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ABSTRACT

Let us consider a domain D that is bounded by two arcs of circles that intersect at points 0 and

at angle y = % This domain is called a lune. Let B(D) be an algebra of bounded analytic functions on

D. In this paper taking complex algebra R, we give an algebric characterization of conformal mappings

from Dto U, by taking ¢ € R that satisfies certain conditions, where U = {w e C: Iw* < 1}

1. INTRODUCTION

This paper presents a solution to a problem in subject of rings of bounded
analytic functions. In late 1940’s it was shown that two domains, D; and D, in the
complex plane, are conformally equivalent iff the rings B(D,) and B(D,) of all

bounded analytic functions defined on them are algebraically isomorphic. Let R be a
ring which is known to be isomorphic with the ring of bounded analytic functions on

an annulus A ={ZG C:p; <|z| < p2} where p; and p, are not known, From the
ring R deduce the number p, /p, [2]. The characterization of Schwarz Theorem

and Unit Disc has been done [s].
In our study we take the ring and give an algebraic characterization.

ALGEBRAIC CHARACTERIZATION

Let ¢ be an isomorphism from B(D) onto R. We will denote the elements of
B(D) by f,g,h, ... and the elements of R by a,b,c,... Let e and 1 be multiplicative
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identities of R and B(D), respectively. Thus, 1e B(D) is the function identically
equal to 1 on D. Since ¢:B(D) — R is an isomorphism, ¢(1) =e Furthermore
¢(nl) = ne so that ¢(x(m/n).1) = (m/n)e.—e has two square roots in R, one is the
image of i.1, the other is the image of —i.l. It is algebraically impossible to
distinguish between these, since R has an automorphism which takes one into the
other (corresponding to the mapping f — f € B(D) Thus, we choose one root of —e

and make it correspond to i.1; denote it as ie.
Hencefort, we will denote the complex number field by C and the complex

rational number field by C, where a complex number, both real and imaginary parts

are real rationals, is called a complex rational number. Clearly, C, and C are
subrings of B(D).

Lemma 2.1. For each oe C,. () = (or @).

Proof. If o€ C,, there are two rational number 1 and 1, such that
o=1+ir,. Since ¢(1)=e and ¢@{) =i (or —i), we get q)[(r1 +ir2)]‘l:
ne+nie (or re—mnie), (3] [4).

Lemrna 2.2. For each real number c,¢(cl) = ce.

Proof. If c is a rational number, by the lemma (2.1) ¢(cl) =ce. If ¢ is an
irrational number, for each- rational number, number ¢,c—r = 0. Thus there exist

(c—r)‘1=—1—-, Then  ¢[c—r1).1]=¢(c)-re and ¢|:( L }l:}z ¢ .
c—1 c—r o(cl) —re

Therefore ¢(cl) =ce.

Corollary 2.3. If ce C, ¢(cl)=ce [2]

Lemma 2.4. Let f € B(D) and let R, be the closed range of f. Then A€ R,
iff £ —A.1 has no inverse in B(D).

Proof. If AeR; there is a zyeD such that f(zy)=A Then
(f-A.1D(z;)=0. Hence f-A.1 has no inverse in B(D). Now we suppose that
f-A.1 has no inverse in B(D). Then at least for one point z, € D, (f - A.1)(z,) =0.

It follows that f(z,)=A, ie., AeR;.
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Lemma 2.5. A e R, iff ¢(f)— hasnoinversein R.

Proof. If A e ﬁf , f —A.1 has no inverse in B(D) by Lemma 2.4. Since ¢ is an
isomorphism, ¢(f —A.1) = ¢(f) ~Ae has noinverse in R, ([1], {2]).

Let o(f) and o(Q) be the spectrums of f € B(D) and e R respectively. If
p@ =sup{[A|:Ae c@ },
then p(Q) is also the maximum modulus (Hereinafter abbreviated MM) of q>“1 ().

In this paper, we always consider the complex algebra. Now we give our first
theorem connected with algebraic characterization.

Lemma 2.6. Let p=%‘3-. Suppose that f e B(D) satisfies the following
conditions.
1. =0,
2. MM(f) =1,
3. fis schlicht.
Then,

—- m _ _ m
f(z) = 2=® _~P-2 25.1)

(Z_a)m +(B_Z)nl
where m>2 and me N

Proof. I, = {f € B(D): f )= 0} is the maximal ideal of B(D). I, is generated
by h(z)=z-p, ie. I, =(z—p). The function that we are looking for must be in
I, . By means of the theorem of maximum modulus, MM (z—p) 21 for any z in D.
Therefore f(z)zz—p. If £(z) =(z-wg(z), f(w) =0 and MM (f) =1, then g(z)
must be
2z— o™+t B-2p™ |

(z-a)”+B-2)"

g2(z) =
Thus
(Z_a)m ‘"(B"Z)m
(Z-— (x)m +(B—' Z)m

f(z)=
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where m>2 and me N. Furthermore if f is schlicht, f(u) =0 and MM(f) =1,
then this function must be in the form of (2.5.1) [6].

Theorem 2.7. Let R be any algebra such that ¢ is an isomorphism from B(D)
to R which satisfies ¢(a) = o for every complex number «. Furthermore, suppose
that the following condition are satisfied for some Qe R.

a) Foreach A, € o(Q) =U, there is only one point z, .

b) Foreach pe C, (b— ue) is a maximal ideal of R. Furthermore, q)"l(b) =z and
ae (b—pe) , where be R.

0 p@=MM (@4 (b)=1.

Then ¢"1 (Q) is a conformal mapping from D to U and

(Z—(X)m _(B_Z)m

(Z_a)l‘n +(B_Z)In

Proof. Since Qe (b—ue), there is an element ce R such that (b—pe)c =a.

o7 (@)(z) =

Since ¢ is an isomorphism, we can write (])‘1 @ =¢_1 (b—;,Le)qfl(c) and
0 @ =[¢0""(b)—¢~  (ue)] 67" (¢). Thus we find
0@ =-weo™ ©.
By lemma (2.6), MM(¢™" (@)) =1 and hence
Az—o)™ " +z-)" -2+ +z—)B-2)" 7 +B-2)""]
(z—)"+B-2)"

o7(0) =

Clearly, as ¢™'(¢) € B(D) we obtain
¢{2[(z I z)m‘l]}
Hez-)"+B-2)"]
_9@ lq)(z —o)™ e B - Z)m—l]J
Mz - o)™+ -2)"
2 l(be —oe)™ 4t (Be- be)m—l]J
= (be —ae)™ + (Be— be)™
from the equality, and hence ce R . Thus
2e l(be —0e)™ ! 4k Be—be)™! ]J
(be —0e)™ + (Be —be)™

a=(b—pe)
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and we deduce the mapping
_ Z_a m _ -7 m
o o= =" =B-2)
(z-o)" +B-2)™
It is well known that this is the mapping form D onto U. At the same time, the
mapping ¢~ (Q) is unique. Because, A, e R

iy’ by Ae o(@). Since to each

point of KV‘ ) there corresponds a unique z; by Lemma 2.4, and part a) of the

@
theorem, ¢_1 (@ e B(D) is one-to-one. Since ¢ is an isomorphism and (b - ue) isa
maximal principal ideal in R, ¢(z —pe) is a maximal principal ideal in B(D). This
maximal principal ideal generated by the ¢(b) —¢(ue) =z—p then ¢~ (O e (z—u)
by (b), ¢~'(Q) is schlicht. Thus

_@-o)"-@-»"

07 @)= —
z-)"+PB-2)"
by Lemma 2.6.
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