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ABSTRACT

In this paper, we study the condition that a surface in Kahler plane K~ admits a nontrivial
isometric deformation without umbilic points preserving the mean curvature function. Also, we show that
the Gaussian curvature for such surface must be identically zero if it is constant.

1. INTRODUCTION

O. Bonnet [1] proved that a surface of constant mean curvature can be
isometrically deformed preserving the mean curvature. S.S. Chern [2] has studied
such a deformation for surfaces of non-constant mean curvature in E° and he gave
an interesting criterion for its existence. W. Scherrer [6] and R.A. Tribuzy [7 ] have

found another necessary and sufficient condition for the existence of such
deformation.

Recently, A. Gervasio Colares and K. Kenmotsu [3] have classified surfaces
with constant Gaussian curvature which admit nontrivial isometric deformations
preserving the mean curvature function.

The purpose of this paper is to study the condition that makes the deformation

of surfaces without umbilic points in Kahler plane K? preserving the mean
curvature function.

In this section we shall summarize some results which are useful in this paper.
. The Kahler plane K? is defined as a four dimensional space E* together with
the endomorphism J: V(E*) — V(E*), where J* =—1 such that
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(u,v)=(Ju, V) forall u,ve V(E")
and

JoV(u) =Veol(u),
where V(E4) is the vector space of E* and V is the covariant differentiation on
K? [45].

Let Mc K? be an oriented surface. By the field of orthonormal moving
frames of K2, we mean the orthonormal moving frames {m,v,,v,.v;.v,} of
E*,me M, such that

J(v) =v3,1(vy) = vy, v, v € T,(M),
where T (M) is the tangent space to M at m. For the dual frame {ml,i = 1,2,3,4} we
have

@ ='=0, (D

Vm = o'v, +0’v,,

and

Vv, :a)fvj , i,j=1,234. (2
Since JoVv; =Volv,, then

ol =03 , O =0). (3)

The structure equations are:

do' =0’ Ao, , do’ = @' N
and

do! =of A0, ijk=1234. @)
By exterior differentiation of (1) and using Cartan’s lemma and (3), we obtain

o =0,0' +a,0%,

of =0, 0! +0,0°,
and

0 =0y @' +0,; 07, 3
where and Q:M — R The Gaussian curvature K and the mean curvature H at each
me M are given by

K =0y,0y; —Ofy +0yp +0y —0,

H=(0; +0y )+ @, +0y3). (6)
From structure equations (5) and (6), we have

Vo? = -Kao' Ao’
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For fixed v;,v,,v; and v, there exist some functions x , y such that
o; =(H+x)o' +yo’,

3
o, =yo' +(H-x)o? :mf,

and
H-x)2
o5 =(H-x)o" +(——X)-m2. (D
y
where
_ —H+,/H2 -4H-x)*
y= > .
Since the Gaussian curvature K is written by

H-x*

K=H-x)H-x)-y2+y (Hx)?,

we have that H? ~K =x? +y?, which is positive. Therefore from [3] we can write

@) =(VH?-Kcosa Yo' +(WH? ~Ksino ) 0,
@ = (WH? - Ksino ) o' + (H- VH? - Kcoso, ) o,
and (&)
[2 2
o; =(H-vVH>-Kcos ot ) co1+(H T -Keosa) o .
VH? —K sin o)
We note that o. in (8) depends on the frame v,,v,,v; and v, Let ¥,,V,,V; and ¥,

be another orthonormal moving frames of K* such that J(¥,) = V;,J(V,) =¥, and
denote (V; +iV,) = exp(i)(v,,iv,). For any tensor field o of (0,1)-type, we define
its corvariant derivatives o ; as follows

Doy, =do, + 3 0, 0F =Y, 0,00 , 1<i<2

S s

and

Ao = al,Z +azyz .
By exterior differentiation of (8) and using the relation

Do = do+20] =o,0’ +0a,0%,
we obtain

VH? —KDo = (VH? —K ), o} - (VH*-K ) @ +cos a(H,o? +Hyn')

—sin a(H,0' — Hyo?), 9)
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where H,; and (WH?-K ), » (i=12) are exterior derivatives of the scalar
functions H and ¥H? —K , respectively. Let us consider the 1-forms

W, = H,0' -H,0 ’
2 p—
I—i K . (10)
w, - e e
H?-K
Using the *-operator [4] , the relation (9) becomes
Do = —*logVH? =K + W, cos .~ W, sinc. (11)

Exterior derivative of (10) gives

(«/52—_) {JHZ K(H,o' -dH,0’) -(Ho' - —H,0’) Ad(YH? K}

and hence,

dw, = {(ngH —K),H, +(ogVH? —K), H,
(JH -K
_2H, o' Aa? - 2VH? KW, Aco%} :

dw, =

Similarly,

dW, =

——l——{[—(logw/H2 -K)H, +(logVH? =K ), H,
WH?-K
+H11—HQZ}DI/\O)2+2\/H2—KW1/\O)12}, (12)

where Hi,j 's are the second covariant derivative of H. Using (12) and exterior

differentiation of (11), we obtain
~2Asino+Bcosa+P =0, (13)
where

A =H,VH> - K - H,(¥H?> -K), _H,WH-K),,
B = (H,, - H, WH>-K +H,WH? —K), - 2H,(VH? —K),, (14)

P = (H? - K)(AlogVH? — K —2K) ~|gradH]",

and the operator A is the Laplacian for the induced metric of M.
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The formula (13) holds at non-umblilic points of any surface K2. Applying
the *- operator to (11), we have

0,0 -0, 0" =W, sino— W, coso.+dlogyH? - K.
By exterior differentiation of the above equation and using (11),(12) we have,

(H? —~K)Ao. = 2A cos 0.+ B sina. (15)
From the equations (13) and (15) we obtain

A=B=0iff Aa=P=0. (16)
THE MAIN RESULTS:

Theorem 1. Let M = K? be a surface without umbilic points. Then, M admits
a non-trivial isometric deformation preserving the mean curvature function iff one of
the following conditions holds

V( Vi )(z,z):o, (17)
H?-K
or
(H? ~K)(Alog VH? ~K -2K) - |grad H® =0,
and (18)
Ao =0,
where,
Z=~1—(v —iv,)
2 1 2/

Proof. If M admits a non-trivial isometric deformation preserving the mean
curvature function, then (10) is completely integrable, and hence the equations (12)
and (14) hold for o’s. By differentiation of (12) twice with respect to the direction
of the deformation, we obtain

2Asino—Bceoso = 0.

Comparing the last equation with the equations (12-14) we obtain P=A0. =0 on M
and hence A =B =0 . From the equation (17) we have

3
4(HK)? V[ HZVH

}Z, Z) =—(B+2iA) =0.
K
Conversely, if

V(—fi}z,z) ~o,
H"-K
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then A =B =0and hence P = Ao =0 implies that the condition (15) holds for M,
then (10) is completely integrable, i.e., M admits isometric deformation preserving
the mean curvature function. Then the proof is complete.

Theorem 2. Let M < K? be a surface without umbilic points such that the
Gaussian curvature K is constant on M. If M admits isometric deformation
preserving the mean curvature function, then K must be zero.

Proof. If M is a minimal surface, then H is zero. In case of H =0 we consider
a tensor field of (0,1)-type defined by f; = H%Iz K’ i=1, 2. Since K is constant,

we have

{2 - N, - 2HHH, |

l‘.’ - (H2 — K)2 ’
Using the conditions A =B =0, there exists some scalar function A with
f.. =Ad

L] 1j

By taking the trace of these equations, we obtain
H? - K)AH - 2H|gradH]’
27\=2fij:( 2 2l L
P (H* -K)
hence

(H? —~ K)AH - 2H]gradH|” = 2M(H* - K)”.

Putting A = % we have

2
(H? ~ K)AH - 2H|gradH|” = 35.(_%’—10

and
Hf KSLJ.

By exterior differentiation of (19) and making K constant on M, we have
HKfi»J' - iji,j + H(fi,j,k - fi,k,j) =0 20)

(19)

ij =

From the relations
f1,2,1 2= KfZ’fZ,l,Z - f2,2,1 =Kf,,

and using (19),(20), we get KH, =0, i=12. If H; =0, then H is constant and f, ,
vanish. Then K must be zero.
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