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ABSTRACT

We obtained two fundamental formula in [1] for the geometry of spacelike congruences by means
of dual hyperbolic and central angles. Beside we stated and proved the Manheim’s, Liouville’s and
Hamilton’s formulae.

In this study we give the new expressions of the Gaussian curvature for the spacelike congruences
by means of fundamental formulae.
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1. INTRODUCTION .

We defined in [1] the Blaschke vectors of Blaschke trihedron of timelike and
spacelike ruled surfaces at their striction points, similar to the Darboux vectors of
spacelike and timelike curves on a timelike (or spacelike) surface at Minkowski 3-

space R} with signature (+,+,-) (See, [2] and [3] ). Using these vectors, we stated
the important two theorems for the geometry of spacelike congruences as follows:

Theorem 1. Let Bi (i=0,1,2,3) be Blaschke vectors of the ruled surfaces (c;)
passing through the common spacelike line @, of spacelike congruence @, (u,v).If
0 is dual hyperbolic angle between the normals d,, and @, of the parameter
ruled surfaces, then the Blaschke vector of spacelike ruled surface (¢, ) is given by
b, =b, cosh + b, sinh 6 +5qd-e—, )
Sl

where d 5| is the dual arc element of (¢ ).

Proof. See, [1].
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Theorem2. In Theoreml, if we choose the timelike ruled surface (¢,) instead of
(¢;) then the Blaschke vector of () is given by
Bo =Bz sinh9+g3 cosh® +§o§—8, )
]
where € is dual central angle between the normals of ruled surfaces (C,) and

(¢3),and d5, is the arc distance of (¢,).
Proof. See, [1].

2. THE NEW EXPRESSIONS OF THE GAUSSIAN CURVATURE FOR
SPACELIKE CONGRUENCES

Proposition 1. Suppose that the parameter ruled surface (<, ) and (¢; ) passing
through a spacelike line a, of a spacelike congruence are perpendicular. Let (<,)
be an arbitrary timelike ruled surface. Let Bi (1=0,1,2,3) be the Blaschke vectors
of the Blaschke trihedrons of this ruled surfaces. Then the mixed product
(50,1;1,1;0) is invariant and the Gaussian curvature is given by

K 2—(50513;’53):'—(50’52’[’;;) (3)

Proof. Let’s multiply the equalities (1) and (2) in the vectoral mean :

~ ~ o~ ~ ~ . do db A% ~ do
b, Ab,=b,Ab,+bA 8 —+— b, + .
1 0 ! A dN d\' ( d,g"o J
If we multiply the two side of the last equation by &, from left we obtain

<5U,I;, /\I;H>=<a~,,,gl/\l;o>. : “)
From [1] we know that

b, =b, cosh® + b, sinh 6,
b, =b, sinh® + b, cosh .
Thus we have
El E (b cosh@ + b sinh 6) A (b sinh 6 + b cosh0)

15
°"Z °"Z >

Ab, cosh*0~b, A b, sinh’ )
AB,.
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This shows that the equation is satisfied.

21

Now, let’s show that this mixed product is equal to the Gaussian curvature

where the dual number p (i=0,1,2,3) is the dual curvature of ruled surface

@)G=0123).

It is clear that the equations (5) and (6) are equal the Gaussian curvature.

Proposition2. The Gaussian curvature is also given by

K

_D(zn’an) —_——

0

%)

D(8,.5)

1 i(ﬁ)u
SRR

Proof. Considering the equation (3) we have

-K =<l72 Al;;,@)
<172 nb,d, Aa;z)

)

_ D(@y,dy)
D(5,,5,)
Thus we can write

—(bz ~d,,,b, Aa,z>+<bz Ad,,b /\an>

__ (%, &\ [a,
AN &,
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0a, 0d, dv _0ad, 1
0s, Ov ds, ov \/E
oa,, 0oa, _‘i"__aaaz 1

03, ov &, 0Ov J§
Using these equalities, desired formula is obtained.

Corollary 1. There exists the relation

.o = do .
(bx’bzsba) =-K d_~’
Sl

among the Blaschke vector Ei , 1=123,
Proof. The mixed product of the vectors Ei , i=1231is
(l’;ntjzags):(gngz A ga)

= <l72 cosh6 +I;‘3 sinh 6 + g, ije—,l;z A IZ>

AY
=(au,;,A53>§§T

1

--x 2
ds,
This shows that the Darboux vectors is on the same plane if 8 = constant or K = 0.
Corollary 2. The Gaussian curvature is also given by equation

by means of spacelike unit vector 3@, and its derivatives.
Proof. By [1] we know that
03,

=b AT
~ 03
0%,
83, ~ .
-—~o—=b2/\ o
0%,
Then we have
da, 0Oa ~
0 o _ ~ ~
=A==, AG,)A (b, AG,)
ds, 05,
=-<b,,b, Ad, >a, +<d,,b, ra, > b,
=_(b| bz ’ao) a,
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Multiplying the two sides of last equation by 7, , the value of K is found.
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