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ABSTRACT

Solvability of the proposed problem is proved by reducing of the multidimensional inverse
problem to some problem for the non-linear differential equation.

1. INTRODUCTION

In the paper the problem of solvability of the inverse boundary problems is
considered for the parabolic type equation in the unbounded domains (regarding an
inverse problem see [4], [5], [6]).

The method is proposed basing on the reducing of the inverse problems to
some non-linear infinity system of differential equations. Note that this method
allows to prove the existence, stability and uniqueness theorems for the solutions of
multidimensional inverse problems on the class of finite smooth functions.

Some results on similar problems for parabolic equations have been obtained

in [1], [2], [3].
Consider the problem
_au_(a)tcﬁ — Au(x, 1) = a(x)u(x,t) + h(x) f(x,1), (x,8)€Q, )
u(x',t) = p(x',1),(x',t) € T = (~0,0) x S, )
u(x,0) =y, (x),u(x,T) = y,(x), xeD, ®)

in the domain Q = (—w,0)x D, where D -bounded domain in R".S=08DeC?,

n<3, Au= 3 (a,000,),.4, ()=, e C'B), 3 adé, 2wl otxo,

i,j=1 ij=1

F(,0),v,(x),y,(x) are given and a(x),h(x),u(x,t) are seeking functions.
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Definition : The triplet of the functions a(x),(x),u(x,t) we call the solution of
problem (1)-(3) if they satisty the following conditions :
1. a(x),h(x) e W(D)

2. E(ﬁ)z? | (1+|A,|)2"’"’Eﬁ|2(l+|/1|)2+
-0 D

u(x, 1) = mj —4i(x, 1) exp(~iAt)dA.

-0

Conditions (1)-(3) are satisfied in ordinary sense.
Suppose that the functions @(x,?), f(x,1),y,(x),w,(x) satisty the following
conditions :

1) V/] (X), V/Z (x) € W24 (D)’ '//l (X)l:= ¢(X,t)ll=0, WZ (x)ls'_’ ¢(x’ t)|,=7,

2) f(x.0), f cI}Q), f(x0)eWX(D),

6”” x,t
3) o(x,1), —7,(—,——) e (- w, 00 772(8))

) |A|=pr (D f 5T -va () /(0] 28>0 VxeD.
Lemma 1. Let 2(4,x) be a solution of the problem

—idi(x, A) - Ad(x, A) = “(" ) { f(x T)( j iAi(x, A)dA - Ay, (x)j

-

-f (x,O)(— ? iAu(x,A) éxp(—i/lT)dﬂ, -Ay, (x))}

—®

pACLD) (Z””x{w,(x)( T iAi(x, 2) exp(—iAT)dA - sz(x))

-0

—%(x)[— I iw(x,ﬂ)dz—A%(x)} ®)
- (b(X, /1) (6)

from the class E(u) = .
Then the functions

u(x,t) = —aj i(x, ) exp(—iAr)dA,
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a(x) = -i—{f(x, T)(— °] iAa(x, A)dA — Ay, (x)J

~a0

- f(x,O)[~ T iAdi(x, A) exp(~iAT)dA — Ay, (x)j},

h(x) = —l—{wl (x)(— 0]‘ i(x, 1) exp(iAT)dA - Ay, (x)]

~00

-y, (x)(— ‘] iAu(x,A)dA - Ay, (x)J}

-0

are the solution of inverse problem (1)-(3). The proof of Lemma 1 is obtained from
the fact that

u(x,0) =y, (x), u(x,T)=y,(x).
Now we prove the solvability of problem (5)-(6). Define by (x,A) the functions

A, =0, v]s= . Wi, < Colollgocoy

To solve above mentioned problem we use the method of consecutive
approximations :

VO (x, ) + p(x, A)
A

— iV (x, 1) - AV (x,A) = [ fT). i (x,A)dA

- f(x,O)oj i (x, 1) exp(=iAT)dA + f(x, T)? Ay (x, A)dA

—® -0

= f(x0) wf Ay (x, A)exp(—iAT)dA + f(x, T) Ay, (x) - f(x,0) 4y, (X)]

—®

+ LED Ny ) [ iat (e D) exp-iaT)iR 7,00 | 1A ()2

-

+y,(x) o]' iAy(x, A) exp(—iAT)dA

-

~¥,(x) ? Ay (x, A)dA +y, () Ay, (x) -y, (x) 4y, (x)} —idy(x,2)y (D)

VP (x)|s =0, m=012,.. (8)

At first establish the apriory estimations for the solution of problem (7)-(8)
Lemma 2 : Suppose condition (4) is satisfied and
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207 % 2p1ta
K(py,20 : [Zp 3,[ 1+I’z‘l)lp”(”"zxfz’“(S)‘M

Fee ), a2l + 14 wzlliu»}

CZ ©
e

AINZ z,2 c;{ , s
+—0 Zo 7z JTo 2 [ (1+]a
2z G ln e )
+N:Zoclzw

ST (e il (9 e * )u

Ng 2
s Mo %o s [ J @l ol s @ j

2p -3 Ko

WJ ’<S)

-0

—a0

+Mf°—“i (1+u|)“’||«s||;,m(s,dz-?f -+ | v

3 ﬂo -0
N
L LTy T A A M P B S
Then the inequality ,
Tf G paPeovef dﬂdx<;—zo{C2 [ @+ A ol 2
—oD
NZz,C} .

+——°f,‘; ‘ _J (1+|l|)2”||¢llw,m(5)QIAWIIIC(D) vl Jad

N; ¥ . > ONECE )
N 2p°_30f‘(_f (1+|zx>“’||¢||;,,,(s)dxj # e [ Il 02

] e eaf s nelavili, vl

x:[g. (1+

g f(x”dzd’“m} = _4"'70’
Ho
h
where ) - ,
C1 :"y"c(u) < Cl l‘qu,’(D); C2 :"yllL‘ = C2"y“W,‘(D)‘ “y"Ll(D)’

. 1
is true for the consecutive approximations given by (7), (8), where 0= -——the
Zo

minimal eigenvalue of the problem
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Au = —izu; u|S= 0.
z
Proof. One may obtain from (7), (8)
Ky j j(1+|/1| v (x, ) divdd < 22 j j 1+ A7 v, 2| dxda

+— T [+ A @+ APy o, A et

—mD

nl/2
9 NC -
* e 3( [ [+ A v e, 2)° ddi)

4-n
@ 7 9N2C2 @ R
X [_;[bf(l + I,ll)zp Iv(x, /112 dxdﬂ.J + 58—(5-;—)_]—3)—0];(1 + lll)h’
y u:)”-(l + I/,LI)ZP Iv(m—l)(x’ /112
2¢;
["A Vi "C(D) +" £ "C(D) m I (1 + 'ﬂ“l)zp "¢"W”’(3) dﬂ}dxdﬂ.

+%_—_Cl a]' (1+|A|)2p

oy I ffsfalf e Y

i(x,x)r da 0] [ (A e (e, A) dvda
—D

€ 2p-3_

9N2 c2 3 . ) 2

%3 T A Wl 2 1 o) v
.[ I 1+ |,1[)2,, f(x, g*mA '/’1";0) +| AWZ"Z(D)) dxdi

#2020 T 1 P o, 2 (i, + vl )it

Ho ~wD
N 4 C2 m-
e | T+l ||¢|W,,(s)d/1“' (4P e, AY drdd,
where
N, = max { fen)] ol e et }
(D) (D) c(D) (D)

Taking ¢ = 9”—0 in (8) we get

2y

di .
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£ 1 Qo oo i <262 Tl ol

—o0

N2z,C} .
AL A I (1 + W)Zp "(p"W;ﬂ(S) QIA Vi “C(D) + “A WZHC(D) )d/l

/'IO ~©
N G VI
2p-3 4y \ % v ?

. NiC? 39_"]- (1+|/1|)2p"<7’":v;“(5) dﬂ.?f (t+]4)” ];(x,/l* dxdA
—wD

2p—3 #0 —c0

N2 «© -
R L | T T o 2

NC} 2z, 7 20 A2 N3z, C! % 2p
[ 20 ol 2955 T G

F(x, ch) da

2
Nyz,

Kol +||Aw2n;m)} J P e
0

N2

P i-. 2 il 1] G+ 2p|Vv("’ Y(x, 2) dvda |
2p 3 -wD

From this follows the statement of Lemma 2

Lemma 3. Let the condition of Lemma 1 be satisfied. Then the following

estimations are true for the consecutive approximations given by (7), (8)

ajj L+ v e, AY dxdi < Cy(r,)

_15‘. (1 + IAI)ZP_Z [(1 + |ﬂ,l)2p .‘v('”) (x, /1)— ymh (x, /112

+ |A(v("') (x, A)—v("'_l)(x, ﬂ)}z]‘b“uﬁ const q", q<1l.

Proof. From (7), (8) and Lemma 2 we get

ﬂ
T P o (52, e 25207 G 1670
- 2p-3 Ho
9N cl 4y 2p
T -g[(l A ol 92
47, 367 290

+ 9N2 QIA L4 "C(D) + "A l//2"0(13)) Ho 1o
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G Ty

2 9N2C2 @ ot )
2p-3 p, dd+ ==L [ (AP Joln s, 42

(D) 2p-3

f”(x, 11

—00

©

x [[ @+

—oD

x [ @+l

-0}

. 2 '
Fle, 2] dxd + N2 (4, ooy 4wl )

é’";’,’”(S)

flx, A)]z dxdA +9C? 0] @+

—o0

dA = Cy(7,)-

Similarly for the substraction v{™ —v{"™ from (7), (8), considering the estimation
from Lemma 2 we get

1] Pl i 2) -t 2

+ IA(?‘”’(x, 2)- v (x, /1)12} dxd] < const ‘q"', g<l.

which proves Lemma 3.

Lemma 4. Let the conditions of Lemma be satisfied. Then for each fixed m the
only solution of problem (7), (8) exists from the class

:[ J (1+ |/1|)2’"2[(1 AP a) + 0+ WPy e, 2) + v, Ajz]dxdzl <o,

Proof. The proof of this lemma is carried out by the Galyorkin’s method.
Theorem : Let conditions 1)-4) be satisfied and

K(ﬂo’zo)g%)”

| l2cing

—2C
2p-1 3(70)

Hy =z [6N: mA ¥ (x)"f:(n) + "A V2 (x)uzc(D) )

12C2N2 T +21f A
el L 2||¢u:,2,,,(s)dﬂ]>a

Then the only solution exists of inverse problem (1)-(3), where C,(7,) is defined in
Lemma 3, z,,C,,C,, N, in Lemma 2.

Proof. The solvability of problem (5), (6) follows from Lemma 2 and Lemma 3. It
needs to prove

—

| Uio =¥1(), w Dl =9, ().
Suppose u|,., = ,(x) and consider the function 7, (x) -y, (x).

AW (X) =y, () = bYW () ~p, (%), T (0=, (x)|s=0;

12C*N?
IMﬂB6NNMwmem—waﬂmw)+—4—icxn)

2p-1
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+LE0 T e ol

2

From these relations and conditions of the theorem follows (¥,(x)—w,(x) =0.

W7/2(s)

Similarly one may prove u(x,T) =y, (x).
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