Commun. Fac. Sci. Univ. Ank. Series Al
V. 53.(No.2) pp. 53 -56 (2004)

A NOTE ON THE BOUNDEDNESS OF SOLUTIONS OF FUNCTIONAL
DIFFERENTIAL EQUATIONS WITH DELAY AND ADVANCED
ARGUMENTS

A.F. GUVENILIR

Ankara University, Faculty of Science, Department of Mathematics, Ankara, TURKEY.
E-Mail : guvenili@science.ankara.edu.tr

(Received Nov., 24, 2004, Revised Dec. 16, 2004, Accepted Dec.30, 2004)

ABSTRACT

In this note, we discuss the boundedness of a class of systems, if unique global solutions exist.
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1. INTRODUCTION

The study of boundedness of functional differential equations with delays has
been investigated by many authors (see for example [1-7] ). In this study, we
consider functional differential equations having both advanced and delay arguments
of the form

x1(8) = ~ay (£)x1 (£) + az ()x7 () + by (£)x1 (¢ ~ Byu(x, (1))
—kby (¢t +h)u(xy (t+ R)x) (t+ 7)

x5 (1) = ~a3()x2 (8) + ay (£)x; (£) = by ()x (¢ + H)z(x, (¢ + 1))
+£Lby (t = h)z(x (8))x2 (1= h)

where  ay,a,,a3,b),by,u,z:IR* - R*,are  continuous  functions  and

)

k>1, 0<£¢<]1, h>0 arereal numbers.
We assume that

a1 (Daz(0)-a3 ()20 )]
forall £ 2 0.

In this article, we have discussed the boundedness of all positive solutions of (1).
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2. BOUNDEDNESS

Theorem. Suppose there exist aq,0,,B1,B, such that
O<ay <u(s)<pyq,
O<ajy <z(s)<PB,
for s e IR.

1 1 1 1
If (2) bolds and oy >—, By <—, ¢y >—=,B, <—then every solution
2 1> By 50 %2> B2 Y, Ty

x1(1), x5 (¢) of (1) are bounded.
Proof. Let x;(z), x, (f) denote a solution of (1). Let us define

t
V(t,x1 (1), 22 (1) = 5 () + x5 (©)+ [by(sy +R)xy (51)x) (s +h)dis)
t-h

t+h (3)
+ [by(sy —h)xa(s3)xs (57 —h)ds, .
t
It is clear that
L (0) + x5 () <V (8,31 (1), %, (1) (4)

and ¥ (¢,0,0) = 0. Hence V is positive definite.
Now let us compute the derivative of V.

V'(t,%,(2), %, (D) < =24, (£)x; (2) + 4a, (), ()%, (£) — 2a, ()% (£)
+b,(t)x,(t—h) [2u(x2 ®)x, () —x, (t)]
+ by ()%, (t + 1) [ 2ku(x, (t + R))x, (1) — x, (1) ]
+b,y (t = R)x, (£ = ) [242(x, (1) %, () = x,(1)]
+b,(t)x,(t+h) [—2z(x1 (t+h))x, () +x, (t)]

< —2a,(t)x] () + 4a, ()x, (£)x, () ~ 2a,(t)x% (2)

+b, (O)%,(t = )2, ~ D)3, (1)
+b,(+h)x (t + h)(1-2ke, )x,(2)
+ by (t — h)x, (¢t - B)(24, ~Dx, (t)
+b,(t)x,(t + h)(1-2a,)x,(2).
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If aq,0,,B1,B, satisfy the assumptions given in the statement of the Theorem, we
find

V0520 20 20 i v SO

Let Aq(#), A, (¢) denote eigenvalues of the matrix

(al(t) —az(t)J
—ay(®) a3 )

Since
7\.1(1‘)'*—7\,2(1‘) =aq (t)+a3 (f) >0
and by (2)
MO () =gy (Das (D) -a3 (£) 20
we see that

A =20, Ay(1)20.
Let A(f) = min{A, (£), A, ()} It follows from (5) that
V'(t,%,(2),%, (1)) < —2CA@O(x; () + %, (1)) ©)
for some C>0.
Therefore V is decreasing. Integrating (6) from 0 <7, to ¢, we get

V() <V(ty) @)
From (4) and (7) it follows that
x () +x3 () <V (to)
for all £y 20.

This means that solution of x, (¢),x, () is bounded.

Remark: Since all solutions are bounded, local existence and uniqueness of
solutions result in global existence and uniqueness of solutions of (1) under the
conditions of the Theorem.

Another interesting problem is to obtain stability results concerning trivial
solution of (1). Further results in this direction will be reported in due courses.
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OZET: Bu calismada, global goziime sahip lineer olmayan bir sistemin pozitif ¢oziimlerinin sinirlihig
tartigtimugtir.
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