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ABSTRACT
This paper is devoted to the problem of approximation of continuously differaitiable fiınctions by 

the modifıed Balaszs-Bemstein type rational fiınctions.
’lhe theorem on the order of approximation, in terms of moduius of continuity, and the 

Voronowskaja type theorem are established.

INTRODüCTION

<0
C. Balazs [1] introduced the Bemstein type rational fiınctions

1 n k
Ra(f,x) = ,, .„ Zf — Pk.n(x), Pk,n(x)

(l + a„x)“k=o ' 'b,
ka„x)’' (1)

n

and proved that if f is continuous in [o,oo), f(x) = O(e““) (x a e R) then in any 

interval [0,A],(A>()) the estimate
|f(x)-R„(f,x)|<Co W2A^-^^

+ -77T ,0<x<A2li
1

n

holds for sufFıciently large n’s with Itt, b„ = n^'^, where dcpends only on

a. and A, and 

aiso,[2],[3]).

w 2a( )İs the moduius of continuity of f on the interval [0,2A] (see

The following theorems on the approximation of a function by the Bemstein 
polynomials are well known.

Theorem A (G.G. Lorentz [4], p.20). If f(x) is continuous and w(S) is the moduius 
of continuity of f, then

|f - Bn (f, w(n -1/2 )-

Theorem B (G.G. Lorentz [4], p.21). If Wj(8) is the moduius of continuity of f'(x).
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|f(x)-B„(f.x)| < —11 
4

where f is the continuous derivative of f.

In tlıe present paper we define modifıcd Bemstein- Balazs type rational functions 
and prove theorems on approxinıation by tlıem.

Let f be a rcal. single valued ftmction defıned iıı [o,oo). We consider fuııctions

which have continuous derivative f 
lunctions in (1) as follows

in the interval [0,A] and v/e modify the

R:(f,x)= 1 n k aııX'

(l + a„x)” k=o b, 1 +a„x
(2)f'(x).

û

ıvhere and are suitable chosen real numbers, mdependent of x, We cali the 
functions in (2) modilied Bemstein-Balazs type functions.

In this paper we give an estimation for tlıe rate of convergence of the lunctions in (2) 
andprove an asymptotic approximation theorem and show that the derivatives of the 
lunctions m (2) also converge to tlıe derivative of the function.

In [1], C. Balazs proved the foIlOTOng auxihary result:

Lemma C ([1], p. 124). If x > 0, then the following identities hold:

l n

(l+a„x)”S) ’
ZPk,H(x) = l (n=l,2,...X

. .„ Z(k-bnX)Pk.„(x) =
(l+anX;) k=o

-anb„x^ 
l+a^x

y (k-b„x)^Pı.„(x’) = 
(l+a„x)“ “o' “

anbnX^+bpX

(l+anX)

Now, we consider the functions vvhich have continuous derivative f' in [O.Aj. Let 
wj(f',x) be the modulus of continuity of f in [0,2A],

(In whatfollows cj, i=l,2,... will denote constants independent of n.)

Theorem 1. Let R* (f,x) be the functions defined by (2) with a„ = b„ /n,b„ = n 

Then the üıequality

7.1-3

|R*(Lx)-f(x)| <C2n'--İI3.

holds for sufficiently large n’s.

1

1

u

n

n

‘w,(f',n“'-'2
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Proof. By Lagrange's theorem we can write
k k k

f — -f(x) = ------ X f'(4),x < ^ < —.
b, b, b,IIa n

Considering the properties of modulus of continuity, we get
|f'(x)-f'®|^ Wı(f',5X8 '|x-Ş|+l),x<^ <k/b„.

and

|f'(x)-f'®|<wı(f',5) 6-'^
b,

(3)- X + 1
a /

Evidently, we have:
n

R:(f,x)-f(x)=
(l + a„x)“ k=o

X f — -f(x) Pk,„(x) +
b,

“ I k 1„ Z k—f'(x)Pk,„(x)+ 
(l + a]iX) k=olbn J

o

l+anX

.2
anX'

1 + ajjX

f'(x)

f'(x)

1

1

k
n

“ { k !„ Z k— X (f'©-f'(x))Pk.„(x) 
(l+a„x)“k=o®n J

” i k 1„ z k—X (f'®-f'(x))Pk,„(x). 
(l+a„x) k=olb„ J

By (3) we can write

|R*(f,x)-f(x)|
(l+a„x)'‘ k=0 b,

+ 1

1

1 n k
- X

a
|f'®-f'(x)|Pk,„(x)

n k kWl(f',x)
(l+a„x)“ k=o

X —-X 5'’ —-x+l Pt,„(x)
b,

Wı(f',x) 
s (l + a„x)"k=olb,

+ w,(f',x)
(l+a„x)“ k=o b,

Z T----xPk_n(x).

n Q

1

1

n k
2

Z r—X Pt,„(x)
n

a k

n
Using Lemma C, we get

|R;(f, x)-f(x)|
2 4 \Wı(f',x)a„x

(l+a„x)
’n
2

+w,(f',x)S (4)
8

where

S =
1 a k

(l + a„x)“ k=0 b]
Z T—xPk,n(x)

a
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(

k k1
(l+a„x)'

Z T—xPk,„(x)+ 2
b.

V’’ı’n
—>2A

-—xPk„(x)
b,

= s, +s.■1 7

k n n

Now we fînd an estimate for S. Using the Cauchy-Schwarz inequality, then 
considering Lemma C we obtain.

1 r 1
X1 /

bn Jl + anX)“ k=0

b.
anby+b„x

1/2

< C2n

L l + anX)^

--1/3

n

n

Tlıe estimation of S2 is an easy consequence of Lemma C, if 5 is chosen small 
enough:

1 kS-
(l+a„x)”

Z r—
—>2A b,
hn

1 
(l+a„x)'

■ z
İL. I

—-xPk,n(x)
>6

b,

(l+anX)“b2 k^o
2(k-b„x)"Pk,„(x)

bn 0+a^x)

X +n -in.

< c,n-2/3

1

n

k
n

n

1 a^b^+b„X

< n

n
2

n

Substituting S, and Sj in S, by (4) vve obtain the desired result.

E.V. Voronowskaja [5] proved for the Bemstein polynomials that 

B„(f,x) = f(x) + İ-^ 
2n2n

x(l-x) +—, 
n

(5)

if f(x) is bounded in [0,1], and has a finite second derivative at a certain point x of 
[0,1]. İn (5) Pn tends to zero witlı 11 -> co..
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Now we prove an asymptotic approximation tlıeorem similar to (5) for Berstein- 
Balazs type rational functions defined in (2).

Theorem 2. Let f(t) be a fimction defined in [o,»), for which f(t) = O(e“‘)(t 

fixed), then at each point t=x, for which f"(t) exists and is finite

R;(f,x)-f(x) = f'(x>
anb„x"^ + X

2b,a+a,x)-
+ rn.

where 0 a„ = 0 and
n b„

-> o, as n t».

Proof. Since f" exists we can write

k k k k
2

f — =f(x) + f'(x)------ X + —+ X
b. b, bjjlb,-------- X

where X — o if — x.
b, bn

n n 2 n

n

Substituting this cxpression in R*(f,x) and taking into account the identities in 
Lemma C we get

R:(f,x)=
n af(x) ZPk,n(x) + 

(l+a„x) k_.=o

f'(x)
X(k-b„x)Pk,„(x) 

(l+a„x)”b„ k=o

f”(x)
2(l+a„x)“b^k“o'

2(k-b„x)2li^(x)

(l+a„x)”S ’
2

I Pk,n(x) + anX
.2

l + a^K
■fXx)

= f(x) +
f"(x)a^^ +

2 (l+a„x)' + rn

lil = y —
(l + a„x)"k=o ''b,

k
--------X

2
1 Pk,n(x)-

+

1

1

n

n

X 
A 
2

n k

n

It can be easily seen that r„ o as n -> oo (see [1]), so the theorem is proved.

Now we prove that the dcrivatives of the fiınctions in (2) converge to the derivative 
of function. In [1], C. Bafezs fSbved that the derivatives of Bemstein type rational 
fiınctions, Rn(f;x) coflVefge to derivath'e of the fiınction, f'(x), when the interval 

of convergence is fO,A].
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Theorem 3. Let f e c[o,oo) and let the derivative f" exists such that tlıe inequality

Int)! < Mpe“‘ holds. Then, for a, = /n and b„ = n2/3

lim —R*(f;x)-f'(x) = 0.
n—><x) 6x

n

S

Proof. First consider the case x > 0: Obviously, we get

—R:(f;x) = R'„(f;x) +
öx

2a^x +a„x^•h'
0+agX)2

f'(x) +
1 +a„x

(6)
5 f’İK)

where Rn(f;x) is derivatives of Bemstein type rational functions, by defined (1). 

Using Lemma C, it can be seen that

1
R'„(f;n) =

x(l + a„x)“ k=o

+

) 7

nanbnX
(l + agX)“^’

S f -r- Pk,n(x)-
k=O b,

k
u

It is known that (see [1])
R;(f,x)-»f’(x);n->oo

when X > 0. Thus. fronı (6) we can write

—R:(f;x)-f'(x) < 2a„x +a„x
9x (l+anX)^

|f'(x)| +
anX^

1 +agX
|f”(x)|+|R;ı(f,x)-f'(x)|.d

Since the derivatives are bounded and from (7) we obtain

d—R* (f; x) - f'(x) ^0 for n -> oo.

If x=0, C. Balazs [1] showedthat

Ix=o
Therefore 

dlim —R*(f;x)-f'(x) =0
û—>00 öx

vvhich completes the proof
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