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ABSTRACT

In this paper we consider harmonic curvatures of a Frenet curve of osculating order d. We also
consider a general helix of AW(k) type where k=1,2 and 3. We have show that, there is no general helix
of AW(3) type. We also show that, a general helix of rank 1 and of AW(3) type must be a circular helix.
We give curvature conditions of the curves, which have AW(2) property. In the final part, we visualize
the plane and space curves of (weak) AW(2) type.

1. INTRODUCTION

In this part we consider Frenet curves (of osculating order d) and their harmonic
curvatures.

Let y:Ic E— E® be a unit speed curve in E". The curve v is called Frenet
curve of osculating order d if its higher order derivatives '(s), Y"(s), Y"(8),-..¥*¥(s)
are lincarly independent and v(s), v'(s), 7"(s),...y'*"(s) arc no longer linearly

independent for all se 1. For each Frenet curve of order d one can associate an
~ orthonormal d-frame vy,v,,...,vq along v (such that y'(s)=v;) called the Frenet

frame and d-1 functions x,x,,..k4;:1— R, called the Frenct curvatures, such
that the Frenet formulas are defined in the usual way,

Dy, v (8) = x1(5)v2(s), ¢}
D, v3(8) =~y (S)Y (8) +Ka(S)V3(), @
Dy, %(5) = K 1(ia 8+ Ks (W5 1(5), 3)
Dy, viu(8) = —x;(s)vi(s) 1C))

where D is the Levi-civita connection of E™.
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A regular curve y:1c E— E® is called a W-curve of rank d, if y is a Frenet
curve of osculating order d and the Frenet curvatures x;, 1<i<d-1 are non-zero

constants. A W-curve of rank 3 is a right circular helix [4].
Let vy be a unit speed curve of osculating order d. The functions H; : I- E,
1£j<d-2 defined by

Hy =L H, =D, Hy, +Hj xj——, 2<j<d-2 3
K2 Kj+1

are called the harmonic curvatures of ¥y where «;,%,,..,k4_; are Frenet curvatures of

vy which are not necessarily constant.

Definition 1. The unit speed Frenet curve of osculating order d is called general

d-2
helix of rank (d-2) if 3 H? =c, where ¢ is any constant.

i=1
2. Frenet Curve of Osculating Order 3

In this part, we consider the Frenet curve of osculating order 3 of E* . We obtain
some results. First, we start with some well known results;

Proposition 2. Let y be a Frenet curve in E* of osculating order 3 then

Dy, vi(8) = ®1(s)v5(5), )

D,, vz(s>=~x1(s)v,(s>+1‘§‘l((ss)) v3(S), %
K(S)

Dy, v3(s)=- Hll ® v,(s), @&

where H; is the first harmonic curvature of vy and ¥'(s) = v;,v,,v, are the Frenet
frame fields.
Proof. Using the Frenet formulas (1)-(4) and the equation (5), we get the result.

Theorem 3. [6] The higher order derivatives y'(s),y"(s),v™(s) are linearly dependent
if and only if v is a general helix of rank 1.

Remark 1. By previous proposition, it is easy to show that a general helix of rank 1
is of order 3.

Propeosition 4 [6]. Let y be a Frenet curve of E” of osculating order 3. Then
v is a general helix of rank 1 if and only if H;= constant,
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Theorem S [6]. Let ¥ be a general helix of rank 1. For the Frenet frame vy, v2, vs,

{v3, X .
the harmonic curvature of y is given by H; = z‘%,"\) , where X is the fixed unit
vi-X)

vector.

Proposition 6. Let v be a Frenet curve in E” of osculating order 3 then we have

Y'(8) =Dy, Y(8) =%(5)v2, ®)
2,
m ' b , Ky s
¥"(s) =Dy, Dy Y(s) = —KZ(s)Vy + ) (s)vy +—) ‘,7) vs,
’ Hy(s)
3
' PN N P 3 i (5)H () — 1 H s
7"(8) =Dy, Dy Dy ¥ \S)E—aicl\s)icl\s)vl+{K1\s,—xf\3,-;12((s)} vy + K (S)Kq(s) 1(()) 1Hy )} Vi,
Hi®) )

where v'(s) = v; and H, is the first harmonic curvature.

Proof. Supposc v:1 < E— E" is a unit speed curve in E" If v is a Frenet curve of
order 3 then by the use of equations (6)-(8), we get the result.

Notation. Lct us write
N;(s) = x(s)v;, (10}
N, (5) = Kj(s)vy + "IE ; an
2
N3(S): {K;(S) _(Kl (S))3(1 ; 21 }V2 13‘(1 (S)Kl (S)H](S) KII—I;(S) (12)
Hi(s) H{(s)

Proposition 7 [1]. Let v be a Frenet curve in E” of osculating order 3 then

(Ny,N, )2}N3

= {g}NZ}IZ (N3, Np) - (N3, N, (NG N, BN,
(N3, N, ) — (N3, N (N N, N,

By the use of above proposition we obtain;

Theorem 8. Lot v be a Frenct curve in E” of osculating order 3 then
Ny(®) = (NN GON[ 6+ (N, O N ©)N3(5)

N Sk (S)

and
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Ny(s)- (N, N ©)N; ()
N ©) - (N0 NN )
First we will give the definition of the curve of AW(k) type (see [1]).

N3(s) =

Definition 9. Frenet curves (of osculating order 3) are
i) of type AW(1) if they satisfy Ns(s)=0,

ii) of type AW(2) if they satisfy

N2 N3(s) = (N3(), N ()N (), (13)
iii) of type AW(3) if they satisfy

NI N3 ) = (N3 (), Ny())Nacs) (14)
In the followings, we consider Frenet curves of order 3 to be of type AW(k), where
k=12 and 3.

Corollary 10. Let v be a Frenet curve of osculating order 3 then Ny =v,, N, = ;..

Definition 11. Frenet curves (of osculating order 3) are

i) of type weak AW(2) if they satisfy

N(s) = (N5 N3 OIN;6), (15)
ii) of type weak AW(3) if they satisfy
N3(5) = (N NI 9), 6

where Nj =v,,Nj =v; .
By the use of Proposition 6 and Definition 11, we obtain the following results;

Corollary 12. Every Frenet curve of weak AW(3) type is of AW(3) type.

Corollary 13. Let v be a Frenet curve of order 3. If y is of type weak AW(2) then

2
Ko -2 - =0, ' an

1

K

where H; = —; is the first harmonic curvature of y.

K
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Corollary 14. Let y be a Frenct curve of type weak AW(2). If v is a plane curve
then «i(s)-;(s) =0, and the solution of this differential equation is x;(s)= i;‘% ,

where c is constant (see Figure 1).
Theorem 15. Let y be a general helix of rank 1. If v is of type weak AW(2) then

K,(S):i‘/;:_/i.c, and K2(s)=~J -1x(s)

{(sce Figure 2).

1
1(s)

Proof. Suppose that vy is a Frenet curve of type weak AW(2) then its Frenet
curvatures ;.x, satisfiy the differential equation (17). If we solve this equation we

get the result.

where A=1+

Theorem 16. Let v be a Frenet curve of order 3. Then there is no (circular or
general) helix of type AW(1) .

Proof. Assume that y be a helix then by definition Hy=constant. So H;=0.
Therefore the system of the differential equation
3k (5N} () Hqy(5) = O, . (13)

)=0, 19

Ki(s) - Ky (s’ (1 +

H (s)

docs not have a non-trivial solution.

Theorem 17. Let ¥ be a Frenet curve of order 3. Then v is of type AW(2) if and
only if

306, () K, (H,(9) - Ok, OH, ()~ KXE)K, (6)+SOH ) +ﬁ716) 0. 0)
1
Proof. Suppose v is a Frenet curve of order 3 then by (11) and (12), we can write
N, (8) = a(8)Y, +B(S)Y,, 21
N;(8) =n()Y, +8(9)Y;, ' 22)

where o,8,m and 3 are differentiable functions. Since y is of type AW(2). Then
by Definition 9, the vectors Na(s) and N(s) are linear depended. So
o B

3 =0; ie. a(s)5(s)=P(s)M(s) . (23)

Using (10)-(12) we get
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, 2
as) =k, (), Ps)= ’—Ifl—%

n(s) = K(s) ~ (k, () (A + )s

1
H{ ()
3k, (8)x,()H, (s) — ;] (s)H[(s)

H (s) '
Substituting these into (23), we obtain (20).
Conversely if the equation (20) holds it is easy to show that y is of AW(2)
type. This completes the proof.

3(s) =

Corollary 18. Let y be a Frenet curve of order 3. If y is general helix of type
AW(2) then, it satisfies
? " 1
3 P (8K, (5)+K;(S)A+
(x; (8))" — %, (8)x; (8)+x; (8) @)
Theorem 19. Let y be 2 Frenet curve of order 3. Then it is of type AW(3) if and
only if

y=0. 24

3Kk, S, (8) ~ ] ()H, (5) =0. (25)
Proof. Suppose vy is a Frenet curve of order 3 which is of type AW(3). So
substituting (10) and (12) into (16) we get (25).
Conversely if the equation (25) holds, it is easy to show that vy is of AW(3)
type. This completes the proof of the theorem.

Corollary 20. Let y be a Frenet curve of order 3 and of type AW@3). If v is a
general helix of rank 1 then it must be a circular helix.
Proof. Suppose v is a general belix of rank 1, then by definition H;(s) = 0. So the

equation (24) becomes «j(s)H,(s) =0. Since v is a space curve, H;(s) is none zero
S0 Ky(s)=0 (i.e. x; is constant). By the definition of general helix x, must be
constant too. So vy must be a circular helix.

Theorem 21. Let v be a general helix of rank 1. If v is of AW(2) type then

1 e
K](S) = m and K, (S) =+vA-1 Ky (S), (26)

where A=1+ B and C are real constants and H; is the first harmonic

EHO)
curvature of y (sec Figure 3).
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Proof. Suppose y is a general helix of AW(2) type. If we substitute x; =x in (24)
we get

2
xd—z——3(§i)2:Ax4, A=l+——. @n
ds* ds H;(s)
Let us take x=v® and differentiating it twice =pyp‘l%, and
<
d’x 2 , & ay
@“"P(p 1)Y‘k( ) +py" & so the equation (27) becomes
L dy o dy 1 dy .» 4
P p-14 7y | -1 p-2,4Y\2 _322p2 Ap’ 28
y[pybdsﬁp(p )y (dS)Jl ply (ds) y (28)
p_vzp“‘fi +pp-Dym Ly -ty - 29)
Putting p(p-1)=3p’ (i.e. p=-1) into the last equation we get
i A7y Id v
2 IE? v, yi—=—L)=A. 30)

2
Sa %= -2A. Now, we solve this equation. Since —‘%=—2At+B, we get

1 1
y=-As’+Bs+C. By the use of x=y ? we obtain x=(-As’+Bs+C) ?. Since

J

K
H; =—L , we have the result.
K2

Corollary 22. Let v be a Frenet curve of osculating order 3. If v is of AW(2) type
then vy cannotbea ﬂrcular helix.

Proof. Let v be a Frenet curve of order 3. If v is of type AW(2) then by Theorem 8
we get

30, (), (OH, (8) = KOk, OH, ()~ k(S (6) +1 (H, )1 +

1 —_—
e

Assume that y is circular helix then x;(s) must be non zero constant. So we

get ) (SH, ($)1 + ——
‘ H, ©
which is impossible. So y can not be circular helix.
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3. Visualization

We visualize the space curves mentioned in the previous section making use of
Mathematica. Here, we show just a simple command to plot a portion of a space
curve. In the mathematica session below kk and tt denote the first and second Frenet
curvature of a space curve. Using kk and tt values, it is possible to plot a portion of a
plane curve (kk=0) and a space curve. To do this, we use the following programme

(see [5]);

plotintrinsic3dj{kk .t }.{a_:0,{pl_:0,p2 :0,p3_:0},

{q1 20, q2_:0, q3_:0}, {pl_: 0, p2_ : 0, p3_ : 0}, {smin_10,smax:10},opts_].=
ParametricPlot3D[Module[{x1,x2,x3,t1,t2,t3,n1,n2,03,b1 b2 b3},
{x1][s].x2[s],x3[s]}/.

NDSolve[{x1'[ss]==t1{ss], x2'[ss]==t2[ss], x3'[ss]==t3[ss],
t1'[ss]==kk[ssn1]ss], t2'[ss]==kk][ss]n2[ss], t3'[ss]== kk|ss]n1|ss],
n1'[ss]==-kk[ss]t1{ss]+tt[ss]bl[ss],
n2'[ss]==-kk[ss]t2[ss]+tt[ss]b2[ss],
n3'[ss]==-kk[ss]t3[ss]+tt[ss]b3[ss],

bl'[ss]==-tt[ss]n1]ss], b2'[ss]==-tt[ss]n2[ss], b3'[ss]==-tt[ss]n3[ss].
x1[a]==pl, x2[a]==p2 , x3[a]==p3,

tl[a]==ql, t2[a]==q2, t3[a]==q3,

nl[al==rl, n2|a]==r2, n3[a}==r3,

blfa]J==q2r3-q312, b2[a}==q3ri-qlr3, b3[a]==ql12-q2rl,
{x1,x2,x3,t1,12,t3,n1,n2,n3,b1,b2 b3},
{ss,smin,smax}]]/Evaluate, {s,smin,smax},opts];

Figure 1 Figure 2 Figure 3
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