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ABSTRACT

Some flmdamental Solutions of r”*- type for a dass of ıterated eUiptic equations are given, 
inciuding Laplace equation and its iterates.

1. INTRODUCTION

Much of physical problems are solved in spherical or cylindrical domains. 
That means, most of the time, the Solutions are symmetric ftmctions with respect to a 
point or with respect to an axis. That is why, when investigating the Solutions, we 
see a ffequent use of the type of Solutions in terms of a variable r defining a distance 
to a point. For some of the research have been done for various type of problems, we 
refer to the references [1 - 5] Here in this study, we apply the idea to a class of linear 

partial differenlial equations of second order and its iterates. The class of equations 
under consideration is

p ■ S’u
Lu = 2İ — 9u
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where X,ai(i = 1,2,...,n) are real parameters, p(> 0) is a real constant and r is defined 
by

rP = xP+xP+... + xP. (1.2)
The domain of the operatör L is the set of ali real valued functions u(x) of the class 

C^(D), wlıerc x = (xı,x2,...,x„) denotes points in R“ and D is a regularity domain 

ofu in R“ .
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When we investigate the Solutions of the equation (1.1), in the form of
u = f(r”),f eC^ we arrive at an Euler equation of second order

L[f (r"’)] = m’ V ’f'(v) + m(m - p+n(p-1) + 2 a, )vf'(v) + A.f (v) = 0,
i=l

with V = r”’. Since, the complete Solutions of this Euler equation can be derived 
easily, we conciude from here Üıat, the functions in Üıe form

f(r'“) = r‘“
(and the linear combinations) give Solutions to (1.1), where c is a root of the 

characteristic equation m"c“ + m(-p+n(p -1) + -Ij «jlc + A, = 0. This result suggests 

us to investigate the Solutions of r” -type, which will be the subject of next section.

2. r“ -Type Solutions
We first give some properties of the operatör L. By a direct coınputation, is can be 
shownthat

.mL(r”) = (m(ın + <|)) + A,)r’ 
where m is a real or complex parameter and

u
«|> = -p+n(p-l) + ^ai.

i=ı

(2.1)

(2.2)

The proof of the following lenuna can be done easily by using induction argument 
onk.

Lerama 1. Let L be given by (1.1). If a fiınction u has continuous derivatives of any
order wilh respect to Üıe variables xj,x2,...,x, 
then

and with respect to the parameter m.n’

a* 
öm'

3‘
-------rU
Sm*

(2.3)

where i is any positive integer and l'^ denotes, as usual, the successive applications 
of the Operatör L onto itsetf, Üıat is I? u = E(L^“’u), where k is a positive integer.

Now, we investigate the Solutions of r“-type of the class of the equations 
J?ıı = 0. Let us denote the coeffıcient of r“ in the equation (2.1) by P(m), that is, 

let
P(m) = m(m + <(>) + A, 

= + (|)m + A, (2.4)

Hence for A = (j)^ -4X,, we have three cases:
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1. For A > 0, Ihere are two different real roots m, and m2 of the polynomial

2.
3.

P(m),
For A. = Q, there is a multiple root mj = m2 = w of the polynomial P(m), and
For A < 0, there are two conjugate complex roots mj = w, +iw2 and 

m2 =w, -İW2 of the polynomial P(m), where
m, = (-(tı+VÂ)/2, m2 = (2.5)

w = -(fı/2,Wj = -())/2 and vvj =
2

Now, we are ready to give the following theorem.

Theorem 1. A fundamental solution for the iterated eguation I?u = 0 can be given 
by 
i. if A > 0,

İİ. İf A = o.

or
iii. if A < 0,

,wı

î:‘[v 

j=o
+ B:r

2k-l
u = r"' 2 C^(lnr)\ 

j=o

X(lnr)j[Dj cos(w2 lnr)+Ej sin(w2 Inr)], 
j=0

where Aj ,Bj, Cj, Dj, Ej, Fj are arbitrary constants.

Proof. By applying the Operatör L successively to the eguation (2.1), clearly one has

(.■2.6)

Now, 
i. ]Let A > 0. Hence by (2.6),

L'‘(r”) = (m-m,)‘^(m-m2)’^r“.

Thus. for m = mı and for m = m2 we have L'"(r”‘) = O and L'‘(r™^) = O, wluch 

means that the functions r”‘ and r™^ are Solutions of the eguation l'^u = 0. Under 
the derivation of the expression (2.6) with respect to the parameter m, the left hand 
side gives

8

8m
(l'^ (r” ))=i ~ (r”) I = L'^ (r*" Inr) 

(8m J

and the right hand side yields

u = r

u = niı .012
J

L\r“) = p^mir*”.

{2.1}
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d
âm

(^‘'(iR)r”)=kp‘' ‘(m){i'(m)r"' +3‘‘(r!i)r” Inr

P*' '(m)(kp'(m)r“ +P(rft)r'" 111 r)

Hence, setting 0ı(m) = kp'(nı)r"' +P(nı)r” Inr, ıveobtain

L*"(r™ Inr) = p*'’*(m)0j(m) = (m-m,)’'' (m-nij)*" '0,(m) (2.8)

and from this we conclude that the functions r“‘ İn r and r'"* İn r are also Solutions 
of the equation l’"u = 0.

Önce agahı, deriving (2.8) with respect to m yields 
L*'(r”(lnr)9=p-k-2 (m)02(m) = (m-m,)*^ ^(ın-ınj)’^ ^02(ııı) 

whcre Gj(m) = (k -l)P'(m)Gı(m) + P(m)öj(m), which, in tums, gives tliat tlıe functions 

r“’ (Inr)^ and r”’’ (Inr)^ are Solutions of the equation I?u = 0.

Proceeding in this way, by taking the derivative with respect to ın, (k-2) times 
in (2.8), finally, Mve get 

ü(r”anr)‘'"‘)=mP(m)0
k-1 (m)

k-!where Gk_ı(m) = 2p\m)Gk-2(ın)+P(nı)ö’jç_2(m). Hence, r’^^(inr)^ ‘ and r""(înr) 

are Solutions of the equation I?u = 0. Thus, by the principle of superposition, a 

complete solution of the equation L*' u = 0 can be given by
k-1

.nij

İİ.

u-Z(Ajr
>0

Let A = 0. Hence by (2.6),
L‘'(r”) = (m-w)"4"'

where w = m, = is tlıe multiple root of P(m). It is obvious from (2.9) that r’ .w İS a

solution of I?u = 0. In addition, by taking the derivative with respect to m 
successively, and using the idea of the preceding proof we conclude that the 
functions r"(lnr)\ (j = l, 1, ... , 2k-l) are also Solutions of L*^u = 0. Hence by 

the principle of superposition the function
2k-l

u = r'' Z Cj(lnr)-'
j=0

gives a complete solution.
iii. Let A<0. By the case (i), wc know that the functions r“'(lnr)\ and 

r^^flnrfJ, (j = 0, 1, ..., k-1) are complex valued Solutions of L^u = 0. Now, to 

select ou t the real valued Solutions from those, are remember the Enler formula
.m ,±iw->r r
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= r.^1 e ±iw 2 hı r

= r.^ı [cos( w 2 İn r) ± i sin(w 2 In r)]

From here, we can select real valued Solutions for u = 0 as
[r"’cos(w2İnr)](lnr)\[r

Thus, the linear combination

.tVj sin(w2 lnr)](lnr)\ (j = 0, 1, ... , k-1).

u = r W1
k-1
2(lnr)'(Dj cos(w, lnr) + Ej sin(w2 Inr)) 
j=o

gives a complete solution of I?li = 0.

In one dimensional case. the equation (1.1) becomes an Enler

(equidimensional) equation of second order and hence r” type Solutions are

replaced by x“ type Solutions, as were expected. For if n = 1, then r = x, and

letting X, =x, ot, =a, the equation( 1.1) is replacedby theEulerequation

„ 2 d^u du . „
Eu = x —^ + ax— + Â,u = 0 

dx2
du
dx

and hence for P(m) = + (a - l)m + k, have A = (a -1)^ - 4A.,

m, - ^l-a+VAj/
2, mj

^-ot + VA)/2, w = (l-a)72 = w and w
1 - A.

Thus we can give the follovving result for the Solutions of the iterated Euler 
equation.

by
i. if A > 0,

Theorem 1. The general solution of the iterated equation F?u = 0 can be given

k-1
u= Z(AjX

J=o

n>l +BjX‘”’)(lnx)\

İİ. if A = 0,
2k-l

u = x'' ZCj(lnx)\ 
j=o

or
İİİ. if A < 0,

U = X Wl
k-1
5^(lnx)J(Dj cos(w2 lnx) + Ej sinCvVj lnx)).

where Aj, Bj, Cj, Dj, Ej, Fj are arbitraıy constants.
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