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Abstract

Hayden [1] introduced a semi symmetric metric connection on the Rie-
mannian manifolds. This definition was developed by Yano [2] and Imai
[3-4]. In [5], we examined the Weyl manifold, which is the generalization of
the Riemannian manifold, admitting a semi symmetric connection. Pavel
Enghish [6-7] examined the recurrency and generalized recurrency on the
Riemannian manifolds with respect to symmetric and semi symmetric
connections.

The aim of this paper is to obtain the relations between different types
of the Weyl manifolds under some special conditions which are concerning
the definitions of generalized recurrency, generalized conformally recur-
rency and generalized projectively recurrency.
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1 Introduction

An n-dimensional manifold which has a symmetric connection V and a confor-
mal metric tensor g;; is said to be Weyl manifold, if the compatible condition
is in the form of

Vigij — 2gi;1% =0

where 73, is a covariant vector field. Such a Weyl manifold will be denoted by
Wa(gij, ) [8]-
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. ; =t % 2 .
The coefficients I';; and I';, of the symmetric connection V and the semi

symmetric connection V, respectively, on the Weyl manifold are related by [5]
Ty, = Dip + .55 — ¢S’ (1.1)

where S; = —2a; and a; is an arbitrary covariant vector.
The torsion tensor T7j, with respect to semi symmetric connection is defined

by _ . .
;k = 5";53- — 5:;-Sk (1.2)

; . —h
The relation between the mixed curvature tensors R?j  and R of V and
V is obtained as

—h

Rij = Riyi, + 01Sij — 67 Sk + 919" Su — ging™ S (1.3)

where

1 .
Sij = V;Si— 5;8; + §gijg“3ksl (1.4)

and V;S5; denotes the covariant derivative of §; with respect to V.
By transvecting the equation (1.3) by g, and contracting on the indices h
and k in (1.3), we have the following relations, respectively,

Bisge = Rowiih+ GmiiSis — Grmg ik + G55 Sereke = GileSmas (1.5)

Rij = Rij + (n—2) Si; + Sgij, where S=g""S, (1.6)

where R;; and R; ; denote the Ricci tensors of V and V.
By using the definitions of R and R, we get

R=R+2n-1)8 (1.7)

where R and R denote the scalar curvatures of V and V, respectively.

2 The Generalized Recurrent Weyl Manifolds

In this paper, the concepts of W manifold and WS manifold mean Weyl mani-
folds admitting the symmetric connection V and the semi symmetric connection
V, respectively.

Definition 1 The Weyl manifold is called recurrent WS manifold, if the mixzed

—h —
curvature tensor R, of V satisfies the condition

— —h

— —h

where . is the recurrency vector of WS manifold.
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If it satisfies the condition
— e _ —h
ViR = @p Ry + 0 Ky (2.2)

where F?J i 1s the generalized recurrency tensor, then the Weyl manifold is said
to be generalized recurrent WS manifold. In (2.2), $,. and @, are the generalized
recurrency vectors of WS manifold.

According to the Definition 1, it can be easily seen that each recurrent WS
manifold is generalized recurrent. However, the converse of the given statement
is not true in general case. So we prove a necessary and sufficient condition for
a generalized recurrent WS manifold to be recurrent by the following theorem:

Theorem 2 A generalized recurrent WS manifold is recurrent if and only if the

: —=h . ; —h
generalized recurrency tensor K ;. is proportional to the curvature tensor Rjy

of V.

Proof. Suppose that a generalized recurrent WS manifold is recurrent. Then,
equaling (2.1) and (2.2) leads to

Ry = [(X%‘E)] B, (2.3)

where @,a" =@ and (A, —3,)@T =A—7
Conversely; for a generalized recurrent WS manifold, suppose that the gen-

; . . =/ =
eralized recurrency tensor is proportional to the curvature tensor R;jk of V.
Then, we have (2.2) and

From (2.2) and (2.4), we obtain

sy el e _
ViR = ARy (Ar =9, + aar)

which completes the proof. m
Definition 3 The Weyl manifold satisfying the condition

VrRij =B, Rij + 8, Ky (2.5)
is called generalized Ricci recurrent WS manifold.

The Weyl manifold is called generalized scalar recurrent WS manifold, if it
satisfies the condition

V.R=9p,R+aK (2.6)

Lemma 4 A generalized recurrent WS manifold is generalized Ricci recurrent
and a generalized Ricci recurrent WS manifold is also generalized scalar recur-
rent.
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Definition 5 The Weyl manifold is called generalized recurrent W manifold,

if the mized curvature tensor ka of V satisfies the condition

Vv Rzﬂc SOTRL‘]FC + a‘T’K (27)

where th is the generalized recurrency tensor of W manifold. In (2.7), ¢, and
a, are the generalized recurrency vectors of W manifold.

Theorem 6 A recurrent WS manifold with the tensor S;; satisfying V,S;; =
A Sij. where A, is the recurrency vector of WS manifold, is a generalized recur-
rent W manifold.

; o s —h ; ;
Proof. By differentiating the curvature tensor R?;  covariantly with respect to
V, we obtain

7 Em,‘ =V, Rl + 07 (V.Sij) — 07 (VeSi) + 959" (VoSik) — ging” (V7kslj))
2.8

denotes the covariant derivative of the curvature tensor R e W rth

h
where V RU .

respect to V.
Substituting the covariant derivative of the curvature tensor R?jk with re-

spect to V given by

V.Rly =V.RE, + R} (2.9)

1jkr
where

R?Jlﬂ = 8" (anjkgﬂ‘ + R?mkng + R?jmgk?‘) (R’jks i R:lrks gy R S/‘u)
+ ka (6f5771 - gmrsh)

into (2.8), we get

v szk Sr (VeSij) + 87 (VeSix) — 919" (Vo S) + ging™ (V2 Sy;)  (2.10)
= V,Rl, +R!

ijkr-

By using vTSZ-j = XTSZ-]- and (2.1), (2.10) reduces to
Vv ngk A R,ij R!

ijkr

which is compatible with the Definition 5. m

3 The Generalized Conformally Recurrent Weyl
Manifolds

The conformal curvature tensor éi}k of V on the Weyl manifold is defined by
[5]

h —h 1 =t 1 —n 1 —h R
:Rijkfgéi lekerAz‘jk*—B“ - Gy

¢ n(n—2)""% (n—1)(n—2) “*

(3.1)

ijk
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where — B _ B B
A = 5?Rz'k — R Rij — 9i39™ Ronk + Ging™ Rinj,

—h hst h5t sl =
Bz’jk = 59' Ry — 5;;313@ = 9i;9"" R, + Gik g™ lem’

G%k = 5?9m - 529@7’-

—h . —
The conformal curvature tensors C’Z p and O of the connections V and V
are related by [5]

—h

Cijk: = Cihjk (3.2)
Definition 7 The Weyl manifold is called generalized conformally recurrent
h

WS manifold, if the conformal curvature tensor E”.k_ of the connection ¥V satis-

fies the condition

— —h _ —h _ =—h
VeCir = XrCljr + B M5 (3-3)
where Y, and ¢, are the generalized conformally recurrency vectors of WS man-

: A :
ifold having M ;j, . as the generalized conformally recurrency tensor.

Lemma 8 A generalized recurrent WS manifold is generalized conformally re-
current.

Theorem 9 A generalized conformally recurrent WS manifold is generalized
recurrent with the same recurrency vectors if and only if WS manifold is gener-

—h ,
alized Ricci recurrent and M, is defined by

—h —h 1 h==t 1 h=— h=> N h=
M= Kyip = Eai Ky + n_9 {5j K= 0Ky — gijg7?1}LKvwzk + Qikgmthj}

YD) {5?K.zki — 61K i — 959" K o + 9irg hKljm} (3.4)
K h h
- g (et

where fﬁ? . 1s the generalized recurrency tensor of WS manifold.
Proof. Suppose that a generalized conformally recurrent WS manifold is gener-
alized recurrent with the same recurrency vectors ¥, and ¢.. Then, by Lemma
4, WS manifold is also generalized Ricci recurrent. By substituting (3.1), (2.2)
and (2.5) in Definition 7, IM{;- i 1s obtained as given in the theorem.
Conversely, let a generalized conformally recurrent WS manifold be general-
ized Ricci recurrent with the same recurrency vectors ,., ¢, and ﬁ; , be as in
the theorem. In this case, we have (3.3) and from (2.5)

196



Fen Bilimleri Dergisi, 25(4) (2013) 192-201.

By substituting (3.1), (3.5) and (3.4) in Definition 7, we get

h
ik

— —h —h —
VT'Rijk = YTRijk + ET-K
which completes the proof. m

Definition 10 The Weyl manifold is called conformally recurrent W manifold,

if the conformal curvature tensor C%k of V satisfies the condition

VG = B.Cisi (3.6)

where 3, is the conformally recurrency vector of W manifold.

o ; —h = ; i
Similarly, if the conformal curvature tensor C,;;. of V satisfies the condition

= —=h — —h
Vel =805z (3.7)

where 3, is the conformally recurrency vector, the Weyl manifold is called con-
formally recurrent WS manifold.

Definition 11 The Weyl manifold is called generalized conformally recurrent
W manifold, if the conformal curvature tensor Cf;k of V satisfies the condition

vT'CZ'hjkﬂ = X?“C?}:Lyk + C"f'ﬂ/fzfl}k (38)

where f‘vfif;k 1s the generalized conformally recurrency tensor of W manifold.
In (3.8), x, and c, are the generalized conformally recurrency vectors of W
manifold.

Theorem 12 Fach conformally recurrent WS manifold is a generalized confor-
mally recurrent W manifold. Similarly, each conformally recurrent W manifold
is a generalized conformally recurrent WS manifold.

Proof. Suppose that WS manifold is conformally recurrent. By (3.2), we get
V.Cr = V,Ch, (3.9)

By using the covariant derivative of the conformal curvature tensor C;lj . with

respect to V, we have -
V,Chy =V,.Cki + CF (3.10)

7 ijkr

where
C"f;'kr =8 (C'r})l?,jkgi?" + C’?mkgj?’" + C%mgk?‘) - (ijksﬁ + Cz}:"ks.? + C@%rsk)
o (5,’35m - ngSh') .
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By substituting (3.10) into (3.9), it is obtained as

Vil = VOk

ijk

+Cf

ijkr

(3.11)
By using (3.7) and (3.2) in (3.11), we obtain

h
zjk ﬁr mk L].‘cr'

According to Definition 11, the above equation means that we obtain a gener-
alized conformally recurrent W manifold.

For proving the second part of the theorem, suppose that W manifold is
conformally recurrent. By using (3.6) and (3.2) in (3.11), we get

= —h
Vrcij 6 Cq_}lf + Cz_]k'r‘

showing that conformally recurrent W manifold is a generalized conformally
recurrent WS manifold. m

4 The Generalized Projectively Recurrent Weyl
Manifolds

. . =—=h = . .
The projective curvature tensor W, of V on the Weyl manifold is defined as
follows [5]:

—h (527 — — 1 h— —
(4.1)
where

By using the equations (1.3) and (1.6), we get the following relation be-

. . —h
tween projective curvature tensors W/ i7e and W of the symmetric and semi

symmetric connections V and V by

1
Wi = Wikt — 81V + (5 g K-L-k) 050" Sk — ging" S0
(4.2)

where
Kij = nSi; + Sji + (n+ 1) Sgij-

Definition 13 The Weyl manifold is called genemlized projectively recurrent
WS manifold, if the projective curvature tensor W/ of the connection ¥V sat-

isfies the condition

ijk
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— —h ——h = —h
VeWiie = 0 Wijp + de Ny, (4.3)

where ¢, and d, are the generalized projectively recurrency vectors of WS man-

‘ 5 ——=h : ; .
ifold having N ;j ;. as the generalized projectively recurrency tensor.

Theorem 14 If the vector Sy is gradient in a generalized recurrent WS mani-
fold, then the manifold is generalized projectively recurrent.

Proof. If the vector Sy is gradient in the WS manifold, then by differentiating
: P — ; . «

the projective curvature tensor W;J i given by (4.1) covariantly with respect to

V and applying the condition of generalized recurrency, we find

— —h —h —h
VWi = (@Rijk ¥ aTKz'jk)

5t = R K
# e {4 8T e) ~ (7, + 5K

By using the equation (4.1) in (4.4), we obtain

— —h _ =—h _ —=—=h
vTWijk: = SDT‘W?ljk + a‘TNz'jk-

where
h —=h 5? 7= S 74 1 B T N7 h( = =
|
Definition 15 If the projective curvature tensor Wz . of V satisfies the condi-
tion . .
VWi =7 Wik (4.5)

where 7, is the projectively recurrency vector, the Weyl manifold is called pro-
jectively recurrent WS manifold.

Definition 16 The Weyl manifold is called generalized projectively recurrent
W manzifold, if the projective curvature tensor W:;k of V satisfies the condition

Verﬁ'k = CbrLVi};'k + dTN;;k (4.6)

where N{;k 15 the generalized projectively recurrency tensor while ¢, and d, are
the generalized projectively recurrency vectors of W manifold.
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Theorem 17 A projectively recurrent WS manifold with the tensors S;jand
K;; satisfying the conditions VTSZ-J- = 7.8 , VTK@ = %,.K;;, where 5, is
the projectively recurrency vector of WS manifold. is a generalized projectively
recurrent W manifold.

Proof. By differentiating covariantly (4.2) with respect to V, after some al-
geabric calculations, we get

g5

T W v h P =
VeWige = VoW + 7 VrSia)
Vel [5WTKU - 5?@&'4 +gi9" (VoSu) (A7)

- gik’ghl (vr'slj) .

In (4.7), V, W}, denotes the covariant derivative of the projective curvature
tensor Wi’; . of W manifold with respect to V given by

VoWl =V Wl + Wh (4.8)

7 ijkr
where
h % h h h I; li h
Wijkr =S5 (ijkgir i Wim}cng + Wijmgkr) - (Wr‘;ksl i Wiiksj =+ WlJTSk)
+ V @’TA (52577@ - gm'r'Sh) 3

By substituting (4.8) into (4.7), we obtain

= T 25? — 1 hs hs
e (619, K — 69 K| (4.9)

—9i39™ (VeSu) + ging™ (VirSy) = VoWl + Wl

By the conditions VTSH =544 WTK@- = 7%, K;; and the Definition 15, (4.9)
reduces to the equation

eri]}k = %LV;};: -w}

ijkr

meaning that the manifold is a generalized projectively recurrent W manifold.
|
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