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ABSTRACT

This paper is a continuation of the paper [8]. In this paper we investigate the dependence of the
structure of the discrete spectrum of difference operator of first order on the behavior of coefficients at
mfinity.

1. INTRODUCTION

The spectral analysis of the sclfadjoint difference operators has been
investigated in connection with the classical moment problem in [1]. The spectral
theory of these operators in selfadjoint case is well known [7]. The spectral analysis
of non-selfadjoint difference operators has not been studied extensively. Some of the
problems of the spectral theory of non-selfadjoint difference operators have been
investigated in {5],[9],111]. But the spectral analysis of non-selfadjoint differential
operators has been studied extensively since 1960°s. The spectrum and spectral
extension of non-selfadjoint differential operators have been considered by Naimark
[12]. He has proved the existence of the spectral singularitics on the continuous
spectrum of the Strum-Liouville operator. The spectral analyses of the Schridinger
and Klein-Gordon operators with spectral singularities have been studied in
[21.13L.14L.[61.[10].

Let L denote the operator generated in £ 5 (N .C?) by the difference expression
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and the boundary condition
vyl =0,
where (a,). (b,). (p,) and (q,) are complex sequences and a, #0,b, »0 for all

ne N. In this paper we study the dependence of the structure of the discrete

spectrum of L on the behaviour of the sequences (1-a,), (1+b,), (p,) and (q,) at

infinity. An analogous problem for the discrete Dirac operator has previously been

considered in [5].

2. SPECIAL SOLUTION

Related with the operator L we will consider the equations

am-lygi)l +bn}’$‘2) +puy£11) = }"yg) (2 1)

1
a1y b,y P 14,y P =y, ag =1, neN,

Let (a,), (by), (p,) and (q,) satisfy the condition

Sl fi-a,|+[1+b, ] +[p.] +]aa] )< 2.2)

Under the condition (2.2) it was shown in [8] that if % = Zsing then the system

(2.1) has a unique solution which is analytic in the half-plane Imz>0 and
continuous upto the real axis having the representation,
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where
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Moreover the inequality

< Cc[n +U%1—’D ,1,j=12, 2.5

holds for all m,n where

ij
Knm

oy = (i ~ag |+ by |+ oy + o). @.6)

k=n

and H—:&]} is the integer part of % and C>0 isa constant.

3. THE STRUCTURE OF THE DISCRETE SPECTRUM OF L

Let Py = {z | z=nm+i1, 1>0,0<n< 41c} and P =P, U[0.4m) in complex plane,
og(L)y and o (L) denote the discrete spectrum and spectral singularities of L,

respectively. It was previously shown that,

.z
Gd(L)Z{X !k:Zsm—z—, zeby, B(z):()}

6 (L) = {x |2 = 2sin§, ze(04m)\fx}, Pz)= 0}

iz

where B(z) = f"(z)e 2, [8].

Let us suppose that

S i —ag |+ +bg| +pa| +aa < G.D
n=1

for m=012,... .k, and k<.
Theorem 3.1. If the condition (3.1) holds, then the function B(z) is analytic in

P, and has continuous derivative of order k on the real axis.
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Proof. We obtain from (2.3) that

1(m

pE)(z) = Ot”k)[kae‘mzK” IZ(m—_)k 2 Klz

Lmvl m=1
and from (2.5) and (2.6)
pO|<ca,

where
Ay = ink (1-aa]+}1+ by +pal+|aa)

for all k. Since (3.1) holds, we have the result.
Using Theorem 3.1 we have following
Corollary 3.1. If the condition (3.1) holds, for all k then the function p(z)is

infinitely differentiable on the real axis.

Corollary 3.2. If the inequality
3 (=auf o +bal lpal las) <0 62
n=1
holds where ¢ >0 and 0 <y <1, then Corollary 3.1 is valid and also, the inequality
p®@)|scB,
holds for all k where
B, = imke‘m’ .
me=1

Proof. Since the condition (3.2) is stronger than (3.1), the first part is trivial.
On the other hand from (2.3), (2.5) and (2.6) we have

B =[od]

1
X i i(m~—)z
> mbe™Kl -1y m-n¥e 2 K
m=] m=1

m
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Theorem 3.2. If the condition (3.2) holds for y =1 then the fonction p(z) has
finite number of zeros with finite multiplicity in P.

Proof. Under the hypothesis, from Corollary 3.2 we have, for all k,

;B(k) (Z)' <C i nlke—(ImZ+E)m .

m=]

(3.3)

From (3.3) it is trivial that B(z) has analytic continuation to the haif-plane Imz > —s.

So we have the result.

Now let us suppose that
3 e (1= ay |+l +by|+|pa| +laa|)x (.4)
n=1
where £>0 and %Sy <1.

Let us consider the following sets related with the zeros‘of B(z) in the strip P:
M; ={z|zeP,, pz)=0}
M, ={z| ze[04n). B(x)=0}

M, :{z |zeP, P (@) =0, k=0,1,2,.._}

M, -

it

{Z { 3{Zn,}CP0 , B(zg)=0,2, —z, n—»ao}

Ms={z | 3z, dcfo4n), Bz)=0,2, >z, n-—)oo}

From the uniqueness theorem of analytic functions it is evident that

M; ~AM; =@, My &M, , My cM,, Mg c M,
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and since all derivatives of B(z) is continuous up to the real axis we get that
M, c M;. My M.
On the other hand it can be obtained in a similar way by Lemma 3.4 in [5] that
M;=@. So My;=0 and M5 =0 .
Using above arguments we have the following theorem.
Theorem 3.3. If the condition (3.4) holds then o4(L) and o (L) have finite

nuinber of elements with finite multiplicity.

Proof. Let (3.4) hold, then the sets M; and Ms are bounded (see [8], Theorem
3.3 and Theorem 3.4). On the other hand, since M, and Ms |, i.e., the set of limit
points of M; and M,, respectively, are empty. M; and M, can have only finite
number of elements. Also the elements of M; and M, have the finite multiplicities

since M; =J. Therefore the proof is completed.

From Theorem 3.3 it is seen that the weakest condition which guarantees the

finiteness of cigenvalues and spectral singularities of L is
> e (- ag |+l 4 baf+pal+aal)< 0, >0,
n=1

which was obtained in [5} for a, =1 and b, =-1 foralln.
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