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SOME RESULTS ON NEAR-RİNGS WITH GENERALİZED
derivations

ÖZNUR GÖLBAŞI

Abstract. Let AT be a prime right near-ring with multiplicative çenter Z, f 
R R a. generalized derivation a.ssociated with derivation d. The following 

results are proved; (i) If = 0 theu / = 0. (ü) If /(IV) C Z then N is 
coınmutative ring, (üi) fÇxy) = f(,x)f(y) or f(xy') = f{y)f(x) {ot ali x,y G N 
then d = 0.

1. Introduction

Throughout this paper, N stands for a right near-ring with multiplicative çenter
Z. A.n additive map d ; N N is a, derivation if d{xy') = xd{y') + d{x')y for ali
x,y G N-ot equivalently(cf.[7]) that d(a;j/) = d{x)y -|- xd{y) for ali x,y & N. The 
study of derivations of near-rings was initiated by H. E. Bell and G. Mason in [2]. 
The notion of generalized derivation of a prime ring was introduced by M. Bresar 
and B. Hvala in [4] and [6]. Some recent results concerning commutativity in prime 
near-rings with derivation have been generalized in several ways. Many authors 
have investigated these theorems for generalized derivation. It is my purpose to 
extend some comparable results on near-rings with generalized derivation.

According to [2], a near ring N is said to be prime if xNy = {0} for x,y G N 
imphes x = 0 or y = 0. For x,y G N the symbol (a;, y) will denote the additive-group 
commutator x+y—x—y, while the symbol [a;, y] will denote the commutator xy—yx. 
Let S be a nonempty subset of N and d be a derivation of N. If d(xy) = d{x')d{y') 
or d{xy) = d{y')d(x) for ali x,y Ç: S, then d is said to act as a homomorphism or 
anti-homomorphism on S, respectively.

In [3], Bell and Kappe proved that if d is a derivation of a semi-prime ring R which 
is either an endomorphism or anti-endomorphism, then d = 0. Argaç extended that 
above conciusion holds for near-rings in [1].

Two results are obtained in this paper: The first result States that if / is a gen
eralized derivation of N such that /^ = o then f = 0. The second result proves that 
f is generalized derivation of a prime near-ring N which is either a homomorphism 
or an anti-homomorphism on N, then d = 0. As for terminologies used here vdthout 
mention, we refer to G. Pilz [8].

We shall give a description of generalized derivation associated with d by moti- 
vated [5, Definition 1].
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Definition 1.1. Let be a near-ring, d a derivation of N. An additive mapping 
/ ; yV —> A is said to be right generalized derivation associated with d if

/(a;?/) - f{x)y 4- a:c((y) for ali x,y e R.

and f is said to be left generalized derivation associated with d if 
f{xy) = d{x}y xf{y'} for ali x,y & R.

(1-1)

(1-2)
f is said to be a generalized derivation associated with d if it is both a left and 

right generalized derivation associated with d.

Lemma 1.2. [1, Lemma 1] Let N be a near-ring and d a derivation of N, then 
a{yd{x) + d{y')x') = ayd{x') + ad{y')x for ali a,x,y € N.

Lemma 1.3. Lef N be a prime near-ring, d a nonzero derivation of N and a € N. 
IfadÇN) — 0 (d(A')a = 0), then a = 0.

Proof. Suppose that ad(7V) = 0. For arbitrary x,y E N, we have
0 = ad{xy} = ad{x)y + axd{y).
By the hypothesis,

aj;c!(î/) = 0, for ali x,y € N.
Since JV is prime near-ring and d 0, we get a = 0.
Similarly argument works if dÇN'ja — 0. □

Lemma 1.4. Let N be a 2— torsion free prime near-ring and d a derivation of N.
Ifcfi — 0, then d= 0.

Proof. For arbitrary x, y £ N, we have
0 = <İ‘‘{xy'} = d{d{xy')') = d{xd{y') •+• d{x')y')

= xd^(y) -(- 2d{x)d{y) -(- dP{x'}y.
By the hypothesis,

2d(a:)d(y) = 0, for ali x,y & N.
Since N is 2— torsion free near- ring, we get

d{x')d{N') = 0, for ali x £ JV.
Using Lemma 2, get d = 0. □
Lemma 1.5. Lef N be a prime near-ring and d a nonzero derivation of N. If 
d{N) C Z, then (A,-t-) is Abelian. Moreover, if N is 2— torsion free, then N is 
commutative ring.

Proof. Suppose that a & N such that d(a) 0. So, d(a) £ Z\{0} and d^a'j-hd^a') € 
Z\{0}. For ali x,y € N, we have

{d{a) -I- d(a))(a: 4- y) = (a: + y'jÇd^a'} 4- d(a))
that is,

d{a)x -H d(a)x -|- d(a)î/ -|- d(a)î/ = xd{a') -)- yd{a) xd(a) -|- j/d(a). 
Since d(a) € Z, we get

xd{a) + yd(a) = ydÇa) + xd{a) 
and so,

(a:,y)d(a) = 0, for ali x,y € N.
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Since d(a) e -Z'\{0} and TV is a prime near-ring, •we get (ı, y) = 0, for ali a;, y e TV. 
Thus (TV, -I-) is Abelian.

Now, using the hypothesis, for any a, b, c e TV,
cd^ab} = dÇab^c.

By Lemma 1, one can obtains
cad(b) -I- cd{a)b = ad{b}c -I- d(a)öc.

Using d(TV) c Z and {N, -t-) is Abelian, we obtain that 
cad{b) -I- cöci(a) acd{b) -I- i>C(T(a)

which yields
([c,a])d(&) = [ö,c]d(a), for ali a,b,c& N.

Suppose naw that TV is not commutative. Choosing ö, c € TV such that [6, c] 0 
and replacing a by d(a) e Z,-we get

[i», c]d2(a) = 0, for ali a, b, c € N.
Since d2(a) ç 2, we conciude that ^^(a) = 0, for ali a G TV, and so d = 0 by Lemma 
3. But it contradicts d / 0. This complates the proof. □
Lemma 1.6. (i) Let f be right generalized derivation ofN associated with d. Then 
f{xy} = xd{y) 4- f{x)y for ali x,yÇ.N.

(ii) Let f be left generalized derivation of N associated with d. Then f{xy') = 
+ d{x)y for ali x,y e N.

Proof. (i) For any a;, j/ G TV, we get 
/((a: + a;)y) = f{x -I- a;)?/ + (a: -I- a;)d(î/) 

= f{x}y + f{^)y + xd(y} + xd{y)
and
f{xy + xy') = f{x)y 4- xd(j)'} 4- f{x')y 4- a;d(î/).
Comparing these equations, one can obtain

f{x)y 4- xd{y) = xd{y) 4- f{x)y, for ali x, y € N.
That is /(a;?/) = xd{y') 4- f^^'jy.
(ii) Similariy. □

Lemma 1.7. Let f be generalized derivation ofN associated with d. Thena{xd{y}+ 
— o,xd{y) -h af(x)y for ali a,x,y Ç N.

Proof. The proof can be given using a similar approach as in the proof of [2, Lemma
1]. For any a, x, y € N, get

f{a{xy')} = af(xy') d{a}xy = a{xd{y) + f{x}y} -|- d(a)a:y.
On the other hand, 
f{{ax}y) = axd{y) -|- f{ax)y 

= axd{y'} -I- (o/(a:) + d{a)x}y = axd{y') + af{x')y + d{a}xy.
For two expressions of {fsxy'), we obtain that

a(xd(î/) 4- fmy} = axd{y'} 4- o.f{x)y, for ali a, x, y e N.
□

Lemma 1.8. Let N be a prime near-ring, f a nonzero generalized derivation of 
N associated with nonzero derivation d and a Ç. N.
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fij If afÇN) = 0, then a = 0.
('mJ If /{N'ja = 0, then a = Q.

Proof. (i)For ali a;, y € TV, we get

0 = af{xy') = axd(y) -I- a/(a;)y
and so,

aNd{N} = 0.
Since TV is prime near-ring and d / 0, we obtain a = 0. 

m) a similar argument works if f{N)a = 0. □
Theorem 1.9. Let f be a generalized derivation of N associated with nonzero 
derivation d. If N is a 2—torsion free prime near- ring and f^ = 0, then f = 0.

Proof. For arbitrary x,y € N, -vre have
0 = f'^{xy) = f{f{xy)) = f{f{x')y + xd{y))

= f^{x}y 2f{x)d{y) -H xd'^{y).
By the hypothesis,

2/(a;)d(y) -f- xd^{y) = 0 for ali x,y £ N.

Writing /(a;) by x in (1.3), we get
(1-3)

= 0 for ali x,y S N.
By Lemma 7 (ii), we obtain that = 0 or 

from Lemma 3, a contradiction. So, we find f = 0.
f = 0.Iîd^{N) = Qthend = 0 

□
Theorem 1.10. Let N be a prime near-ring with a nonzero generalized deriva
tion f associated with nonzero derivation d. If fÇN) C Z, then {N, -I-) ıs Abelian. 
Moreover, if N is 2—torsion free, then N is a commutative ring.

Proof. The same argument used in the proof of Lemma 4 shows that both fÇa) € 
Z\{0} and f{a) -+• f{a) E Z\{0}, then we have.

/(a)(x,y) =0 for ali x, y G N.
Since fÇa) & •^\{0} and TV is a prime near-ring, it follows that {x,y') = 0, for ali 
x,y e N. Thus (TV, -t-) is abehan.

Using the hypothesis, for any x, y, z ç. N, 
zf{xy) = f{xy)z.

By Lemma 6, we have

z{xd{y} -I- /(a:)y) 
zxd{y) + zf{x}y

(/(x)î/ + xd{y}')z 
f{x}yz + xd{y')z.

Using f{N} C Z and (JV, +) is Abehan, we obtain that 
zxd(y) - xd{y}z = f{x')yz - zf{x}y

and so,
zxd{y') — xd{y'jz = /(a:)[ı/, 2], for ali x,y,z Ç. N.

Substituting /(y) for y in (1.4) and using f{N) C Z, vfe get

[z, x]d{f(y)) = 0, for ali x, y, z € N.

(1-4)



SOME RESULTS ON NEAR-RINGS 25

Since /(y) € Z and so d(/ (y)) G Z, have

— 0, for ali y G TV or N is commutative ring.
Let assume that d(/ {y}} = 0, for ali y G N. Then

0 = d{f{xy')} = d{d{x)y -|- a;/(y))
= d^{x)y -I- d(a:)d(y) + d{x')f{y) == 0, for ali a:, y G TV.

Replacing y by yz in this eguation and using this, we obtain that
0 = d‘^{x)yz -h d{x')d{yz} 4- d{x)f{yz')

= d^ljz^yz -I- d(a;)d(y)z -|- d(a;)yd(2:) -|- d(a;)/(y)2: -I- d(a:)yd(2:)
= {d2(x)y d(ı)d(y) 4- d{x)f(y)}z 4- 2d{x)yd{z) = 2d{x}yd{z}.

Since TV is a 2—torsion free near-ring, we get

d(TV)TVd(TV) = 0.

Thus, we obtain that d = 0. It contradicts d 0. So we must have N is commu- 
tative ring. □
Theorem 1.11. Let N be a prime near-ring and f be a generalized derivation of 
N associated with d. If f acts as a homomorphism on N, then d— Q.

Proof. Let / acts as a homomorphism on TV. Then

+ f{x)yx, for ali x, y € TV. (1.5)
Taking yx by y in (1.5), we get
xd{yx} + f(x}yx = f(x}f{yx) = f{x'){yd{x) + f{y)x'} f(x)yd{x) + f{x)f{y)x 
= f[x")yd{x} + f{xy')x = f[x)yd{x) + xd{y)x + f{,x')yx
and so,

xd(yx) = f{x)yd{x') 4- xd{y')x, for ali a:, y G TV.
Using Lemma 1, obtain that

xyd{x) = f{x')yd{x'), for ali a;, y G TV.

Replacing /(y) by y in (1.6), then
a/(y)d(a:) = f{x)f{y)d{x') = f{xy)d{x') = d(x')yd{x) 4- a:/(y)d(x) 
and so.

(1-6)

d{x')Nd{x) = 0, for ali a; G TV.
Since TV is a prime near-ring, we have d = 0. □

Theorem 1.12. Let N be a prime near-ring and f be a generalized derivation of 
N associated uıith d. If f acts as a anti-homomorphism on N, then d = Q.

Proof. By the hypothesis,we get

/(î/)/(a:) = xci(y) + f{x')y, for ali a:, y € TV. (1-î)
Replacing x by xy in (1.7), then
^yd^y} + f{xy)y = f(,y)f(xy) = /(y)(a;d(y) + f{x)y) = f{y)xd{y) + f{y)f{x)y
= /{y^^diy) + f{xy)y
and so

a:yd(y) = f{y)xd{y'), for ali x,yÇ:N.
If we take ra; instead of x in (1.8), we have 
/(y)rxd(y) = rxyd{y') = rf{y}xd(y}

(1-8)
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and so
[r, f{y}]xd(y) = 0, for ali x,y,r G N.

Since TV is a prime near-ring, we arrive at /(y) e Z oı dÇy) = 0, for ali y € TV. 
Let’s define A = {a: e TV | d{x') = 0} and B = {a; G TV | /(a;) G Z}. Clearly each of 
Â and B is additive subgroup of TV such that TV = A U B. But, a group can not be 
the set-theoretic union of two proper subgroups. Hence N = A or N = B. İn the 
latter case, fÇN} C Z., which forces f acts as homomorphism on TV, and so d = 0 
by Theorem 3. If N = A then d = 0. The proof is coraplated. □

ÖZET: N merkezi Z olan bir sag asal near-halka, f : N N tanımlı d 
ile ilgili bir genelleştirilmiş türev olsun. Bu durumda: (i) Eğer = 
0 ise / = 0 dır. (ii) Eğer C Z ise N değişmeli bir halkadır, (üi) 
Eğer her X, y e N için f{xy) = f{x)f(y) veya. f{xy} = ise
d = 0 dır.
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