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ABSTRACT
Let L denote the operator generated in £, (N,C?) by the difference expression
2 2 1
a1y ), +b,y$P +puvi)
Ly)= ., ag=1, neN={12,.}
fl\ 1 2\ ’

a1y, +by YI(l )+ Gn¥n~’ J

and the boundary condition
vg'=0

where (an), (by), (ps) and (qy) are complex sequences and a, # 0, b, #0 for ail n e N. In this paper we
investigate the continuous spectrum, the eigenvalues and the spectral singularities of L.

1. INTRODUCTION
The spectrum of the selfadjoint difference operator and infinite Jacobi matrices

have been studied by various authors ( [1], {2], [7] ). But the spectral theory of the
non-self- adjoint difference operators has not been treated extensively. Some'of the
problems of the spectral analysis in this area have been investigated by several
authors [6], [10], [12].

The spectrum and the spectral expansion in terms of the principal functions of non-
selfadjoint differential operators have been considered by Naimark [13]. He showed
the existence of spectral singularities in the continuous spectrum of these operators.

The spectral singularities of the quadratic pencil of Schrédinger operators has been
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investigated in [3], [4]. In [5] and [11] the effect of the spectral singularities in the
spectral expansion in terms of the principal functions has been studied.

Let £ 7 (N, C?) denote the Hilbert space of complex vector-sequences

o
y= [Y?Z)] n € N, with the inner product
Yu©,

(y,u) = Z(V(U (1)+y(2) (2))

n=1
In the space ¢, (N,C?), we consider the operator L generated by the difference
expression

2 2
By 1¥on +0ay S

+pay Y
£y)=

2
Ay lyn 1+bn§ +qny$1)

and the boundary condition
vy =

where a; =1, (a,),(b,), (p,) and (q,) are complex sequences and a, #0.b, =0 for
alln.

Let L, denote the operator generated in ¢, (N,C”) by the difference expression

(2) M
Lo(y)= { Ays_):f;:ygz)J

and the boundary condition y(” 0 where A denotes the forward difference
operator defined by Ay, =vy,,; -v,. The operator L, is called the discrete Dirac
operator. L is a particular case of L (a,, =1, b, =-1, n e N). The spectral analysis of
L, was investigated in {4].

Related with the operator L we will consider the boundary value problem

2anYo +ba¥ D +pay P =2y

P (.1
gy +b,y P +quy P =0y, ap =L neN,

n-1
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O =0 12)

Throughout of this paper we will assume that

Sa([1-a,|+1+b,|+Ip.| +a,| )< (1.3)
n=1

In this paper, we prove the existence of the Jost solution of the equation (1.1)
under the condition (1.3). Moreover using the analytic properties of Jost solution of
(1.1) we investigate the conmtinuous spectrum, the eigenvalues and the spectral
singularities of L.

2. JOST SOLUTION OF (1.1)

Theorem 2.1. Let the condition (1.3) hold. If A = 2sin § then the system (1.1)

has a unique solution which is analytic in the half-plane Imz >0 and continuous

upto the real axis having the representation

o0
£ z)=alle /°[1+ZK“ W} ity K e

m=1 m=1

andfor n=12.... .

(iP@ ) a}; % o

where
10 K1 k2
EZ 01 » nm = Kil]n K22
Moreover the inequality
]Kgm] < Cc[n {i‘;}m =12 (2.2)
holds for all m,n where

o)=Y {1-ay|+ L+ by | +]py | +|ax])» 23)

k=n
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and U%} is the integer part of i;i and C is a constant.

Proof. Substituting the function f(z) given by (2.1) in (1.1) and equalizing the
corresponding coefficients of ¢™ we have,
all =0, neN

. o0 ) '"]
ah! ={ H("l)nkbkakvl} . ne NU{o;

k=n+1

k=n+1

«© 171
aZ? :{b,1 H(—l)“'k”bkak_l} ,neN 2.4)

k=n+1

ol :aﬁz{Pu + [Tk +qk)}, neN
and

o0
12
Kyt == D> (Px +41) »

k=n+1

o0 oD o) <4} o
Kai= 2o(bf -+ Y ag(ag D+ 3 (ax ~D+ O (0 +q0Ki3 - O prdi -

k=n+1 k=n+1 k=n+1 k=n+1 k=n+1
22 121,12 11
Knl =-1+ Ap41dp +Kn1Knl +Kn1

. .

21 R 12 1 2

ut = —Z(qkﬂ +Kkl){ak+lak + Qi1 Pror + Dier) + 1 Kid — Ky 055 -1 }
k=n

o o
+ > ax kit - D obipk

k=n+1 k=n+1

12 _ 12 12411 12 21
Kn2 = anﬂan(puﬂ _Kn+l,l)+Kannl +Kn1 "Knl >
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w0
2 2 11
Kb = Zakﬂak {(P Kk+ll)Kk+l,l +Kk31,1}+ > (b —DKig

k=n+l k=n+1
< 2)piz ~ - 12
2) 1 12 12 '
+ Z(1+Kk1)Kk2_ >, (Qka _Kkl)(pk ‘Kkl)‘ quKkl
k=n-+1 k=n+1 k=n+1

22 _ 12 22 121-12 11 11
K32 =apnaq (pn+l Kn+11)Kn+l,l +apnan K +KniKs2 — Ky +Kyg2

21
Kkﬁ,)}

o0 o0
21 _ : 12 11 21 12,-11 12
K3 = D ag, 8k {(Pkﬂ - Kk+1,l)Kk+l,l TR }+Z{Klek2 +Kgz
=; k=n

< 2”2 -
+ Z(qukz—ka};zz)+ Z(qu )(P Km
k=n+1 k=n+1

and for m >3,

Les)
12 _ 12 11 21
Kom =~ Zakﬂak {pkﬂ - Kk+l,l )Kk+1,m—2 + Kk+1,m—2 }
k=0+1

- Z KEK quKk m-1+ Z(bk DK
k=n+1 k=n+1 k=n+l

- Z(quk m—i Kk m--2 +K}{1,m—1 )(pk - K};Zl)
k=n+1

o0 [£e]
no_ L 12 12 » 112
Kun = 3 84,58k %pkﬂ_KkH,I)KkH,m—l+Kk+1,m—1}+ > KK

k=n+1 k=n+1
+ Z(bk DR - Z(QLK "ot K1 — K Xk
k=n+1 k=n+1
- Z 43K i1 — ZKkm~
k=n+1 k=n+1

2z _ 1z 11 it
Knm = an+lan(pn+1 u+l I)Kn+l m-1 T 8p4+184 Kn+1 Jm-1 +K K -K n,m-1 +K

-Kid)
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(2.5)
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11 12 12
sznln =ap185 (Past — K}lz'ﬂ,l )K}:Ll.m—l +an+lanK1211Ll,m—1 +K1121Knm +Kom ~Kymn
for ne N U{0} .
Since (1.3) holds, we uniquely have oc?l' and Kﬂm , for i,j=1,2, depending on

a,, by, psand q, . Using (2.5) we can also prove, by induction, that K3, satisfies the
inequality (2.2). So the proof is completed.
3. THE SPECTRUM OF L

Let us define P, =§ |z=n+it, 1>0,0<n<dn} and P=P,U[04n) in
complex plane and let o (L), o4(L) and o (L) denote the continuous spectrum,

discrete spectrum (the set of eigenvalues) and spectral singularities of the operator L,
respectively.

Theorem 3.1. If the condition (1.3) holds, then o (L) =[-2,2].

Proof. Let L, and L, denote the operators generated in ¢, (N,CY by the

difference expressions

2 2
L,(y)= yn+)1_y£l)
W= a
yu—l_yn

and

zz(y) = (1 —8p4 )y£l2+)1 +(l +bu )y1(12) + Puyg)
(-a, Dy +(1+b,)y +q,y5)

respectively. It is evident that, L=1L, +L, and
Ly =Ly, o(Ly) =0, (Ly) =[-22]
where o(L,) denotes the spectrum of L;. Under the condition (1.3), L, is a compact

operator in ¢, (N,C?). So Weyl-von Neumann Theorem ([9], p.13) gives the resuk.
Theorem 3.2. If (1.3) holds, then

oP(L)={x |K=25in§,zePo,[3(z)=0} 3.1
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o (L)= {x {2 = 2sin§, z e (04m)\ L7}, Bz)= 0} G3.2)

iz

where B(z) = f{P(z)e 2.

Proof. Using Theorem 2.1, we get that the function fgl)(z) satisfies the

following asimptotic equality

tP @) =able? 1 +0Q)], ze Py, | > . (3.3)
From (3.3) and the definition of eigenvalues of L we obtain

o,(L)= {,l [r=2sin=,zeB,, fé”(z):()}.

z
2
Since the operator L is bounded under the hypothesis « ¢ ¢,(L). Consequently

we get

o, (L) ={X , A= 25in§, zeph,, fél)(z) =O}\ {oo}

={x | l=25in§, zeP,, B(z):O} .
Let us consider the set
M= {x | % ———ZSin%, ze(04m)\ 2n}, Piz)= 0}

It is clear that
Meo, (L), Mc[-2.2]=0.(L).
Therefore, by the definition of spectral singularities we find that
M=o (L)
So the proof is completed.
Theorem 3.3. If the condition (1.3) holds, then o4(L) is bounded, is no more

than countable and its limit points can lie only in [-2,2].
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Proof. From (2.1) and (2.2) we find that p(z) is amalytic in Imz >0,
continuous in Imz > ¢ and
B(z) = ag' [1+o()], ze Py, fz| > . 3.4

Using (3.1), (3.4) and uniqueness theorem of analytic functions we have the

proof ([8]).
Theorem 3.4. Under the condition (1.3), o, (L)c[-2,2], o4 (L) is closed and

its linear Lebesgue measure is zero.

Proof. From (3.3), it is clear that ¢ (L) = [-2.2].

On the other hand, since B(z) is continuous on [04x), o (L) is closed.
If the linear Lebesgue measure of o (L) could be positive, it had to be that
B(z) = 0, which is analytic in P,. Since f(z) # 0 on P, it is impossible ([8]).
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