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ABSTRACT

Let X be a connected and locally path connected topological space. Constructing the sheaf of
homology-groups over X, its some characterizations are given. Furthermore, defining the Generalized
Whitney Sum and Direct Sum of the sheaves H 1 and H,, it is shown that the sheaf

(H)' = 7{-1 @ﬁz is isomorphic to the sheaf El X —1-72. Where, ;I.l and —ﬁz are sheaves of homology
groups over X; and X;, respectively.

1. INTRODUCTION

Let X be a connected, locally arcwise connected topological space. For an
arbitrary fixed point ¢ € X, let us consider X = (X,c), where (X,c)be a pointed

space. Let H be the sheaf of fundamental groups constructed over X, let
(X, H)be the group of global sections of H over X , let K CF(X ,H) be the
commutator subgroup and let N cI'(X,H)be any normal subgroup such that
KcN.Then N defines the subsheaf H (N)of H such that for any xe X stalk
H(N), = {s(x) 's€e N}is a normal subgroup of H .It is known that the sheaves
Hand H(N)are regular covering space of X [1,4]. Also, the quotion group

H,_/H(N), is abelian. Let us denote the quotion group H, / H(N) by E(N ),

Let E(N)= VE(N)X.E(N) is a set over X. Let us define a mapping

xeX

(//:ﬁ(N) — X with !//(0'_,‘)=x; for any O =R§c§e —I;(N)x cﬁ(N). Also, let us
define a mapping s W E(N) such that ;*(x) = .m =[(y"'a)y], for any
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xeW,where s e T'(X,H). 5= E(Ec),because the homotopy class [¥]is choosen as

arbitrarily fixed for every xeW. Clearly, !//0; =1,. Let us denote the totality of all
mapping S by T(W, H(N)).

Now, if Bis a basis of arcwise connected open neighborhoods for each
x € X, then

B={s(v):WeB, se rov, HV)}
is a topology base on _ﬁ(N) [3,6]. Thus, H(N)is a topological space and the
mappings  and 5 are continuous in this topology. Furthermore, y is a locally

topological mapping. Hence, (_}_I-(N ) y/) is a sheaf over X.

As a definition, the mapping se F(W,—I_{-(N)) is said to be a section of
E(N) over W. Particularly, I'(X ,E(N )) is called the set of the global sections of
H(N)over X. Also, the set -ﬁ(N)x is said to be the stalk of the sheaf H(N) over
X. It should be noticed that the stalk H(N), is an abelian group. Thus, H(@N)is a

sheaf of abelian groups over X, since the set T'(X , H(N)) is an abelian group for any
openset Wc X.

Finally, if N =K, then H(K), is the Homology Group of X at x for any xe X.
Thus, H(K) is called “The Sheaf of Homology Groups over X ” [9].

After this, we will show H(K) with H.

2. CHARACTERISTIC FEATURES OF THE SHEAF H

1. Let W < X be an open set. Then, any section over W can be extended to a
global section over X [2].

2. Any two stalks of H are isomorphic with each other.

3. Let W,W,cX be any two open sets, W,nW,#< and
1 el"(W,,ﬁ),;z € F(Wz,ﬁ) be any two sections. If El(xo) =;z(x0) for any point

x, €W, "W, , then 51 =52 over the whole W, N W,.
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4. Let ¥ < X be an open set and ;l',;2 € I‘(W,E). If s, (x,) =52 (x,) for any

point x, € W, then 51 =52 over the whole .

5. Let xe X be any point and let W =W(x)be an open set. Then
v W)=l si(W)for every s;eT(W,H) and w/s;(W):s;(W)—>Wis a

iel
topological mapping, for each i e I. Thus, each open set W of X is evenly covered
by . Therefore, Hisa covering space of X and y is a covering projection. As a

covering space, H is said to be “The Homology Covermg Space of X [89].
Moreover, H is a regular covering space.

Theorem 2.1. Let W c X be an open set. The Homology Group Hxis
isomorphic to the group F(W,_ﬁ) for every xeW.

Proof. Let ¥ c X be an open set and sell (W,-ﬁ). Then, there exists a unique
element o € Hx < H such that
s =l "a)y1=0-
for every x € W.That is, to each element of H ., there correspondence only one
element in F(W,ﬁ). Let us denote this correspondence by ®:H, —)I"(W,ﬁ)

such that CD(E,) = s for any o:€Hx. Let mx,(az)x € H.. Then Gl_)x,(crz)x

determine the sections ;,E: € F(W,ﬁ), respectively.

Thus,

5@ =[0"a)rl, =),
and

5:(0) =02, 7], = (03),

forevery xe W. @ is clearly one to one. Furthermore, as a result of the definition
of ®, @ is onto.

Now, we will prove that @ is a homomorphism. Let Ex ,(0,), € H.. Then,
E;,Sx.(az ), € H . defines a section s’ ¢ rw, ﬁ) such that
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5@ =(5,5,)(0) =(0)),40,),

for every x € W.On the other hand, for every xeW,

s1(x)52(x) = [( a1 L0 e)r],
=[(r"a, ”l,

= 5,5, ().

Thus,

ol (@,),)=515: =0l ) oliey), )

Now, we can state the following Corollary.
Corollary 2.1. Particularly, (H), = (X, H).

3. SOME RESULTS ON THE SHEAF OF THE HOMOLOGY GROUPS

Let X,,X, be any connected and locally path connected topological spaces

and H1,H be the corresponding sheaves, respectively. Let us denote these as the
pairs (X,,H1) and (X,,Hz).

Let the pairs (X l,ﬁl) (X 2:]?:) be given. Consider the sets of
I, (VVI,EI) and I, (Wz,ﬁz) being W, c X, and W, c X, are open sets. Let
M, =T,(W,,Hi)xT,(W,,Hz)
such that W =W, xW, c X, x X,. For an element s=(s1,52) € M, and an open
set ¥V c W, where V =V, xV,; V, cW,, V, cW, are open sets, let

Ywy (E) =Ywy ((EHEZ))
= Wy (517, , (52))

= (;1 Ivl, s:|v2 )
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Then, the system {X XXMy, ;/W,,,} is a pre-sheaf. Thus, forming inductive limit,
a sheaf is obtained from the pre-sheaf {X XXM W,;/W,,,} [5,7]. This sheaf is
called “The Generalized Whitney Sum” of the sheaves H, and H, , and denoted by
(H) =H\®H..

It is easily shown that; for each (x,,x,)e€ X, x X,, the set

(_}_I-)Ixhx?) = {(W, (;1’;2))(;(,,;2) W =W(x,x,)c X, x X, open set}
is a group with respect to the operation of multiplication defined by

W, (s1,52)) 41 .(W', (sy,5; ))(x.,xz) = (W", (sls{, 5,55 »(x.,xz) ,
where, W"=W'nW, and W'=W, "W, , W) =W, "W,

On the other hand, the set (I_LI_I )xl x (ﬁz),c2 is also a group with respeét to the

operation of multiplication defined by
(01,0,)(0,03)=(0,0{,0,03).
We can now give the following theorem.

Theorem 3.1. Let (H)' =H, ® H,.Then, for each (x,,x,)€ X, xX,, the
mapping f:(H);, ., > (H,), x(H,), defined by

P (51,52)) gy = 615,525 = (5,100, 5 (53))
is an isomorphism [4].

From now on, we identify (ﬁ):x,.xz) with (;"1—1)):, X (H_Z)xl .

Let the pairs (X,,H:) and (Xz,ﬁz) be given. Then
Hi=\/ (ﬁl)xl,ﬁz =V (ﬁz)XZ. Hence, '

xekX, x,€X,

HixH:= \/ (H), x(H2),

(xp.% )€ Xy x X,
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is a set over the topological space X, xX,. Moreover, since H, ,Hy are

topological spaces, HixH:isa topological space.
Now, let us define a mapping @ HixHz = X,xX, such that

B((5,,5,)) = W, (@)W (0,)) = (x,,%,).

(ﬁn x—h—fz,CD) is a sheaf over X, x X, . Also, HyxH is a sheaf with algebraic
structure.

Definition 3.1. Let the pairs (X ,H1) and (X, ,7‘1—2) be given. Then, the sheaf
H\x H is called the Direct Sum of the sheaves Hiand Ha.

Thus, we can give the following theorem.

Theorem 3.2. Let the pairs (X,,?{_l) and (ij-l_z)be given. Then, the
sheaves (H) and H, xH are isomorphic.
that (H)" = ((H)",y") and

Proof. Let us assume HixH; = (ﬁl xH2,0 = (v,,¥,)). We first show that
the mapping

defined by
F:(H)Y > HixH> W, (51,52)) (5,1) —)(sl(xl),sz(xz)) is continuous.

Now, let U < F((—ﬁ)*) is an open, i.e., U =U, xU, and

Uy =UsiW,), U, =Us;(V).
iel JjeJ
Hence U, =si(W) , U, =52(V) and U=§1(W)x§z(V), where
s1eT(W,H1),s2 eT(V,H2)and W = [JW,,V =[J V;. So, 6U) =W x V.

ieJ jeJ
Show that, F~'(U) < (H)" is an open set. In fact, if " € F~'(U), then there

exists an element o e U such that F(c") = &. Therefore, if
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o =(0(U),(51,52)), .,

then

Fo") = (sG5G))eU
and
O(F(a") = (x,,x,) € (V).
Thus, there exists a section yE = y(gx ,;z) 0U) > (ﬁ)* such that
7s(x, %)) = OU)(s1,52))
=0" eys(6)).
Therefore, since o is an arbitrary element, F™'(U)c y;(G(U ).

On the other hand, if (c') ey ;(G(U)) it is similarly shown that
(¢*) e F'(U). Thus,

F™' (U) =ys(6QU)Y).

Since 73(0(U )) is open, F is continuous.

By Theorem 3.1, the mapping F is a bijection since F/ (7{—)&l = for each
stalk (ﬁ):x,,x,) c(H)'". Furthermore, (8o F)(c") = w'(c") for every o e(H)'.

Therefore F is a stalk preserving mapping. Moreover F~' is continuous, since F
is an open mapping.

Thus, the mapping F is a sheaf isomorphism.

We can now state the following theorem.

Theorem 3.3. T(W,(H)") is isomorphic to T(W, H, x H ), for each open set
WeX xX,.
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