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ABSTRACT We introduce the notions of #, -open sets and 71, -open sets and by using these sets

we obtain decompositions of J-open sets. Furthermore, we introduce the notion of weakly /-locally-closed
sets and obtain decompositions of open sets. Finally, we obtain decompositions of I -continuity and
continuity.
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LINTRODUCTION
Throught the present paper, spaces always mean topological spaces on
which no separation property is assumed unless explicitly stated. In a topological

space (X ,T), the closure and the interior of any subset 4 of X will be denoted
by CI(A) and Int(A), respectively. An ideal is defined as a nonempty collection

I of subsets of X satisfying the following two conditions: (1) If A € [ and
Bc A, thenBel;2If AEIandBGI,then(AuB)e I.Let(X,z') be a

topological space and / an ideal of subsets of X . An ideal topological space is a
topological space (X ,‘l') with an ideal / on X and is denoted by (X , T, ) For

asubset A X, A*(I)= { xeX l (Uﬁ A )gE I for each neighbourhood
U of x } is called the local function of A with respectto / and 7 [10]. X is
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often a proper subset of X . The hypothesis X =X~ [5] is equivalent to the
hypothesis 7N [ = { ¢ } {11]. The ideal topological spaces which satisfy this

hypothesis are called Hayashi-Samuels spaces. We simply write A’ instead of
A (I ) in case there is no chance for confusion. For every ideal topological space

(X ,T,1 ), there exists a topology T‘(I ), finer than 7, generated by
,B(I,T )={U\I| Uer and el }, but in general ,B(I,T) is not
always a topology [6]. It is well-known that CI ‘(A)*—" AU A" defines a

Kuratowski closure operator for T (I )

2.PRELIMINARIES

Lemma 2.1. Let (X , T, 1 ) be an ideal topological space and A, B subsets of X .
Then, the following properties hold:

a)lf ACc B,then A c B,
WItUer,hen UNnA" c(Un4)
o 4" =Cl(4")c ci(4),

@ (A4UB) =4 UB",

¢) (AN B) < 4" N B" (Jankovié and Hamlett [5)).
First we shall recall some definitions used in the sequel.

*
b

Definition 2.1. A subset A of an ideal topological space (X , T, 1 ) is said to be
a) almost J-open [2] if 4 < Cl (Int(A* )),
b) B-Lopen [4] if 4 < Cl(Int(Cl ’ (A)))
¢) *-perfect [5]if A=A,
d)t'-closed [5]if 4" c 4,
e) pre-I-open [3]if A < Int (Cl ‘(A)),
f) regular-I-closed [8] if A = (lnt (A))‘ ,
g) I-open [7] if A C Int(A* )

h) Ilocally-closed [3] if A=UnNV, where U is open and V is *-
perfect,
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i) A;-set[8]if A=U NV ,where U isopenand V is regular-/-closed.

3.R;-OPEN AND M,-OPEN SETS

Definition 3.1.A subset A of an ideal topological space (X , T, 1 ) is said to be

a) r,-open if Int(A) = Cl(]nt(A’ )),

b) M, -openif A=U NV, where U is I-openand V is 7;-open.

We denote the family of all 7, -open ( resp. 7, -open ) sets of (X , T, 1 )
by 7, (X,‘r) (resp. m, (X,Z')). In addition, we will use a symbol IO(X,T) for
the family of all J-open sets of (X , T, 1 )

Proposition 3.1. For a subset of a Hayashi-Samuels space, the following properties
hold:

a) Every I-open set is M -open,

b) Every #,-open setis M -open.
Proof. Since X € IO(X R r)r\ r (X , ‘L') , the statements are obvious.

Remark 3.1. The converses of Proposition 3.1 need not be true as shown by the
following examples.

Example 3.1. Let X = {a,b,c,d}, T= {¢,X, {a,c}, {a,b,c}}and I= {¢, {c}}
Since X = X", (X , T, 1 ) is a Hayashi-Samuels space.

1)Set A= {c} Then Ais m, -open, but not I-open. Since B "= {b,d },
Int(B") = ¢ and we have Cl(lnt(B' ))= ¢ and besides since [nt(B) =¢, we

obtain

Int(B") =Cl (Int(B ’ )) .This shows that B € 7, (X , r) .Additionally, since

C' = {a,b,c,d} =X and C = {a,c}c X = Int(C'), we have that Cis an I-
open set. Consequently, we have that A= BN C = {c} is M, -open. On the other
hand, since A" = ¢ and A= {c} ¢ o= Int(A‘ ), we have that 4 is not I-open.
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2) Set A= {a,c}. Then A is m;-open, but not 7,-open. Since

A = {a,b,c,d} =X and 4= {a,c} c Int(A* ), we have that A4 is I-open and
hence m;-open by using Proposition 3.1.a). On the other hand, since
Cl (]nt (A* ))= X and A is an open set, we have

CZ(Int(A* ))= X # {a,c} = Int(A). This shows that 4 isnot 7, -open.

Remark 3.2. Almost J-openness and 7, -openness are independent of each other as
following examples show.

Example 3.2. Let (SR, T ) be the real numbers with the usual topology 7 and F' the
ideal of all finite subsets of R . Let () be the set of all rational numbers. Then Q is
almost I-open, but it is not 7,-open. For Q C R, since O =R and
Im‘(Q* )= R, wehave Qc R = Cl(]nt(Q* )) This shows that Q) is almost I-
open.On  the  other  hand,  since Int (Q) =¢, we  have
Cl (Int (Q* ))= Rxod=1Int (Q) This shows that ( isnot 17 -open.

Example 3. 3. Let (X , T, 1 ) be an ideal topological space such that Let
X ={a,b,c,d}, 7= 6. X {a,cl{a,c.dffand 1=1{p,{c}{d}{c.d}}. set
A= {b,d } Then A is 1; -open, but it is not almost -open. For A= {b,d },
since A" = {b} and [nt(A*)= ¢, we have Cl(]nl‘(A*))= ¢. Hence
Cl (Int (A* )) =¢=Int (A) and we obtain that 4 is 7,-open. On the other hand,
we have 4 = {b,d } z¢=CI (]nt(A* )) This shows that A is not almost -open.

Proposition 3.2. For a subset Aof a Hayashi-Samuels space (X ,T,1 ), the
following properties are equivalent:

a) A is [-open,

b) A is an almost J-open and m ;7 -open set.

Proof. a) = b) : Let A be an I-open set. Then A is almost I-open by
Definition 2.1. On the other hand, since 4= AN X, where A€ IO(X ,T) and

Xer,(X,T), A is m, -open.
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b) =a): Let 4 be an almost I-open and m;-open set. Then, A =U NV
for some I-open set U and 1;-open setV . So,

Ac Clint(4"))
= il A7)
c Cl(lm‘( )m Int(V ))
< Cll{t(U” ) iy )
= Cl{n(U" ) ne(v) ,
where V € 7,(X,7) and U € IO(X,7). Since A=UNV and AcU, we
obtain that .
A=ANU
U (c{idU” )~ 1ne(r))
= U~ iU’ )~ 1)
=UnN Int(V)
< 1n(U” ) 1nelV)
= n(U” ~ Ine(V))
< (U A bt (V)Y
c (U ~7Y))
= Int(A*)
by using Lemma 1 and (1). Consequently, 4 C Int(A*) hence A is I-open.

4. WEAKLY I-LOCALLY-CLOSED SETS

Definition 4.1. A subset A of an ideal topological space (X , 7,1 ) is said to be
weakly I-locally-closed if A =U NV , where U isopenand V is T " _closed.

We denote the family of all weakly I-locally-closed ( resp. 7" -closed ) sets
of (X,T,I) by WILC(X,T) ( resp. 2'2 (X,T)). We recall that in [9] was

used notation of  st-I-locally closed set instead of notation of weakly I-locally-
closed set.

Proposition 4.1. In an  ideal topological  space (X , T, 1 ),
7.(X,7)c w,LC(X,7) and 7 < w,LC(X,7) ([9]).



72 A. KESKIN, S. YUKSEL AND T. NOIRI

Proof. Since X € (T N Té (X s T)), the statements are obvious.

Remark 4.1. The converses of Proposition 4.1 need not be true as shown by the
following examples ( [9] ).

Example 4.1. Let (X , T, 1 ) be an ideal topological space such that
X ={a,b,c,d}, r=1{p, X {a,c}{d}.{a,c,d}}and I = {4, {c} {d}, {c, d}}.

1) Set A= {b,d } Then A is a weakly I-locally-closed set which is not
open. For A= {b,d}, since A" = {b}, we have A" = {b} c {b,d}= 4.
This shows that 4 € z'é (X,‘r) and hence we have 4 € WILC(X,T) by using
Proposition 4.1. On the other band, since A € 7, A is not open.

2) Set A= {a,c}. Then A is an open set which is not t'-closed. For
A= {a,c}, it is obvious that A is open. Therefore, we have 4 € w,LC (X ,Z')
by using Proposition 4.1. On the other hand, for A= {a,c}, since
A" = {a,b,c} # {a,c} = A, we have that A4 is not 7  -closed.

Proposition 4.2. Every I-locally-closed set is weakly I-locally-closed ( [9] ).

Proof. Let A be an I-locally-closed set of an ideal topological space (X T, 1 )
Then we have A=U NV, where U € 7 and V is *-perfect. Therefore, since
every *_perfect set is 7 -closed, V € 2'2 (X ,T). This shows that A is

weakly I-locally-closed.
According to Proposition 4.2 and Proposition 5.a) of [8], we have the
following diagram.
Aj-set => I-locally-closed set = weakly I-locally-closed set
Diagram I

Remark 4.2. The converse of Proposition 4.2. need not be true as shown by the
following example.

Example 4.2. Let (X , T, 1 ) be the same ideal topological space as Example 4.1.,
that is, X= {a,b, c,d}, T= {¢, X, {a,c}, {d}, {a,c,d}} and
I= {¢, {c}, {d }, {c,d }} Set A= {b, d } Then A is a weakly I-locally-closed set
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which is not I-locally-closed. For 4 = {b,d }, we showed that A4 is a weakly I-
locally-closed set in Example 4.1. On the other hand, for 4= {b,d }, since

A = {b}¢ {b,d } =A , we have A is not *-perfect and hence A4 is not I-
locally-closed ( [9] ).

Remark 4.3. Pre-I-openness and weakly I-locally-closedness are independent of
each other as the following examples show ( [9] ).

Example 4.3. Let (X , T, 1 ) be the same ideal topological space as Example 4.1.,
that is, X= {a,b, c,d}, T= {¢,X, {a,c}, {d}, {a,c,d}} and
I= {¢, {c}, {d }, {c, d }} Set A= {b,d } Then A is a weakly I-locally-closed set
which is not pre-I-open. Since we have already shown that 4 € w,LC (X ,1‘) in
Example 4.1., we only show that A is not pre-/-open. Since both A = {b} and
Cl‘(A)=AUA' =A={b,d}, we have

A= {b, d } va {d } = ]nt({b, d }) = Int(Cl ) (A)) This shows that A is not pre-I-
open.( This example is given in [9].)

Example 4.4. Let (‘.R, T) be the real numbers with the usual topology 7 and F the
ideal of all finite subsets of R . Let (Jbe the set of all rationals. Then Q) is pre-I-

open [3], but it is not weakly I-locally-closed. For Q c R, since Q" =R, Q¢
and Q" =R & Q, we have that O is not weakly I-locally-closed.

Proposition 4.3. For a subset A4 of an ideal topological space (X , T, 1 ), the
following properties are equivalent:

a) A is open,

b) A is pre-I-open and weakly I-locally-closed.

Proof. a) = b) : The proof is immediately obtained by using Theorem 2.2 of [3]
and Proposition 4.1.

b) = a):Let A be pre-I-opensetand 4 € w,LC (X ,T). Then, we have
AcIn(CI'(4)) and A=UANV, whee Uer amd Vero(X,7),

respectively. Therefore, we have

Ac Incr’(4))
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= m(Cl’(U A V)
c nlcr’ U)ncr ()
= Int{C" (U))~ belcr (7))
= mi(Cl (U ) nt(V).
(Szix)lce A=UNV and Ac U, we have
A=AnNnU
< (tlcr ©)n b)) AU
= (U A melcr @) (v
= (U n CI'(U))~ Ine(v)
=Int{U V)
= Int(4)
by using (2) and hence A€ 7.

5. DECOMPOSITIONS OF I-CONTINUITY AND CONTINUITY

Definition 5.1. A function f : (X ,T,1 )——) (Y R ¢)) is said to be my;-continuous
( resp. wyLC-continuous, almost I-continuous[2], I-continucus[1], pre-I-
continuous[3] ) if for every V € ¢, f—l( ) is an my -open set ( resp. weakly I-

locally-closed, almost I-open, /-open, pre-I-open ) set. We recall that in [9] was
used notion of st-I-LC-continuous instead of notion of wy LC-continuous.

Theorem 5.1. Let (X ,T,1 ) be a Hayashi-Samuels space. Then, for a function
I (X T, 1 ) - (Y R (p), the following statements are equivalent:

a) f is I-continuous,

b) f is almost I-continuous and m; -continuous.

Proof. This follows from Proposition 3.2.

Theorem 5.2. For a function f : (X , T, ) - (Y , (0), the following statements are
equivalent:

a) fis continuous,

b) fis pre-I-continuous and w; L C-continuous.

Proof. This follows from Proposition 4.3.
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OZET ¥, -agik kiime ve m, -agik kiime kavramlarm tammladik ve bu kiimeleri
kullanarak /-agik kiimelerin ayrigimiarini elde ettik. Ayrica, weakly I-lokal-kapali
kiime kavramum tanimladik ve agik kiimelerin ayrisimlarin elde ettik. Son olarak, I-
stirekli ve stirekli fonksiyonlarin ayrigimlarim elde ettik.
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