So—h X=X 2M e X—Xg

1 (2= Xo)e%df(s)
2w " (x-z)(x—Xp)

_ f:(so) S-(f eiq)ds _sojjs ei(pds N f;—(so) 5()th ei(pds _Sofh eiq)ds .
27 X—z X—Xp i X—z X—Xq

sy—h sg-h sq sg+e
1 I “edy(s)s -s0)] , "Je (2. - x)edly(s)s —s0)]
2mi so-¢ X=Z T h (x —z)}(x —xgq)
S"J* (z—x¢)edly(s)s — so) (z=xo)e'%df (s) "’df(s)
Lgore (x —z)(x — Xg) 2m (x—z)(x —xo)
=L+L+L+1,+1s+1 (22)

By an elementary computation, it is seen that the limit values as € =0 of first two
term on the right-hand side is
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fl ’
I —)‘—(SQa, and I, afi(sl)[(e—a)—sign(e—(x)n].
2n 2n

Consequently, the following theorem shows that the rate of convergence to
zero of the function y(s) has an essential influence on the order of convergence in

the generalized Privalov’s lemma.

Theorem. Let L be a closed Liapunov curve, having a corner in the point
X =X, and o, 0 satisfies (1.1).Let also for some A, (0<A <), |y(s)| = o(|s~solx)
as s —> sy, and for some p,v, (0<p, v<1),
I —Ma
2n
Then the following relation holds uniformly with respect to «

=o(e") and
T

Iz—%(si)[(e—a)]—sign(e—a)ﬂ] =o(e") as £ 0.

F(e,xo,a)—(ﬁﬂ)-[(e-a)—sign(e—a)n]+ f——(—s"—)a] =o(e?) as e >0,
2% 21
where B = min(A,u,v).

Proof. We define the characteristic function y(x) by
0, xe (x(sg—€),x(5¢ +€))
xX(x) =
1,xelL
Then we have

€

F(85x0:a)=—.
2mi|{ x-z | x-xg

1 [ i eodf(s) J»ei“’x(x)df(s)]

X—Z X—Xg

1 el® _ ey(x)
2mi |

}df (s)

By the parametric equation of L, we have

X =X = X(8) = x(sg) = (s —$9)x_(50) + 0(s —$¢9) = (s — 50)(€'® +k;(s)) for s < s

X —Xg = X(8) = x(sg) = (s —59)x},.(s9) + 0(s ~5¢) = (5 —so)(ei(pz +k,(s)) for s>s,
where k;(s) >0 as s > 55, ky(s) >0 as s —>s§. Let my =ki(s)e”™®, my =k,(s)e™*,
then we can choose a sufficiently small h such that

1
|m1| , |m2| <—2—‘/1—q for Is—sol <h.
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Therefore

IX_XOl =|(s—so)ci(p‘ (l+m1)‘ >|S—SO| |1—|m1H > ls—sd(l—% l—q] for s <sg

lx —xo! = |(s—s0)ei¢2 (1+m2)\ > |S—so| |1——|m2” > |s—so|[] -%,ll—q ) for s >sq.

Furthermore for s <sg,

X —7 = x(s) = X(5y) €€ &* = (s — so)(E'? +k;(5)) — gel® el
and then

|x—z|=|ei‘pl [(S—So)(l"'ml)"eeia]

v

\(s-so)(1+m,)—eei°“

\(s—so)—eei“|—|s—50“ml|.

v

Since |[cosof<g<1 and (s—s )2+(»:2 > 2¢gl(s —sg)|, we have
q 0 0

\(s—so)—eei“ 2 J(s—so)z +€? —-2|s—soleq 2 J@iso)2 +e? J1-q.

Hence
|x—z| > ,fl—q["(s—so)z +g? ——;—ls—50|]> 1/l—q max[i,ls_—;gl].
Similarly, for s>s, we obtain

x-2|= \eiwz s —s)1+my) - 8ei(a—e)]‘ . \ﬁ——qmax(%, s 50| )

2
Now let us
ip
P(E,x,0) = e__[_l_ Lm_] _
2ri| x—z X—Xg
By the definition of x(x), we have

iQ
e ls—so| <& <h
21i(x —z)
P(e,xqp,00) =
g, _
eT@=X) - g<fs-sg|<h
2M(X - 2)(X — Xg)

Then P(g,x,,0) has a majorant (see also [2])
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.
L ls—so| <e<h
ns,/l—q

2e
K(g, xg,00) = , £<|s—syi<h
o n 1—-q(2—,/1-—q)|s—so|2 |S SO‘
€
s—s!Zh
Z e e R

Using this we can complete the proof by estimating the last four integral in (2.2).
Writing

R R OICREY)

2mi X—z
sp—€
_ Soj'ee“"d[Y(S)(s—So)h I f ¢ %dly(s)(s =s0)]
2mi X-z 2mi X=z
S0 Sg—€

=1P+1.

We see that
|- S"fe edly(s)s—so)] or

I/\

[dlys)s—s0)]

50 x-z ‘ V —q 5
S,
E i

Since IY(S)|S°(|S‘SOP) as s —sg, for every €>0, there exist 8(e)>0 such that

)| < gs- sol)" =¢(s—sy)" whenever |s—so| < & . Hence,

A
= £ =o(e").
ne,/l q TJ1—-q

iI(l)‘ £x+2 1 A+l
By similar argument, it can be easily shown that II(32)| = o(e’” ).
Now we choose the sufficiently small number h such that h <3 . Then

Lo L’ J ez~ xo)d[¥(s)(s - 59)] _
* 2mi (x —z2)(x — xg)
-

j P(e, X0, 0)d[¥(s)(s — 59)]
so—h

and therefore
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s—¢€ $o—€

e =| [Pe.xo,c0dlvs)s - s)] < [Kee,xo,00d[y(s)(s - 30)]
so—h so—h
so—e

j_h nJl_(z ‘[——)(S_s 7 dly(s)is —sp)].

By partial integration, we obtain

So—E So—€
|14|<{ 26¥(5)(5—50) } A6 =s0) g

T m1-q2-1-q)(s—s0)? n,/l— (2 ,/1— ) ein (s—sg)°

Since |y(s)} < £|s —so|}” =€(S —s)* whenever ls _Sol <h <8, we have

X()—¢€
SoT€ _ Al
I HOICh SO) j (s =9)" ———ds =e_[ (so—s)}”_zds=—e————(so )
oo (5=50)° oo o=y DA
—-& +z~:h7‘1
A—1

for (sy ~h,sq —¢&). Hence
1< 263 . 2¢’h dg(~¢" +en*™)
A - aC-1-08  ml—q@—l—h  mfl-a@-{I-a)-D

and then |[,|=o(e").

Similarly, it can be shown that 'Isl = 0(87‘ ).

Finally, we consider the integral
i
j(z Xo)e Tdf(S) _ = [P(e, xo,00df (S).
(x—z2)(x —xq) Ly
By partial 1ntegratxon,
Iy = [P(e, xg,00f (9} — [£(s)d[P(e, x0, )],
Ly

€

Since [f(s)|SM, for some M >0, and |P(£,x0,oc)| < - for
21 min (lx—z||x—x0|)

s=sg|zh

ls—so| 2h, we have
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Me

2® min qx—Z“X—XOD
s—sgfzh

Me

7 min Gx—z”x—xol)
ls—s(, zh

IL| < +M [d[P(e, xo, 0)] <

Ly

Hence, we obtain |Ig| = o(e") and the proof of theorem is completed.

Note that our theorem implies as a corollary for B =0 the lemma of Tanaka.

Moreover, if the curve L has not a corner we can obtain the result of I.I. Ibragimov
and A.D. Gadziev [2].

The author thanks to Prof. A.D. Gadziev for his encouragement and valuable
advices.
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