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ABSTRACT

The purpose of the present paper is to investigate some properties of H-continuous (Almost H-
continuous) multifunctions defined from a product space to a product space. The relations between the

strongly closed graph of a multivalued functions and H-upper semicontinuity of multivalued functions are
also investigated.

1. INTRODUCTION

The H-continuity of single valued function has been studied by P. E. Long and T.
R. Hamlett {1,1975].The study for multivalued functions of H-continuity has been
taken over by V. Popa [2] and R. E. Smithson [3]. Moreover, the H-almost upper
semi continuity of single valued functions has been extended to multivalued
functions by Y. Kiigiik and M. Akdag [4].

In this paper, I studied H-almost upper semicontinuity and H-upper semi
continuity and C-upper semi continuity of multivalued functions defined from a
product space to a product space. Also, I obtained some relations between strongly
closed graph and H-upper semicontinuity of multivalued functions.

2. PRELIMINARIES

A multivalued function F:X Y is a function F:X P(Y)\{@} where P(Y) is the
power set of Y. For a multivalued function F, the upper and the lower inverse of a
set B of Y will be denoted by F'(B) and F(B), respectively where F'(B)={ xeX
|Fx)cB }and F(B)={ xeX|Fx) B @}[5].

The graph G(F) of a multivalued function F:X Y is the subset {(x,y) xeX,
yeF(x)} of XxY. A multivalued function F:X Y has a closed graph (strongly
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closed graph) if and only if for each (x,y) eXxY\G(F), there exist open sets U and V

containing x and y, respectively such that (UxV) G(F)=0 ((Ux V) G(F)=0) [6].
A subset A of a space X is a quasi H-closed set (or H-set) if for every open cover

S={Ua| acA} of A there exist a finite subcover {U;, U,,...., Uy} of 9 such that Ac

n

Ucl(Ui) [7]. If X is an H-set, then X is H-closed [7]. A space X is H-closed if it is
i=1
Hausdorff and H-set {7]. A Hausdorff space X is locally H-closed if for each xeX,
there exists a H-closed neighbourhood of X [8]. A space X is C-compact if every

closed subset of X is an H-set [9]. A space X is HC-space if every H-set of X is a
closed set [5].

Let X and Y be two topological spaces and F be a multivalued function from X
to Y. Then F is said to be H-upper semicontinuous (H-almost upper semicontinuous)
at xe X if for any H-set V with F(x) V= @, there exists a neighbourhood U of x

o
such that for xeU, F(x) U=@, (F(x) U =0). If for every point x in X, F is H-upper
semicontinuous (H-almost upper semicontinuous), then F is H-upper semi-
continuous (H-almost upper semicontinuous) at X [5].

A multifunction F is said to be C-upper semicontinuous at xe X if for any
compact set V with F(x) V= @, there exists a neighbourhood U of x such that for
x,€U, F(x,) V=0 [10]

A multifunction F is said to be point closed ( point compact ) if for each xeX,
F(x) is closed ( compact ).

3. PRODUCT SPACES

Let (X,, 1,) and (Y, Ay} be topological spaces, (ITX, ,t) be product space and

also let us denote that F(x)={F.(x,)} such that x={X,} .ea FuX, Y, and
FIIX, MY,

Lemma 3.1. Let f:(X,71)—Y, %) a continuous function. If A is a H-set of X, then
f(A) is H-set of Y.

Proof: Let A be a H-set in X and let O={UJ a € A} be an open cover of f(A).Then

flA)c U U, and ACf'(flA)) Y U U= U £'(U,). Since f is continuous, f
aeh [+ 127, aeA

'(U,) is an open set in X for each a. € A. Thus© ={f'(U,) a€ A} is an open cover of

A. Since A is an H-set, there exists a finite cover {U;,Us,...,U,} of A such that

n
Ac U £7(U;). Therefore, since f is continuous,
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n n

flA) < f(U1 £71(U)) < U £7(Uy)) < U u) < 0T,
i= i= = i=]
Thus f(A) is an H-setin Y.

Lemma 3.2, If £X Y is continuous, onto, open and X is locally H-closed
Hausdorff space, then Y is locally H-closed.

Proof: Let yeY. Then there is a xe {f'(y)} — X. Since X is locally H-closed, there
exists a quasi H-closed neighbourhood K of x. Hence there is an open set U in X
such that xeU C K. Since f is continuous and open, f(K) is a quasi H-closed neigh-
bourhood of y from Lemma 3. 1. Thus Y is locally H-closed.

Lemma 3.3. If [X, is locally H-closed, then X, is locally H-closed for each
acA,

Proof: Since the a-th projection function P,; [TX, X, is continuous, open and
from Lemma 3. 2., the proof is clear.

Lemma 3. 4. For each acA, multifunctions F:X, Y, is point closed if and only if
multifunction F:ITX, ITY, is point closed where F(x)={F(x,)} for x={xq}-

Proof: Let xell X, with x={x,}, acA. Then F(x)= {Fa(xa)}= {Fa(xa)}
=ITF. 6} = [TFa(xa) = TTE, (x5) =F(x)

Lemma 3.5, If Y, is H-closed, then [1Y, isH-closed for each acA [7].

Lemma 3. 6. Let {X,) aeA} and {Y/ aeA} be two families of topological spaces.
Fy Xu Y, be a multifunction for each acA. If F, is strongly closed for each acA,
then G(F) which is the graph of F is strongly closed .

Proof: Let (x,y) €G(F). Then there is a PeA such that ¥p € Fp(xp). Since G(Fp) is
strongly closed, there exist two open sets Uy and Vj, respectively in Xp and in Yj
such that x3e U and yze Vg and Fy(Up) Vg =0. If we take U=Upx [ [ X,, and V=V,
ox=p
x HYa » then U and V are open sets in ITX, and ITY,, respectively and xeU, yeV
o=p

and F(U) V=@. Indeed: . .
FU) V=Fs(U)* [TYa) (Vg xIT Yo )=Es(Up) V5 )x []Y, =0. Thus G(F)

o= o=p a*p

is strongly closed.
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Lemma 3. 7. If for each acA, X, is HC-closed, then [[ X, is HC-space.

Proof: Let G={]G, < [[X, be a quasi H-closed set. From Lemma 3.1. and
since a-th projection P, is continuous for each acA, P(G)=G,c X, is a quasi H-
closed set. Since X, is HC-space, G, is closed in X, that is G,=G, Thus
G=T1G, =[]G« = ]Gy =Gand []X, is HC-space.

aed aeA aelA

Theorem 3. 8. Let {XJ acA} and {YJ aeA} be two families of topological spaces.
If for each veA, FyX, Y, is H-us.c.(C-us.c.), point compact (point closed ) and
Y, is locally H-closed Hausdorff space (locally compact Hausdorff) then
multifunction F: [TX, []Y, isH-us.c(C-us.c.).

Proof: Since for each acA, F, is H-u.s.c.(C-us.c.) from the Propositions 4.11 and
4.12 in [11] and the Proposition 14 in [10], G(F,) is strongly closed .From Lemma 3.
4., G(F) is strongly closed. Thus F is H-u.s.c.(C-u.s.c.)

Theorem 3. 9. If multifunction F: [[X, []Y, is H-almost u.s.c., then for each
oA, multifunctions F,: X, Y, is H-almost u.s.c..

Proof: Let xge X for any feA.and let Vi be a set such that Fy(xg) C Vg C Y and its
complement is quasi H-closed. Also we define a set Ag with Ag={xe [[ X, | the -

th coordinate of x is xg} for xe Ap and since AgC [[X,, , xe [[X,, . On the other
hand, using the B-th projection Py []Y, Yp we obtain P'g(Vp)=Vex [TY, .

oxp
Since F is H-almost u.s.c., there exists an open set UC [[X, such that

.o . 2
FU)C Vyx[[Y, © Vg x []Y. - Since Py is open, Py(Up)=Up = X is an open
a=p a=p

0
set in Xp. Thus Fy(Up) © Vy and Fp is H-almost us.c. at xpeXp. Since xg is an
arbitrary point, Fp is H-almost u.s.c. on X,

Theorem 3. 10. Let for each acA, Y, be H-closed, locally H-closed and HC-space.
If multifunction F: J[X, []Y, is H-us.c., then multifunctions Fi:X, Y, is H-
u.s.c. for each acA.

Proof: Since Y, is H-closed, locally H-closed and HC-space from Lemma 3. 4.,
Lemma 3. 5. and Lemma 3. 7., []Y, is H-closed, locally H-closed and HC-space

aeA
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for each aeA. Since F is H-u.s.c., F is H-almost u.s.c. [4]. Thus for each acA, F, is
H-almost u.s.c. from Lemma 3. 7. and from the Proposition 3.13 in [4], F, is H-u.s.c.

Corollary 3. 11. Let for each aeA, Y, be H-closed, locally H-closed and HC-space
and let F, be compact point. Then multifunction F: [[X, []Y, is H-us.c. if

and only if for each ac A, multifunctions F:X, Y, is H-u.s.c.

Proof: (= ): From Theorem 3. 10,, it is clear.
(< ): From Theorem 3. 8., it is clear.

Theorem 3. 12. If for each ae A multifunctions Fi:X Y, has strongly closed graph
then multifunction F:X Y, has strongly closed graph.

Proof: Let (x,y)eG(F). Then yeF(x) and for at least a PeA, ype Fy(x). Hence
(x,yp) ¢ G(F). Since G(Fp) is strongly closed, there exist two open sets U and V in X
and in Y, respectively such that xeU, yeV and Fp(U) Vg=@. If we choose

V=Vpx[]Y, , then V is open in I1Y, and yeV and F(U) ¥V =@. Indeed:

a=f
FU) V=FU) (Vpx[]Ya)-F(U) Vy)]<0X[[]Y, Fo(U)I=0. Thus G(F)
axp a=p
is strongly closed .

Corollary 3.13. If Y, is locally H-closed Hausdorff (locally compact Hausdorff )
and for each aeA, multifunctions F:X Y, is compact point (closed point ) and H-
u.s.c.(C-u.s.c.), then multifunction F:X [1Y, ,Hus.c. (C-us.c.).

Proof. From Theorem 3. 12. and the Proposition 3.13 in [4], it is clear.
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