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ABSTRACT

In a series of paper, some authors have previously investigated the spectrum of weighted mean
matrices considered as bounded operators on various sequence spaces [1]-[3], [5], [7]-[10]. As far as we
know there is no investigation on the spectrum of Norlund means. In this paper, we determine the set of
eigenvalues of a special Norlund matrix as a bounded operator over some sequence spaces.

1. INTRODUCTION

Nérlund mean matrix is an infinite triangular matrix N = (q ) with

n-k , 0<k<n
Q.

Quk =
0 s k>n

n
where gy >0,q, 20 for k21 and Q, = Y q, ([5], p.9). It is well known that N
k=0

is regular if and only if q,, /Q, — 0, as n - ({51, p.10).
In this paper we define q, = * 0 <r<1, and consider the operator N
generated by
1-r &

-«
- l;)r“ Xy - (1.1)

Let TUX) denote the point spectrum of N acting on X, where X is one of the
following sequence spaces '

(Nx), =
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- {xa): supaea] <o}

{xa)
={(x,.>:n§0|xnl*’ <oo}

(xn) lim, x, exists},
o ={(xn) lim, x, =0},

o) S -l

n=0

bvy =bvcg.
The spectrum of weighted mean operators have been investigated on c,
¢y, bv and bv by several authors [2]-[3], [5], [7}-[10]. In the second section,

we show that N is bounded on sequence spaces £,,, £,,¢, ¢o,bv and bv,.
In the third section, we determine its set of eigenvalues on these sequence
spaces.
1. BOUNDEDNESS
The following theorem shows that N is a bounded linear operator on some
sequence spaces.

Theorem 2.1. N is a bounded linear operator on sequence spaces £, £,, C,

€y, bvand bv, .
Proof. From (1.1), Nis given by N = (q,; ) where

_ .0k
& , 0<k<n
l_rn+1
Qnk = @1
0 , k>n
From (2.1) it is evident that
1-1n)r
Sanl- 2L @2
k=0 1-1"
for alln. So N is a bounded on /. Since 0 <r <1 we get
. (1-npk
Ii = = 2.3
n_)lmggq l}_)lmw l_rn+1 0 ( )

for all k . Then (2.2) and (2.2)gives the boundedness of N on ¢ and c, . (see, [10],
p.116).
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On the other hand from (2.1) we have

1
Sal- 000 L g0

n=0 =k r oal-r"
«© t k+1
Slkr.[ rmdt:lkrln(l r)
rgl-r r rinr

d-nhd-r) o) (2.4)
rinr

From (2.4) we see that N is bounded on £, and also from (2.2) and (2.4) it is
clear that N isboundedon £,,1<p <o, ( [4], p.174).

From (2.1) we find
Ne=e 2.5)

where e =(L,1,1,...) and

o0 m m m o0 m
Z Z(an ~dp_1x) =Z Z(an = Qx|+ Z Z(an —qp-1x)
a=0{k=0 n=0}k=0 n=m+1 k=0
o0 m 1 - n-k l - rn—k—l
=5 0w - Fals ¥ z[( e ]
n=0{k=0 n=m+ljk=0| 1-T 1-r
© m n—k I,n—-k-—l
=0+(~r -
( )n§+l l§)|:1 r’ n+l 1-r"

- o[-k ket
= %‘ a- r““)a o )Q[r ]

L n-k-1
~1-1* ¥, —T)a—r,,—Zr

n=m+} (1 )k-o
1 " (1-r™)
=0 n=§+l A-"Ha-1") ™(1-r)
_(-na-r"™) "
f ™ ,,_%,,1 A-™Ha-r")
(1 d-r™) % J- rt

™ o A=1H)(1 - r)
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=(1‘rm)1n{1"rm+l]=0(1)

™ Inr 1-1™*2

for all m. Therefore we get

0 m
sup 2 Z(an ~Qn-1,k)

m n=0[k=0

=0Q).

(2.6)
Equations (2.5) and(2.6) are the necessary and sufficient conditions of boundedness
of N on bv. Also6 equations (2.3) and (2.6) give the boundedness of N on by, (see,
{10}, p-127).

2. EIGENVALUES
Let Nx =Ax where x #0=(0,0,...) and A is a complex number.
By (2.1) we get x4 =Ax, and for n2>1

-1t & n-k
T l;)r X =AX, . (3.1

If m is the smallest integer for which x_, =0, then from (3.1) we have

7L=1 —nf“ and for n >m
it §
_ aem n-m 1-rm+k 32
X, =r HW Xm- ( . )

Using the above arguments we get following results about the set of
eigenvalues of N.

Theorem 3.1. n(cy) = n(£,,) = n(bvy) = ¢.
Proof. If x =(x,) is a solution of the equation Nx =Ax where x # 0 and A
is a complex number then x,, is given by (3.2) and

X, _ 1-1"
xn_l I'm -T
is satisfied. The inequality (3.3) implies that x =(x,) does not belong to ¢, . On

the other hand, c, contains £,and bv, and hencex=(x,)¢{, and

21 (3.3)

n

x =(x,) ¢ bv, . This completes the proof.
Theorem 3.2. n({,) = n(c) = n(bv) = {I}.
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Proof. If the sequence x =(x,) is not a null sequences which satisfies the
equation Nx =x then x, =x, for all n. Since x=(Xg,Xg,"*-) is an element of
£, ,cand by then A =1 is an eigenvalue of N.

Let us assume that the sequence x = (x,) is a solution of Nx=Ax where
x #0 and A = 1.If we consider the equation (3.2) we have

moog rm+k po-m n-my rm+k
= n-m =
X =T H m+l _ mik+] Xm ¢ (@-m)(m+1) H Xm

k=1 I r 1-rk

" (nmy gk 1
z p(R-m)(m+1) H Xm = pm(n-m) Xm- 3.4

ki 1-rk

for n >m.Since x, #0, x = (x,) is unbounded. So A #1 is not eigenvalue of N,
Therefore A =1 is the only eigenvalue of N actingon £, c and bv.
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