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ABSTRACT

The object of the present paper is to prove various distortion theorems for the fractional calculus of
the functions in the class P(n,A,a,r) consisting of analytic functions with negative coefficients in the
unit disk.

1. INTRODUCTION

Let A(n) denote the class of functions of the form
f(z)=z- iakzk(ak 20neN={2.J

k=n+1

which are analytic in the unit disk U= {z |7 < 1}. A function f(z) € A(n) is said to be
in the class P(n,A,a,r) if it satisfies
Re{z (2" + 1= 0 (2) + AT (2)
AL (2) + (1~ M)E(2)
For some o (0<a<l), A (0<i<lyand for all zeU. Some properties of the
class P(n,A,a,r) were investigated by Kamali and Kadioglu [3] .

}> o, (r=12,.)

Lemma 1. If a function f(z) € A(n) is in the class P(n,A,a,r) then

¥ [(k - )k = A+ 1)+ Ak(r — D), < (1—0)+A(r=1). (1)

k=n+l

Proof. Let f(z) € P(n,A,a,r). We can write
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R%Jmﬂ4+pmw@wmfﬂ@?>w
Mz (z) + (1 - N (2)
Then
Iz~ + (1= M]z- 52, ka2 ]+ A2 -3 L k(k - Da 257
Az -3 a ka 2"+ (1-A)[z- Y e a,z¥]
Caz' +(1-Mz=Yp Mk Ak —Akla, 2t - (1-Mka, 2"
- Azt +(1-Nz-3= . [Aka, 2" -T2 (1-A)a,z¢

If we choose zreal and let z > 17, we get

§kk-axxk—x+u+xka—nhksa—a)+xu—n.

k=n+1
2 Fractional Calculus

I begin with the statements of the following definitions of fractional calculus (that is,
fractional derivatives and fractional integrals) which were defined by Owa (415D
and were used recently by Srivastava and Owa, Altintas, and Cho and Auof

([} la1fe).
Definition 2. The fractional integral of order § is defined, for a function f(z), by
D) =—— | —dr 6>0)
@) o (z-4)"
where f(z) is an analytic function in a simply connected region of the z-plane
containing the origin, and the multiplicity of (z—{)®"' is removed by requiring

log(z—-C) to be real when z—-{ > 0.

Definition 3. The fractional derivative of order 3 is defined, for a function f(z), by
! i[ f(Q& d¢ (0<d<,
I'(1-6)dzs(z-C)

where f(z) is constrained, and the multiplicity of (z—¢)™ is removed, as in
Definition 2.

D’f(z) =

Theorem 4. Let the function f(z) ‘be in the class P(n,\,a,r). Then we have

Ek - [(1- o) + A =D]F (0 + T2 +8) |
T(2+8) [(n+1-0)An+1)+ A+ D -DI(n +2+3)

Zn+l}

ID;*(2)] 2

and
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o]+ [(-)+rr-DF@+2r2+8)
r(z 5) [(n+1-a)(hn +1)+ A0+ (- D] (n+2+8)

for >0 and ze U. The result is sharp.
Proof. It is easy to see that

7l n+1}

D*f(2)| <

= T(k+DI(2+86)

Ir2+8)z?°DPf(z)=2z- a,z =z~ i\y(k)akzk

kst Dk+8+1) k=n+1
where
Ik + D2 +38)
k)= ——-——= (k2 1).
vk I'k+8+1) (, n+1)
Noting that (k) is a decreasing function of k, we have
I'(n+2)[(2+93)
0 k)< =——-""———"
vl sy == S

Using Theorem 1, we have

[(h+1-)An+D+A@+D(r-D] Sa, < Sk-a)(Ak—A+1)+Ak(r-D]a,

k=n+1 k=n+1
<(-a)+Ar-1),
or
© (1-a)+Ar-D

kzz [(n +1~a)(hn +1)+A@ +1)(r-)]

We can see that

P2 +8)2°D* ()] 2 |1 ~win + D™ Sa,
k=n+1

[d-0)+ Mr-Dr(m+2)r2+9) 4
{

2!ZP_[(n+1_a)(ln+1)+k(n+l)(r—1ﬂr(ﬂ+2+5)

and

L2 +8)2 D *f(2)] <[4+ y(n+ 17" Ya,
k=n+l

<l [1-@)+AG-DF@ + T2 +5) e
ST T s 1—o)(n + D)+ A + (- DN +2+8)
which prove the inequalities of the theorem. Further, equalities are attained for the
function f(z) defined by
2 [ [0-a)+a-Dre+2re+3) )
r2+8) | [+l-a)@n+D+Am+D(r-DF(n+2+3)

D% (z) =

or
[a-a)+a@-1)] o4l

[a+1-—a)n+D+rn+ -]

Theorem 5. Let the function f(z) be in the class P(n,A,c,r). Then we have

f(z)=z-
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EE - [1-)+Ar-DFr@+2)r@2-9) o
TI(2-8) [(n+1-0)(An +1)+A(n + D) -1)JC(n +2-86)
and
(o)< N (W (0 RYYGER) YRyl T
et r2-9% [(n +1-o)(An +1)+A(n+1)(r - 1)]I“(n +2-8)

for 0<8 <1 and ze U. The result is sharp.
Proof. It is easy to see that
r2-8)z’Dif(z)=z "kZ‘H %)—Szakzk =z- §+\l;;(k)kakzk

where

T(K)T(2-8)
C(k-8+1)
Noting that (k) is a decreasing function of k, we have
[(n+DI(2-8)
TT(+2-3)

w(k) = (k2n+1).

O<yk)symn+1) =

Using Theorem 1, we have
(m+1-a)An+1)+A(n+1){r-1)

Zk <l-o)+A(r-1)

n+ ] k=n+l
or
% a < rDl0-0+a6-D]
Ko [n+1-a)(n+ D+ A+ 1) —1)

We can see that

-8 i@ 2l - v+ D™ i ka,
[a- a) +Ar-DJC(n+2)r2-98)

n+l

2ld- [0 +1-0)An + 1)+ 2@ +1)(r - D" (n +2-5)
and
rQ2-8)z"Dif(@)| <[ +ym+Dj"" Tka,
k=n+l1
<l [A-a)+r@-DF@m+2)r2-5) i

[0 +1-a)An+ D)+ A@+ D) -D](n +2-8)
which prove the inequalities of the theorem. Further, equalities are attained for the
function f(z) defined by

z® { [a-a)+ A -DIF(+2)r2-35) el
zZ~ VA
re-35) | [m+1-)@n+1)+ @+ - )]0(n+2-3)

D3f(z) =

or
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[0~y +2¢-D] i

@)=z~ [(0+1-a)(hn+1)+ A(n +1)(r 1))

Remark: If we take r=1 in this paper, then we have the result given by Altintas [1]
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