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ON THE CLASSIFICATION OF FUZZY PROJECTIVE LINES OF
FUZZY 3-DIMENSIONAL PROJECTIVE SPACE

Z. AKGA, A. BAYAR AND S. EKMEKCI

ABSTRACT. n this work, the classifications of fuzzy vector planes of fuzzy
4—dimensional vector space and fuzzy projective lines of fuzzy 3—dimensional
projective space from fuzzy 4—dimensional vector space are given.

1. INTRODUCTION AND PRELIMINARIES

A general definition of a fuzzy n—dimensional projective space A which is ob-
tained from fuzzy (n + 1)—dimensional vector space V over some field K and a
method to find a fuzzy projective line and a fuzzy projective plane are given in [3].
Firstly, the classification of fuzzy vector planes of fuzzy 4—dimensional vector space
are introduced. And then we give the classification of the fuzzy projective lines of
fuzzy 3—dimensjonal projective space, from fuzzy 4—dimensional vector space.

The following definitions and theorems concerning the basic concepts of the
subject has been taken from (3] with some small modifications.

Definition 1.1. Let A : V — [0,1] be a fuzzy set on V. Then we call A a fuzzy
vector space on V if and only if A(a.u+b.%) > A(T) AXND), V&, T € V and Va,b € K.

Proposition 1. Let V be a vector space over some field K, 4,7 € V and a €
K\{0}. If \: V — [0,1] is a fuzzy vector space, then we have:

(i) Ma.@) = A(@);

(i) A(3) = supggy A(T);

(#4) if A(@) # \(T), we have A(T + T) = A(@) A A(D).

Definition 1.2. Let ) is a fuzzy vector space on V. The subspace L, (linearly)
generated by Supp()) (supp(X) = {z € V : A(z) = 0}, is called the base vector
space of A\. The dimension d()) of a fuzzy vector space of V is the dimension of its
base subspace.
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Definition 1.3. If U is an i—dimensional subspace of V, and (A, U) is a fuzzy
vector space, then it is called a fuzzy ¢—~dimensional vector space on U. If i = 1,
i.e. U is a vector line, then (A, U) is a fuzzy vector lineon U, if i = 2, i.e. Uisa
plane, (A, U) will be called a fuzzy vector plane on U. If i = n — 1, then (\,U) is
called a fuzzy vector hyperplane on U.

Let V be an n—dimensional vector space over some field K, with n > 2. Let L
be a vector line of V, so L is uniquely defined by some nonzero vector 4. Let o be
a vector plane of the n—dimensional vector space V (n > 3), then we know that «
is uniquely defined by two linearly independent vectors T and v.

Theorem 1.4. If A : L — [0,1] is a fuzzy vector line on L, then A\(T) = \(?),
V4,7 € L\{o}, and A\(3) > A\(u), Vu e L.

Theorem 1.5. If A : a — [0,1] is a fuzzy vector plane on o, then there exists a
vector line L of a and real numbers ag > a; > ay € [0,1] such that X is of the
following form:

A a—[0,1]
5-—>a0
T — ay for w € L\{o}
T—ay foruea\l,

Definition 1.6. Suppose V is an n—dimensional vector space. A flag in V is a
sequence of distinct, non-trivial subspaces (Up, Uy, ...,Um) such that U; C U; for
all j <4 < n—1. The rank of a flag is the number of subspaces it contains. A
maximal flag in V is a flag of length n.

2. Fuzzy VECTOR PLANES OF Fuzzy 4—DIMENSIONAL VECTOR SPACES

In this work, now we classify fuzzy 2-dimensional subspaces of fuzzy 4-dimensional
vector spaces to classify fuzzy projective lines of fuzzy 3-dimensional projective
space. Since a subspace should not necessarily have the same values (membership
degrees different from ag) in its points as the whole space [3], this classification is
given in the following theorem.

Theorem 2.1. Let V be a 4-dimensional vector space over some field K and X :
V — [0,1] be a fuzzy vector space on V. Then the fuzzy 4-dimensional vector space
A has exactly siz kinds of fuzzy vector planes.

Proof. Let A : V — [0,1] is a fuzzy vector space on V and (Up,U;,Us,Us, V) is a
maximal flag, then there exists a vector plane o of V and a base line L of o and
real numbers ag > a > b > ¢ > d € [0, 1] such that
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A Vo0,
0 — ag
T — a for u € Ui1\{Up}
_’d—)beI‘ﬁEUg\Ul
% — c for T € Us\Uz
u—dforue V\Us.

The number of points different from zero on a vector line is denoted by p, g counts
the number of vector lines L; passing through zero point different from base line
in Uy, r counts the number of vector lines L; passing through zero point different
from base line in Us\L; and s counts the number of vector lines L; in V\Us. These
fuzzy vector planes of X are of the one of the following forms :

1) Let o; be 2—dimensional vector spaces,

)\ij Loy — [O, 1]
0 —ag
u — a; for T € L\{o}
u-— bij forue aj\L
such that a; > b;;, 1 € {1,...,p}, 7 € {1,...,4}.
2) Let B, be 2—dimensional vector spaces, which

b+ Br—[0,1]
0~ ag
% — a; for T e L\{o}
T — cii, for T € B \L
such that a; > ¢, ¢ € {1,...,p}, k € {1,...,7}.
3) Let -, be 2—dimensional vector spaces,

0t = v —[0,1]
0 — Qg
T — a; for © € L\ {0}
- dy for T € v,\L

such that a; > dy, i € {1,...,p}, t € {1, ..., s}.

4) Let aj, be 2—dimensional vector spaces,

Yijk + ik — [0,1]
o — Qp
T — b;; for T e L;\{o}
U — ey forue Oljk\Lj
such that b;; > ci, i € {1,...,p}, 5 € {1,...,q}, k€ {1,...,7}.
5) Let 8, be 2—dimensional vector spaces,
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Pije * /Bjt - [0, 1]
0 — Qg
U~ bij forue LJ\{B}
U—dy forue ﬂjt\Lj
such that b;; > di, 1 € {1,...,p}, 7 € {1,...,q}, t € {1, ..., s}.
6) Let v,, be 2—dimensional vector spaces,
Mikt * Ve = (0,1]
o0 — Q
T— ey forue LJ\ {5}
u— dit foru € ’cht\LJ

such that ¢y > di, @ € {1,...,p}, k € {1,...,7}, t € {1,...,s}. Any fuzzy vector
plane is in the one of the six classes O

Now, we give an example of two subclasses of fuzzy vector planes from A;; and
Nike-

Example 2.2. For j =2, k = 2 and t = 3, fuzzy subspaces A;3 and 7,55 are given
as follows:

Ai2 . Qg — [O, 1]
0— Qg
7 — a; for © € L\{0}
U — by for w € aj\L
such that a; > bz >, 1 € {1,...,p} and
Mgzt Y23 — [0,1]

0 — qg

T — ¢ for all @ € §,\{0}

u-— di3 for all T € ’}’23\{0}

such that ¢;5 > di3, ¢t € {1,...,p}

3. Fuzzy PROJECTIVE LINES OF Fuzzy 3—DIMENSIONAL PROJECTIVE SPACE

A general definition of fuzzy n—dimensional projective space A’ is well-known
[3]. Here, we restrict ourselves to the case a fuzzy 3—dimensional projective space
X from a fuzzy 4—dimensional vector space (), V), having following form:

A V—=[0,1]
0 — ag
T — a for T e U3\ {Up} (1)
u—bforue Uz\U]
T — ¢ for w € Us\Uz
@ — d for we V\Us
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with U; an i—dimensional subspace of V, containing all U; for j < i, and ag > a 2>
b > ¢ > d are reals in [0,1]. We define a fuzzy 3—dimensional projective space by
on V' as follows, where it will be denoted FPG(3, K).

XN vi—=0,1)
g—a ,
p— b for pe Ui\{q} (2)
p — cfor p € U)\Uj{
p—dfor pe V\Uj

with ¢ the fuzzy projective point corresponding to the fuzzy vector line Uy in (2)
and U/ the i-dimensional projective space, corresponding to the vector space U,y 1.
Then, the sequence (g, U, Us, V') is a maximal flag and a > b > ¢ > d are reals in
[0,1]. .

The following theorem deals with the classification of fuzzy projective lines of
fuzzy 3-dimensional projective space from fuzzy 4-dimensional vector space.

Theorem 3.1. Fuzzy 3-dimensional projective space N from fuzzy 4-dimensional
vector space A over some field K has exactly six kinds of fuzzy projective lines.

Proof. Let X' be fuzzy 3—di‘mensional projective space on V’. Then it is form as
follows

N V=01
g—a

p— bfor p € Ui\ {q}
p — c for p € U\U]
p — d for p € V\Uj.
The fuzzy projective lines of X' are one of the following forms:

1) Let L; be projective lines corresponding to the vector planes ;, and g be the
projective point corresponding to the vector line L C a.

Nyt Ly — 10,1
q—a;
p— by, for p € L;\{q}
such that a; > b;;.

2) Let M) be projective lines corresponding to the vector planes 3, and g be
a projective point corresponding to the vector line L C §.

phe © M —{0,1]
q—a;

p — ¢, for p € Mi\{q}

such that a; > ci.
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3) Let N, be projective lines corresponding to the vector planes v, and ¢ be a
projective point corresponding to the vector line L C v,.
Tlét DN — [Ov 1}
q—a
p — d;; for p € Ni\{q}.
such that a; > d;;.
4) Let Ljx be projective lines corresponding to the vector planes ;.
’(vb;jk : Ljx —[0,1]
gj — bij, forg; €L
p—cik , for pe Lic\{g;}.
such that b;; > ci.
5) Let M;; be projective lines corresponding to the vector planes Bt

‘P:th i M- [0,1]
g — by, forg; € L
p—dy , for pe M\ {g;}.
such that bij 2 dit-
6) Let Ny, be projective lines ¢orresponding to the vector planes Vit

Mige © Nee — [0, 1]
p—ci, forpe Lj
p —di , for p € N \L;.

such that c;x > dj;.
One can easly see that any fuzzy projective line is in one of above the six classes
O

Example 3.2. If we consider the subclasses \;2 and 7,95 in the example 2.1, then
the subclasses of fuzzy projective lines A}, and n/y; from fuzzy vector planes A
and 7,54 are as fallows:

22 : L2 — [0, 1]
q—a
P — big for p € Lo\{q}
and
Mizs 1 Naz — {0,1]
p—cpforallpe Ly
p—odgzforallpe N23\L2

OZET Bu galismada, fuzzy 4—boyutlu vektsér uzaymin fuzzy vek-
tor diizlemlerinin simflamasi ve fuzzy 4—boyutlu vekttr uzayindan
elde edilen fuzzy 3—boyutlu projektif uzayn fuzzy projektif dogru-
larimin simflamasi veriliyor.



ON THE CLASSIFICATION OF FUZZY PROJECTIVE LINES 23

REFERENCES

[1] Hirschfeld J.W.P., Projective Geometries over Finite Fields, Oxford Mathematical Mono-
graphs, (1998), 576 pp. .

[2} Kaya, R., Projektif Geometri, Osmangazi Universitesi Basuuevi, (2005), 392 pp.

[3] Kuijken L., Van Maldeghem H., Kerre E.E., Fuzzy projective geometries from fuzzy vector
spaces, in: A. Billot et al. (Eds.), Information Processing and Management of Uncertainty
in Knowledge-based Systems, Editions Medicales et Scientifiques, Paris, La Sorbonne, (1998),
1331-1338.

[4] Lubczonok P., Fuzzy Vector Spaces, Fuzzy Sets and Systems 38 (1990), 329-343.

[5} Vasantha Kandasamy W.B., Smarandache fuzzy algebra, American research press, (2003), 454
pPp-
Current address: Eskigehir Osmangazi University, Department of Mathematics,26480 Eskige-

hir, Turkey.



INSTRUCTIONS TO CONTRIBUTORS

Mathematics and Statistics of COMMUNICATIONS accepts original research
articles written in English in the fields of Mathematics and Statistics. Review
articles written by eminent scientists can also be invited by the Editor.

Three copies of the manuscripts must be submitted in AMS Article Tex format.

Formulas should be numbered consecutively in parentheses ( ) and each rnanuscript
should be accompanied by classification numbers from the American Mathematical
Society's classification scheme.

It is a fundamental condition that articles submitted to Communications have not
been previously published and will not be simultaneously submitted or published
elsewhere. After the manuscript has been accepted for publication, i.e., after
referree-recommended revisions are complete, the author will not be permitted to
rnake any new additions to the manuscript.

Before publication the galley proof is always sent to the author for correction. Thus
it is solely the author's responsibility for any typographical mistakes which occur in
their article as it appears in the Journal.

1. Title Page:

The title should not be long but should be informative. Each title page must contain
(1) The title of the paper in English, (i) The complete name(s) of the author(s), (iii)
The name and the address of the University.

2. Abstract :

The abstract should not exceed 200 words and it should condense the essential
features of the articles with the focus on the major advances in the field.

3. References :

References must be listed in alphabetical order at the end of the article and then
numbered in brackets [1]. Within the manuscript, refer to the references by their
given number, again in brackets [1]. They should be styled and punctuated
according to the following examples:

{1] Kelley, J.L., General Topology, 1970, New York: Van Nostrand.

[2] Maddox,1.J., Some incusion theorems, Proc. Glasgow Math. Assn. 6 (1964),161-
168.

Abstracts, unpublished data and personal communications should not be given in the
references but they may be mentioned in the text.

4. Footnotes: ]

Footnotes, except a possible acknowledgement of assistance or financial support on
the first page, should be avoided by being incorparated into the text.



5. Tables and Figures:

All tables and figures must be numbered consecutively throughout the paper ( Table

1, Figure 2) and also have a caption or legend.

6. Acknowledgements:

Acknowledgements should be given as short as possible at the end of the text.

7. Reprints:

25 free reprints will be provided for each paper. Irrespective of their acceptance,

manuscripts will not be returned to the authors.

8. Computer Disk:

After the acceptance of manuscripts for publication, we will ask you to submit a

revised electronic copy of the manuscript which is written in AMS tex format. For

electronic submission please visit our WEB page at
http://math.science.ankara.edu.tr/dergi/dergi htm

9.Charges:

Each paper is due to be charged for the amount of which is determined by the

administiration each year.

10. Address:

Text should be sent to the following address:

Prof.Dr. Oner CAKAR- Editor-in-Chief, Communications
Ankara University, Faculty of Sciences

06100. Tandogan, ANKARA - TURKEY





