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A STUDY TO EXAMINE BUHLMANN-STRAUB CREDIBILITY
MODEL IN GENERALIZED LINEAR MODELS

MERAL EBEGIL

ABSTRACT. Credibility theory is interested calculating weighted estimation
which is used to make balanced partition between past data and recent data.
In recent years, some well-known statistical methods are applied to credibility
theory. Nelder and Verrall (1997) set the relationship between credibility theo-
ries and generalized linear models by using Bithlmann model among credibility
models and hierarchical generalized linear model in likelihood basis among sta-
tistical models [7). In this study, the aim is to bring forward a statistical view
to the credibility theory, which is used to determine the premium in the non-life
branches of insurance. For this aim, it is tried to extend the study of Nelder and
Verrall (1997) by setting the relationship between Bihlmann-Straub credibility
model and hierarchical generalized linear models in generalized linear mixed
models. For this purpose, credibility forinula of Biihlmann-Straub model is
formed by the help of hierarchical generalized linear models. Such studies will
provide both of the insurance companies and insured people with fairer, more
sensible and more reliable determinations for the premium by making use of
different types of data in insurance sector. Moreover, establishment of a statis-
tical view to the credibility theory will save this theory from being a tool used
merely for the determination of the amount of premium in insurance sector
and will enable its applicability as a method that can be used in the science
of statistics.

1. INTRODUCTION

Over the last decade generalized linear models (GLMs) has become a widely-
used- statistical tool to model actuarial data. In this matter, start was given by
McCullagh and Nelder (1989) who offered actuarial illustrations in their study
[6]. Another study in actuarial sense was conducted by Haberman and Renshaw
(1996) [5]. One of the advantages of GLMs is that regression is no longer restricted
to normal data, but extended to distributions from the exponential family. This
property enables appropriate modeling of e.g. frequency counting, skewed data
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and binary data. Furthermore, a GLM models the additive effect of explanatory
variables on a transformation of the mean, instead of the mean itself.

For the data of an insurance portfolio, a model including both fixed effects and
random effects is necessary and random variables used in standard GLMs must
be independent. However the assumption that variables are independent can not
be provided in most of the actuarial and general statistics problems. To model
this type of data, generalized linear mixed models (GLMMs), which is a version
of GLMs, can be used. GLMMs extend GLMs by including random effects in the
linear predictor. The random effects not only determine the correlation structure
between observations on the same subject, they also take account of heterogeneity
among subjects, due to unobserved characteristics.

In actuarial context Frees et al. (1999, 2001) provide an introduction to linear
mixed models (LMMs) and illustrate how they can be used ratemaking [2, 3]. Also,
Frees et al. (2004) has done a study about normal hierarchical linear models in
actuarial context [4]. The study of Russell and Greig (1999) offered the defini-
tion and application of random effects models, as a better alternatives to empirical
credibility [8]. In these studies, in general, examples were given; however the re-
lation of the credibility models to the linear models were not theoretically shown.
Using likelihood-based hierarchical generalized linear models (HGLMs) Nelder and
Verrall (1997) describe a possible method to interpret traditional credibility theory
in the framework of GLMs. In this method, derivation for exponential families of
credibility formula for Bithlmann model by making the use of HGLM is shown. In
other words, connection of Bithlmann credibility model with GLMs is formed [7).

In this study, the study of Nelder and Verrall (1997) is based and it is tried to
form credibility formula theoretically for Bithlmann-Straub model which is the gen-
eralized form of Biithimann model. Thus, connection of Bithlmann-Straub model
with HGLMs is formed. HGLMs are GLMMs with random effects that are not
necessarily normally distributed; an assumption that is traditionally made. Conse-
quently, the study of Nelder and Verrall (1997) is extended to the Biihimann-Straub
model which is the generalized form of Bithimann model. Thereby, a statistical ap-
proach was put forward to the credibility theory that is used for determination of
the premium to be paid by the insured in non-life insurance branches. In the cred-
ibility theory, credibility estimations are done from the distribution free, without
making an assumption for distribution. However provided that the relationship
between credibility models and statistical models is formed, under the assumptions
relating to the statistical model in use, it is possible to form hypothesis tests and
confidence intervals for the credibility models too.

The second section of the study dwells upon GLMs. In third section also, forming
Biihlmann-Straub credibility model by the help of HGLMs and defining Bithlmann-
Straub credibility model in the GLMs framework are tried.
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2. GENERALIZED LINEAR MODELS (GLMS)

An important feature of GLMs is that they extend the framework of general
(normal) linear models to the class of distributions from the exponential family. The
basis of GLMs is the assumption that the data are sampled from a one-parameter
exponential distribution family of distribution. Here, some principal properties
about GLMs will be clarified. First, take a consideration of an observation y. A
one-parameter exponential family of distribution has a log-likelihood of the form
below:

+¢(y, %) (2.1)

As ¥(.) and ¢(.) are known functions; ¢ is the canonical or natural parameter
of one-parameter exponential family and ¢ is the scale or dispersion parameter
which is assumed known. Below canonical form is used to show of densities from
exponential family.
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Let Y3,Y2,..., Y, be independent random variables from a member of the expo-
nential family. The following two well-known equations can be written for distrib-
utions from this family. '

= E(Y;) = a‘g;?i) i=1,2,.n (2.3)
and
Var (Y;) = w%ﬁ—i) =V (k) t=12,.,n (2.4)

V(.) is called as the variance function. Var (Y;) is the product of two quantities
and depends on the canonical parameter (and hence on the mean).

Link function defines the relation between linear predictor and mean. A GLM
can be defined by the help of a distribution determined by a link function, like
equation (2.4), and a linear predictor.

Another important property of GLMs is that they provide around the transfor-
mation of data. Instead of a transformed data vector, a transformation of the mean
is modeled as a linear function of explanatory variables. In this context, a linear
predictor can be defined as follows

g (1) =n; = (XB); (2.5)
where 8 = (84, B, ..., Bp)’ is the parameter vector including model parameters.
X;(n x p) is the design matrix, g is the link function and 7, is the it* element of
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the so-called linear predictor. g(u) = ¢ is a special case called as canonical link
function.

3. HGLMSs AND BUHLMANN-STRAUB CREDIBILITY MODEL

In the study carried out by Nelder and Verrall (1997), how credibility theory takes
part in HGLMs is shown by the help of Bithimann credibility theory [7]. Moving
here, in this part of study credibility formula of Biihlmann-Straub model will be
obtained for exponential distribution family under the same assumptions stated by
Bithlmann-Straub (1970) [1]. When positive weights stemming from difference in
model assumptions are taken into consideration, a credibility formula like that in
Bithlmann model can be formed by using HGLM for Biihlmann-Straub model.

Let data for ¢ =1,2,..,n; let ¢t = 1,2,...,T; be described as y;; and assume
that T; = s for every i. Thus 4 index the risks within the collective. In credibility
theory, it is assumed that each risk has a risk parameter and this parameter for
risk 4 is defined as 6;. The assumptions of the model of Bithimann-Straub (1970)
are below [1].

1. The risks and hence 6;s are independently but not identically distributed.

1i. ¥it | 6; are independently but not identically distributed.

Let it be assumed that y;; | ; is distributed according to an exponential family.
Here, define 11 (6;) = E [y;; | 6;]. Note that; under the assumptions of the model,
E [yt | 6;] does not depend on t. In this case, the canonical parameter for obser-
vation y;; will not depend on t. So, let it be assumed that the statement can be
written as follows

¢ = ¢ (1 (6:) = ¢ (o) 3.1)

Here, ¢ is the canonical link function and o; is a random effect for it* group or

insured. Thus, it is u(6;) = o; for standard credibility model. If it is defined that
v; = ¢ {a;), the equation below is obtained: '

¢: =V (32)

The expression in equation (3.2) does not depend on ¢, too. This also makes
that Var [y;; | 6;] does not depend on ¢ [7].

The expressions in equation (3.1) and equation (3.2) have defined the distribution
of random variable in each risk under the condition of risk parameter ;. At the same
time, it is also necessary to define the structure of the collective the distribution of
{6; i=1,2,..,n}. For this, a “hierarchic likelihood”, h, is described and this h is
maximized. HGLM is defined by defining the kernel of the log-likelihood for ¢ ()
as [7].

a1<f)§ et az‘I/ ((f);) (33)
In the actuarial literature, the distribution of the random effects is known as
the structure of the collective. Besides, log-likelihood of 6; is described on the
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statement of ¢ (1 (6;)). The condition on 0; is originated by 1 (6;) = o;. This
statement described in equation (3.3) is the latter that we wish to estimate. From

equation (3.3) and the distribution of vit | 6;, we may define a hierarchical log-
likelihood as [7].

h= Zz ($iie | vi) + Zz (i) (3.4)

When equation (3.4) is re-arranged according to assumptions of Biihlmann-
Straub model, it is obtained as follows

hzg;cﬁ%ﬁ%ﬁ»*”W“Wm0+%#-%WWD (35)

where m; is a known constant representing the amount of exposure during the
h policy period. In this case, an estimate of u(#;) = ¢; is required. The mean
random effects {a;: i=1,2,...,n} are estimated by maximizing the hierarchical
likelihood, equation (3.4), as follows. During this process, with a difference from
Bithlmann model, resulting weights from difference in assumptions of Bithlmann-
Straub model will be taken into consideration. These weights are shown as m; in
equation (3.5).
Using equation (2.3) is concluded as follows,

V@) i1,2,.0m
31/z
i oh
Thus g (y L Trme ) + a; — apq; is stated. Equating £
Zm (y” °‘>+a1—a2ai=0 i=12,..,n
thyit — mo; + pa; — pat; =0 (3.6)

t=1

S
where, m = ) m,; After necessary computations are done by using equation

t=1
(3.6), it is obtained as follows
L]

thyit + pa1

—~ t=1

o = —————— 7:=1,2,...,n
m + pag
s
Emtyit
_ m t=1 paz o4y
m + pag m m + pag ag

=2y, + (1~ 2)u
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where, 7; = —thy,t, Z = E—&%&; and p = e . Z is called as Biihlmann-

Straub credibility factor and m is the total exposure for all policy periods.

Thus, estimation of a;, by choosing distribution described in equation (3.3) for
random effects and by using canonical link function, is in the form of a credi-
bility estimation providing E (u (6:)) = %. This obtained form corresponds to
Biihimann-Straub model from known crediﬁility models. Thus, credibility Formula
of Bithlmann-Straub model is derived by the using of GLMs.

4. CONCLUSION

Linear models are statistical tools which are broadly used in modeling many types
of data. For distributions from the exponential family GLMMs extend GLMs by
including random or subject-specific effects next to the fixed effects in the structure
for the linear predictor. HGLMs are GLMMs with random effects that are not
necessarily normally distributed. The data in an insurance portfolio include both
fixed effects and random effects. For this reason, Actuarial data can be modeled
by GLMs.

In this study, by using HGLMs which is a special type of GLMMs included
in GLMs, it is shown that how credibility formula of Btihimann-Straub credibility
model are formed theoretically. Thus, the link between GLMMs which are appropri-
ate to model actuarial data and Biithlmann-Straub credibility model is established.
In conclusion, the models in credibility theory can be used more extensive range by
GLMs

The advantages of putting the credibility models into such a statistical model
framework are (i) to enrich actuaries’ choices of the credibility models (ii) to provide
actuaries with a disciplined process for choosing the models and (iii) to provide ac-
tuaries with the chance of obtaining more reliable and accurate credibility premium
estimates by blending available information in actuarial science. So, the actuarial
data can be modeled in a broad field. That is, the framework of HGLMs allows a
more extensive range of models to be used than straightforward credibility theory.
By linking Biihlmann-Straub credibility model to HGLMs, usage of Bithlmann-
Straub model which is one of the credibility models is extended by making it be
used in modeling many different types of data such as skewed data and binary data.
In addition, such studies will contribute to the establishment of a scientific basis
for the insurance sector. Credibility models, like linear models, form a subset of
the applications of statistical models to the actuarial science.

In conclusion, by establishing the relation of the credibility models to the statisti-
cal models, it was possible to put forward a statistical view to the credibility theory
,which is a method used for the assessment of the amount of insurance premium.
Establishment of a statistical view to the credibility theory redeems the credibility
theory from being merely an instrument for the determination of premium payment
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in insurance sector and makes this theory a useful method, which can also find ap-
plication in the science of statistics. In short, by linking the credibility models to
statistical models, it becomes possible to apply the statistical methods the credi-
bility models as well. Thus, it becomes possible to follow a disciplined process with
scientific basis for the credibility theory.

OZET. Kredibilite teorisi, gegmise ait veriler ile son déneme iligkin ver-
iler arasinda dengeli bir paylagtirma yapmak icin kullamlan agirhkh
tahmini hesaplama ydntemidir. Son yillarda, iyi bilinen baz: istatis-
tiksel metotlar kredibilite teorisine uygulanmaktadir. Nelder ve Verrall

» (1997)’deki gahgmalarinda, kredibilite modellerinden Biihimann mod-
eli ile istatistiksel modellerden likelihood’a dayah hiyerargik genellestir-
ilmig dogrusal modelleri kullanarak, kredibilite teorisi ile genellegtirilmis
dogrusal modeller arasindaki iligkiyi kurmuglardir [7]. Bu ¢aligmada, sig-
ortacihkta hayat dis: sigorta branglarinda prim belirlemekte kullanilan
kredibilite teorisine istatistiksel bir baks acis1 getirilmesi amaclanmigtir.
Bu amagla, Nelder ve Verrall (1997)’in ¢ahgmalar1 Btihlmann-Straub
kredibilite modelinin genellestirilmig dogrusal karma modeller icinde yer
alan hiyerarsik genellestirilmis dogrusal modellerle baglantis1 kurularak
genigletilmeye ¢ahgilmigtir. Bu nedenle, Bithlmann-Straub modelinin
hiyerarsik genellestirilmis dogrusal modeller yardimiyla kredibilite for-
miilii olugturulmugtur. Bdylece bu tiir cahgmalar, sigortacihk sektsriitnde
farkh veri tipleri kullamilarak, hem sigorta girketi hem de sigortahlar
agisindan daha adil, duyarh ve saghkl prim miktarlan belirlenmesini
saglayacaktir. Ayrica kredibilite teorisine istatistiksel bakig agis1 kazandir-
mak, kredibilite teorisini sadece sigortacihik sekttriinde prim miktarim
belirlemede kullamlan bir arag¢ olmaktan kurtarip istatistik biliminde de
kullanilabilecek bir yéntem haline getirecektir.
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