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ABSTRACT

We obtain a new and simple splitting of Einstein field equations with respect to the (1 + 1 + 3)
threading of a 5D universe (M̄, ḡ). The study is based on the spatial tensor fields and on the
Riemannian spatial connection, which behave as 3D geometric objects. All the equations are
expressed with respect to the adapted frame field and the adapted coframe field induced by the
(1 + 1 + 3) threading of (M̄, ḡ). In particular, we obtain the splitting of the Einstein field equations
in a 5D Robertson-Walker universe.
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1. Introduction

This paper is a continuation of the papers [1, 2] of the first author devoted to Raychaudhuri equations and
to equations of motion in a 5D universe. According to the new approach presented in the above mentioned
papers, the 5D universe M̄ = M ×K is studied by means of the submersion of M̄ on the 4D spacetime M . We
should stress that in all the other theories of a 5D universe, the study was performed by considering M as a
submanifold embedded in M̄ ( cf. [4, 5])

The spatial tensor fields, the kinematic quantities and the covariant derivatives induced by the Riemannian
spatial connection, are the main tools used in the paper. We start from the coordinate-free form of the Einstein
field equations (EFE) and by using the adapted frame field on M̄ , we obtain the local form of the 15 (EFE). As
an application we write down the (EFE) for a 5D Robertson-Walker universe.

Now, we outline the content of the paper. In Sect. 2 we recall from [1] the geometric configuration of a 5D
universe. The structure equations induced by the (1 + 1 + 3) threading of a 5D universe are obtained in Sect.3
(cf. (3.9)-(3.12)). These equations are splitting in Gauss equations, Codazzi equations and Ricci equations for
the spatial distribution of the 5D universe (M̄, ḡ). In Sect.4 we obtain the local components of the Ricci tensor of
(M̄, ḡ) with respect to the adapted frame field (cf.(4.6)), and the scalar curvature of (M̄, ḡ) (cf. (4.9)). The spatial
Ricci tensor and the spatial scalar curvature characterize the geometry of the spatial distribution, which in our
study is not necessarily integrable. These geometric objects enable us in Sect.5 to proceed to the splitting of
(EFE) in (M̄, ḡ) (cf. (5.6), (5.8)-(5.12)). We succeed to pick out the six spatial Einstein field equations (SEFE) (5.6)
in which appears for the first time in literature the spatial Einstein gravitational tensor field. In Sect.6 we apply
the general theory to the 5D Robertson-Walker universe. We should note that equations (6.13), (6.16) and (6.17)
show us that some local components of the energy-momentum tensor must vanish, and the warping function
should be a solution for two PDE. We close the paper with Conclusions and an Appendix.
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2. The geometric configuration of a 5D Universe

In this section we present the main geometric objects induced by the (1 + 1 + 3) threading of a 5D universe
[1, 2].

Let M and K be manifolds of dimension four and one respectively, and M̄ = M ×K be the product bundle
over M with fibre K. We have a coordinate system (xa) = (xi, x4) on M̄ , where x4 is the fibre coordinate and
(xi) is a coordinate system on M . Suppose that M̄ is endowed with a Lorentz metric ḡ such that

ḡ(η, η) = Ψ2, (2.1)

where η is a globally defined vector field on M̄ that is locally given by ∂/∂x4. Denote by VM̄ the line bundle
spanned by η and by HM̄ the complementary orthogonal vector bundle to VM̄ in the tangent bundle TM̄ of
M̄ . We call VM̄ (resp. HM̄ ) the vertical distribution (resp.horizontal distribution) on M̄ . Now, suppose that on M
exists a globally defined horizontal vector field U such that locally we have U = ∂/∂x0. Then it is proved in [1]
that there exists a globally defined horizontal vector field ξ on M̄ , which is locally given by

δ

δx0
=

∂

∂x0
−A0

∂

∂x4
, (2.2)

and it is timelike with respect to ḡ, that is, we have

ḡ(
δ

δx0
,
δ

δx0
) = −Φ2. (2.3)

The timelike vector field ξ and the spacelike vector field η are called the 4D velocity and the 5D velocity,
respectively. The line bundle spanned by ξ on M̄ is denoted by T M̄ and it is called temporal distribution. The
complementary orthogonal bundle to T M̄ in HM̄ is denoted by SM̄ , and it is called the spatial distribution.
Then we have the orthogonal decomposition of the tangent bundle of M̄

TM̄ = T M̄ ⊕ SM̄ ⊕ VM̄. (2.4)

Throughout the paper we use the following ranges of indices: a, b, c, ... ∈ {0, 1, 2, 3, 4}, i, j, k, ... ∈ {0, 1, 2, 3},
and α, β, γ, ... ∈ {1, 2, 3}. For any vector bundle E over M̄ denote by Γ(E) the F(M̄)-module of smooth sections
ofE, whereF(M̄) is the algebra of smooth functions on M̄ .Also, to express in a simple way some long formulas,
we use notations like this:

A(βγ){ωαβΦγ + ωαβ|γ} = ωαβΦγ − ωαγΦβ + ωαβ|γ − ωαγ|β .

The decomposition (2.4) enables us to use in the study the adapted frame field {δ/δx0, δ/δxα, ∂/∂x4} and the
adapted coframe field {δx0, dxα, δx4} on M̄ , where we put

(a) δ
δxα = ∂

∂xα −Bα
δ
δx0 −Aα ∂

∂x4 ,

(b) δx0 = dx0 +Bαdx
α, (c) δx4 = dx4 +Aidx

i.
(2.5)

As the fibres of T M̄ are timelike, the Lorentz metric ḡ induces on S(M̄) a Riemannian metric h with local
components

hαβ = h

(
δ

δxβ
,
δ

δxα

)
= ḡ

(
δ

δxβ
,
δ

δxα

)
. (2.6)

Thus, the line element on M̄ with respect to the adapted coframe field has the form

ds̄2 = −Φ2(δx0)2 + hαβdx
αdxβ + Ψ2(δx4)2. (2.7)

Next, we recall from [1] the kinematic quantities on M̄ .
First, the 4D vorticity ωαβ and the 5D vorticity ηαβ are given by

(a) ωαβ = 1
2A(αβ)

{
δBβ
δxα

}
,

(b) ηαβ = 1
2A(αβ)

{
δAβ
δxα +Bα

δA0

δxβ

}
.

(2.8)

Then, the 4D expansion tensor field Θαβ and the 5D expansion tensor field Kαβ are expressed as follows:
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(a) Θαβ =
1

2

δhαβ
δx0

, (b) Kαβ =
1

2

∂hαβ
∂x4

. (2.9)

The trace of these spatial tensor fields define the 4D expansion function Θ and the 5D expansion function K given
by

(a) Θ = Θαβh
αβ , (b) K = Kαβh

αβ . (2.10)

Also, the trace-free spatial tensor fields σαβ and Hαβ given by

(a) σαβ = Θαβ −
1

3
Θhαβ , (b) Hαβ = Kαβ −

1

3
Khαβ , (2.11)

are called the 4D shear tensor field and the 5D shear tensor field on M̄ , respectively.
The Lie brackets of vector fields from the adapted frame field are expressed as follows:

(a)
[
δ
δxβ

, δ
δxα

]
= 2ωαβ

δ
δx0 + 2ηαβ

∂
∂x4

(b)
[
δ
δxα ,

δ
δx0

]
= bα

δ
δx0 + aα

∂
∂x4 ,

(c)
[
δ
δxα ,

∂
∂x4

]
= dα

δ
δx0 + cα

∂
∂x4 ,

(d)
[
δ
δx0 ,

δ
δx4

]
= a0

∂
∂x4 ,

(2.12)

From (2.12d) we see that the distribution T M̄ ⊕ VM̄ is integrable.
Next, we denote by ∇̄ the Levi-Civita connection defined by ḡ on M̄ , and recall from [1] the Riemannian spatial

connection ∇ on the spatial distribution SM̄ given by

∇XSY = S∇̄XSY, ∀ X,Y ∈ Γ(TM̄), (2.13)

where S is the projection morphism of TM̄ on SM̄ with respect to the decomposition (2.4). Locally, ∇ is given
by

(a) ∇ δ

δxβ

δ
δxα = Γ γ

α β
δ
δxγ , (b) ∇ ∂

∂x0

δ
δxα = Γ γ

α 0
δ
δxγ

(c) ∇ ∂
∂x4

δ
δxα = Γ γ

α 4
δ
δxγ ,

(2.14)

where we put

(a) Γ γ
α β = 1

2h
γµ
{
δhµα
δxβ

+
δhµβ
δxα −

δhαβ
δxµ

}
,

(b) Γ γ
α 0 = Θγ

α + Φ2ωγα, (c) Γ γ
α 4 = Kγ

α −Ψ2ηγα.
(2.15)

The pair (M̄, ḡ) with the geometric configuration described in this section is called a 5D universe. As it was
explained in [1] this 5D universe is different from the ones considered in both the brane-world theory [3, 4] and
the space-time-matter theory [5, 6].

We close this section with the local expressions of Levi-Civita connection ∇̄ on the 5D universe (M̄, ḡ) (cf.
[1]):
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(a) ∇̄ δ

δxβ

δ
δxα = Γ γ

α β
δ
δxγ +

(
ωαβ + Φ−2Θαβ

)
δ
δx0

+
(
ηαβ −Ψ−2Kαβ

)
∂
∂x4 ,

(b) ∇̄ δ
δx0

δ
δxα = Γ γ

α 0
δ
δxγ + (Φα − bα) δ

δx0

+ 1
2

(
Φ2dαΨ−2 − aα

)
∂
∂x4 ,

(c) ∇̄ ∂
∂x4

δ
δxα = Γ γ

α 4
δ
δxγ + 1

2

(
Ψ2aαΦ−2 − dα

)
δ
δx0

+ (Ψα − cα) ∂
∂x4 ,

(d) ∇̄ δ
δxα

δ
δx0 = Γ γ

α 0
δ
δxγ + φα

δ
δx0 + 1

2

(
Φ2dαΨ−2 + aα

)
∂
∂x4 ,

(e) ∇̄ δ
δxα

∂
∂x4 = Γ γ

α 4
δ
δxγ + 1

2

(
Ψ2aαΦ−2 + dα

)
δ
δx0 + Ψα

∂
∂x4 ,

(f) ∇̄ ∂
∂x4

δ
δx0 = 1

2

(
Ψ2aγ − Φ2dγ

)
δ
δxγ + φ4

δ
δx0 + (Ψ0 − a0) ∂

∂x4 ,

(g) ∇̄ δ
δx0

∂
∂x4 = 1

2

(
Ψ2aγ − Φ2dγ

)
δ
δxγ + φ4

δ
δx0 + Ψ0

∂
∂x4 ,

(h) ∇̄ δ
δx0

δ
δx0 = Φ2 (φγ − bγ) δ

δxγ + φ0
δ
δx0 + Φ2Φ4Ψ−2 ∂

∂x4 ,

(i) ∇̄ ∂
∂x4

∂
∂x4 = Ψ2 (cγ −Ψγ) δ

δxγ + Ψ2(ψ0 − a0)Φ−2 δ
δx0 + Ψ4

∂
∂x4 ,

(2.16)

where we put

(a) Φi = Φ−1 δΦ
δxi , (b) Ψi = Ψ−1 δΨ

δxi ,

(c) Φ4 = Φ−1 ∂Φ
∂x4 , (d) Ψ4 = Ψ−1 ∂Ψ

∂x4 .
(2.17)

3. Structure equations induced by the (1 + 1 + 3) threading of a 5D Universe

The Riemannian spatial connection ∇ defined in [1] is a metric linear connection on the spatial distribution
SM̄ , and its curvature tensor field is given by

R(X,Y,SZ) = ∇X∇Y SZ −∇Y∇XSZ −∇[X,Y ]SZ, (3.1)

for all X,Y, Z ∈ Γ(TM̄). Locally, we put:

R
(
δ
δxγ ,

δ
δxβ

, δ
δxα

)
= R µ

α βγ
δ
δxµ ,

R
(
δ
δxγ ,

δ
δx0 ,

δ
δxα

)
= R µ

α 0γ
δ
δxµ ,

R
(
δ
δxγ ,

∂
∂x4 ,

δ
δxα

)
= R µ

α 4γ
δ
δxµ ,

R
(
δ
δx0 ,

∂
∂x4 ,

δ
δxα

)
= R µ

α 4 0
δ
δxµ .

(3.2)

Then by direct calculations using (3.1), (3.2), (2.12) and (2.14) we obtain

(a) R µ
α βγ =

δΓµαβ
δxγ −

δΓµαγ
δxβ

+ ΓναβΓµνγ − ΓναγΓµνβ

−2ωβγΓµα0 − 2ηβγΓµα4,

(b) R µ
α 0γ =

δΓµα 0

δxγ −
δΓµαγ
δx0 + Γνα 0Γµνγ − ΓναγΓµν 0

−bγΓµα0 − aγΓµα4,

(c) R µ
α 4γ =

δΓµα 4

δxγ −
∂Γµαγ
∂x4 + Γνα 4Γµνγ − ΓναγΓµν 4

−dγΓµα0 − cγΓµα4,

(d) R µ
α 4 0 =

δΓµα 4

δx0 − ∂Γµα 0

∂x4 + Γνα 4Γµν 0

−Γνα 0Γµν 4 − a0Γµα4.

(3.3)
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Now, let R̄ be the curvature tensor field of the Levi-Civia connection ∇̄ on the 5D universe (M̄, ḡ). Then with
respect to the adapted frame field { δ

δx0 ,
δ
δxα ,

∂
∂x4 }we express R̄ as follows:

(a) R̄
(
δ
δxγ ,

δ
δxβ

, δ
δxα

)
= R̄ 0

α βγ
δ
δx0 + R̄ µ

α βγ
δ
δxµ + R̄ 4

α βγ
∂
∂x4 ,

(b) R̄
(
δ
δxγ ,

δ
δx0 ,

δ
δxα

)
= R̄ 0

α 0γ
δ
δx0 + R̄ µ

α 0γ
δ
δxµ + R̄ 4

α 0γ
∂
∂x4 ,

(c) R̄
(
δ
δxγ ,

∂
∂x4 ,

δ
δxα

)
= R̄ 0

α 4γ
δ
δx0 + R̄ µ

α 4γ
δ
δxµ + R̄ 4

α 4γ
∂
∂x4 ,

(d) R̄
(
δ
δx0 ,

∂
∂x4 ,

δ
δxα

)
= R̄ 0

α 4 0
δ
δx0 + R̄ µ

α 4 0
δ
δxµ + R̄ 4

α 4 0
∂
∂x4 .

(3.4)

In this section we use the calculation performed in the Appendix. First, by comparing (3.4a) with (A4), we
deduce that

(a) R̄ µ
α βγ = R µ

α βγ +A(βγ)

{
(ωαβ + Φ−2θαβ)Γ µ

γ 0

+(ηαβ −Ψ−2Kαβ)Γ µ
γ 4

}
,

(b) R̄ 0
α βγ = A(βγ)

{
ωαβ|γ + Φ−2

(
θαβ|γ + θαγΦβ

)
+ ωαβΦγ

+ 1
2

(
Ψ2aγΦ−2 + dγ

) (
ηαβ −Ψ−2Kαβ

)}
−2(Φα − bα)ωβγ − (Ψ2aαΦ−2 − dα)ηβγ ,

(c) R̄ 4
α βγ = A(βγ)

{
ηαβ|γ + Ψ−2

(
Kαγ|β +KαβΨγ

)
+ ηαβΨγ

+ 1
2 (Φ2dγΨ−2 + aγ)(ωαβ + Φ−2θαβ)

}
− 2(ψα − cα)ηβγ

−(Φ2dαΨ−2 − aα)ωβγ .

(3.5)

Similarly, by comparing (3.4b), (3.4c) and (3.4d) with (A5), (A6) and (A7) respectively, we obtain

(a) R̄ µ
α 0γ = R µ

α 0γ + (Φα − bα) Γ µ
γ 0

+ 1
2

(
Φ2dαΨ−2 − aα

)
Γ µ
γ 4 −

(
θαγ + Φ2ωαγ

)
(Φµ − bµ)

− 1
2

(
ηαγ −Ψ−2Kαγ

)
(Ψ2aµ − Φ2dµ),

(b) R̄ 0
α 0γ = Φα|γ − bα|γ −

(
ωαγ + Φ−2θαγ

)
|0

−(ωαµ + Φ−2θαµ)Γ µ
γ 0 + (Φα − bα) (Φγ − bγ)

−Φ0

(
ωαγ + Φ−2θαγ

)
− Φ4(ηαγ −Ψ−2Kαγ)

+ 1
4 (3dαaγ − aαdγ + Φ2dαdγΨ−2 − 3Ψ2aαaγΦ−2),

(c) R̄ 4
α 0γ = 1

2

(
Φ2dαΨ−2 − aα

)
|γ −

(
ηαγ −Ψ−2Kαγ

)
|0

−
(
ηαµ −Ψ−2Kαµ

)
Γ µ
γ 0 + 1

2 (Φα − bα)
(
Φ2dγΨ−2 + aγ

)
+ 1

2 (Ψγ − cγ)
(
Φ2dαΨ−2 − aα

)
−Φ2Φ4Ψ−2

(
ωαγ + Φ−2θαγ

)
−Ψ0

(
ηαγ −Ψ−2Kαγ

)
−(Ψα − cα)aγ ,

(3.6)
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(a) R̄ µ
α 4γ = R µ

α 4γ + 1
2

(
Ψ2aαΦ−2 − dα

)
Γ µ
γ 0 + (Ψα − cα) Γ µ

γ 4

− 1
2

(
ωαγ + Φ−2Θαγ

)
(Ψ2aµ − Φ2dµ)

+
(
Ψ2ηαγ −Kαγ

)
(cµ −Ψµ),

(b) R̄ 0
α 4γ = 1

2 (Ψ2aαΦ−2 − dα)|γ −
(
ωαγ + Φ2Θαγ

)
|4

−
(
ωαµ + Φ−2Θαµ

)
Γ µ
γ 4 + 1

2 (Ψ2aαΦ−2 − dα)Ψγ

+ 1
2 (Ψα − cα)(Ψ2aαΦ−2 + dα)− Φ4

(
ωαγ + Φ−2Θαγ

)
−Ψ2Φ−2(Ψ0 − a0)

(
ηαγ −Ψ−2Kαγ

)
− (Φα − bα)dγ

− 1
2 (Ψ2aαΦ−2 − dα)cγ ,

(c) R̄ 4
α 4γ = (Ψα − cα)|γ −

(
ηαγ −Ψ−2Kαγ

)
|4

−(ηαµ −Ψ−2Kαµ)Γ µ
γ 4 + 1

4 (aα − Φ2dαΨ−2)(3dγ + Ψ2aγΦ−2)

+(Ψα − cα)(Ψγ − cγ)−
(
ωαγ + Φ−2Θαγ

)
(Ψ0 − a0)

+Ψ4

(
ηαγ −Ψ−2Kαγ

)
,

(3.7)

and

(a) R̄ µ
α 4 0 = R µ

α 4 0 + 1
2

{
(Ψ2aα − Φ2dα)(Φµ −Ψµ + cµ − bµ)

+(Ψα − Φα + bα − cα)(Ψ2aµ − Φ2dµ)
}
,

(b) R̄ 0
α 4 0 = 1

2

{
(Ψ2aαΦ−2 − dα)|0 + (Ψ2aαΦ−2 − dα)(Φ0 −Ψ0)

}
−(Ψα − bα)|4 + Φ4(Ψα − Φα + bα − cα),

(c) R̄ 4
α 4 0 = (Ψα − cα)|0 − 1

2

{
(Φ2dαΨ−2 − aα)|4

+(Φ4 + Ψ4)(Φ2dαΨ−2 − aα)
}

+(Ψ0 − a0)(Ψα − Φα + bα − cα).

(3.8)

Next, by using the local components for R̄ and R of type (0, 4) from (A9) and (A10), and taking into account
(3.5), (3.6), (3.7), and (3.8), we infer than

(a) R̄αβγν = Rαβγν +A(γν)

{
Φ−2(Θαγ + Φ2ωαγ)(Θβν + Φ2ωβν)

−Ψ−2(Kαγ −Ψ2ηαγ)(Kβν −Ψ2ηβν)
}
,

(b) R̄α0γν = A(γν)

{
Θαν|γ + ΘαγΦν + Φ2

(
ωαν|γ + ωανΦγ

)
+ 1

2

(
Ψ2aγ + Φ2dγ

)
(ηαν −Ψ−2Kαν)

}
+2Φ2(Φα − bα)ωγν + (Ψ2aα − Φ2dα)ηγν ,

(c) R̄α4γν = A(γν)

{
Kαν|γ +KαγΨν + Ψ2

(
ηαγ|ν + ηαγΨν

)
+

+ 1
2

(
Ψ2aν + Φ2dν

) (
ωαγ + Ψ−2Θαγ

)}
−2Ψ2(Ψα − cα)ηγν + (Ψ2aα − Φ2dα)ωγν ,

(3.9)
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(a) R̄αβ0γ = Rαβ0γ +A(αβ)

{
(Φα − bα)(Θβγ + Φ2ωβγ)

+ 1
2 (Φ2dαΨ−2 − aα)(Kβγ −Ψ2ηβγ)

}
,

(b) R̄α00γ = Φ0(Θαγ + Φ2ωαγ) + (Θαν + Φ2ωαν)(Θν
α + Φ2ωνα)

+Φ2
{
bα|γ − Φα|γ + (ωαγ + Φ−2Θαγ)|0 − (Φα − bα)(Φγ − bγ)

+Φ4

(
ηαγ −Ψ−2Kαγ

)
− 1

4 (3dαaγ − aαdγ + Φ2dαdγΨ−2

−3Ψ2aαaγΦ−2)
}
,

(c) R̄α40γ = Ψ2
{

1
2 (Φ2dαΨ−2 − aα)|γ − (ηαγ −Ψ−2Kαγ)|0

−(Ψα − cα)aγ}+ (Kαν −Ψ2ηαν)(Θν
γ + Φ2ωνγ)+

1
2

{
(Φα − bα)(Φ2dγ + Ψ2aγ) + (Ψγ − cγ)(Φ2dα −Ψ2aα)

}
−Φ4(Θαγ + Φ2ωαγ) + Ψ0(Kαγ −Ψ2ηαγ),

(3.10)

(a) R̄αβ4γ = Rαβ4γ +A(αβ){ 1
2 (Ψ2aαΦ−2 − dα)(Θβγ + Φ2ωβγ)

+(Ψα − cα)(Kβγ −Ψ2ηβγ)},

(b) R̄α04γ = Φ2
{

(ωαγ + Φ−2Θαγ)|4 − 1
2 (Ψ2aαΦ−2 − dα)|γ

+(Φα − bα)dγ}+
(
Θαν + Φ2ωαν

)
(Kν

γ −Ψ2ηνγ)

− 1
2

{
(Ψ2aα − Φ2dα)(Ψγ − cγ)

+(Ψ2aγ + Φ2dγ)(Ψα − cα)
}

+ Φ4

(
Θαγ + Φ2ωαγ

)
+(Ψ0 − a0)

(
Ψ−2ηαγ −Kαγ

)
,

(c) R̄α44γ = Ψ2
{

(Ψα − cα)|γ −
(
ηαγ −Ψ−2Kαγ

)
|4

+(Ψα − cα)(Ψγ − cγ)− (Ψ0 − a0)(ωαγ + Φ−2Θαγ)
}

+(Kαν −Ψ2ηαν)(Kν
γ −Ψ2ηνγ) + 1

4

{
3Ψ2aαdγ −Ψ2aγdα

−3Φ2dαdγ + Ψ4aαaγΦ−2
}
−Ψ4(Kαγ −Ψ2ηαγ),

(3.11)

and

(a) R̄αβ40 = Rαβ40

+ 1
2A(αβ)

{
(Ψ2aα − Φ2dα)(Φβ −Ψβ + cβ − bβ)

}
,

(b) R̄α040 = Φ2
{

(Φα − bα)|4 + Φ4(Φα −Ψα + cα − bα)

+ 1
2 (dα −Ψ2aαΦ−2)|0

}
+ 1

2 (Φ2dα −Ψ2aα)(Φ0 − a0),

(c) R̄α440 = Ψ2
{

(Ψα − cα)|0 + 1
2 (aα − Φ2dαΨ−2)|4

−(Ψ0 − a0)(Φα −Ψα + cα − bα)}

+ 1
2 (Φ2dα −Ψ2aα)(Φ4 + Ψ4).

(3.12)

The equations (3.9) - (3.12) are called structure equations for the spatial distribution with respect to the (1 + 1 + 3)
threading of the 5D universe (M̄, ḡ). Moreover, in analogy with theory of the submanifolds, we call {(3.9a)},
{(3.9b), (3.9c), (3.10a), (3.11a)} and {(3.10b), (3.10c), (3.11b), (3.11c), (3.12)}, the Gauss equations, Codazzi equations
and Ricci equations respectively, for the spatial distribution.
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Now, taking into account the symmetries of R̄ we deduce some important identities for the curvature tensor
field of the Riemannian spatial connection and for the kinematic quantities of (M̄, ḡ). First, from (3.9a) we
obtain

(a) Rαβγν +Rαβνγ = 0, (b) Rαβγν +Rβαγν = 0,

(c) Rαβγν −Rγναβ = 2A(γν) {ωγαΘνβ + ωνβΘγα

+ηγαKνβ + ηνβKγα} .

(3.13)

Then, taking into account that

R̄α0γν = −R̄γν0α,

and using (3.9b) and (3.10a), we infer that

Rγν0α = A(νγ)

{
Ψ2(bγωνα + ωνα|γ + dγηνα) + Θνα|γ + aγKαν

+bγΘαν}+ 2Φ2(Φα − bα)ωνγ + (Ψ2aα − Φ2dα)ηνγ .
(3.14)

Similarly, from (3.9c) and (3.11a), we deduce that

Rγν0α = A(νγ)

{
Kαν|γ + Ψ2(ηαγ|ν + 2ηαγΨν)

+ 1
2

(
(Φ2dν + Ψ2aν)ωαγ + (Ψ2aν − Φ2dν + 2Ψ2aνΦ−2)Θαγ

)
+cγ(Kνα −Ψ2ηνα)

}
− 2Ψ2(Ψα − cα)ηγν + (Ψ2aα − Φ2dα)ωγν .

(3.15)

Finally, taking into account that both R̄α0γ0 and R̄α4γ4 are symmetric tensor fields with respect to the indices
(αγ), from (3.10b) and (3.11c) we obtain

R̄α0γ0 = −Φ0Θαγ −ΘανΘν
γ − Φ4ωανω

ν
γ − Φ2

{
1
2 (bα|γ + bγ|α

−Φα|γ − Φγ|α) + (Φ−2Θαγ)|0 − (Φα − bα)(Φγ − bγ)

−Φ4Ψ−2Kαγ − 1
4 (aαdγ + aγdα

+Φ2dγdαΨ−2 − 3Ψ2aγaαΦ−2)
}
,

(3.16)

and

R̄α4γ4 = Ψ4Kαγ −KανK
ν
γ −Ψ4ηανη

ν
γ −Ψ2

{
1
2 (Ψα|γ + Ψγ|α

−cα|γ − cγ|α) + (Ψ−2Kαγ)|4 + (Ψα − cα)(Ψγ − cγ)

−(Ψ0 − a0)Φ−2Θαγ − 1
4 (aαdγ + aγdα

+Ψ2aαaγΨ−2 − 3Φ2dαdγΨ−2)
}
.

(3.17)

4. Ricci tensor and scalar curvature of a 5D universe

Let (M̄, ḡ) be a 5D universe and {Eα} be an orthonormal basis in Γ(SM̄). Then {Φ−1 δ
δx0 , Eα,Ψ

−1 ∂
∂x4 } is an

orthonormal frame field locally defined on M̄ . Thus the Ricci tensor of (M̄, ḡ) is given by

R̄ic(X,Y ) = −Φ−2R̄( δ
δx0 , X,

δ
δx0 , Y ) +

3∑
α=1

{
R̄(Eα, X,Eα, Y )

}
+Ψ−2R̄( ∂

∂x4 , X,
∂
∂x4 , Y ),

(4.1)

for all X,Y ∈ Γ(TM̄). Now, we put

Eα = Eγα
δ

δxγ
, (4.2)
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and obtain

hγµ =

3∑
α=1

EγαE
µ
α. (4.3)

For local components of R̄ic it is more convenient to use the adapted frame field { δ
δx0 ,

δ
δxα ,

∂
∂x4 }, instead of the

above orthonormal frame field. Thus we have

(a) R̄αβ = R̄ic( δ
δxβ

, δ
δxα ), (b) R̄α0 = R̄ic( δ

δx0 ,
δ
δxα ),

(c) R̄00 = R̄ic( δ
δx0 ,

δ
δx0 ), (d) R̄α4 = R̄ic( ∂

∂x4 ,
δ
δxα ),

(e) R̄44 = R̄ic( ∂
∂x4 ,

∂
∂x4 ), (f) R̄40 = R̄ic( δ

δx0 ,
∂
∂x4 ).

(4.4)

By using (4.1) and (A9) into (4.4), we obtain

(a) R̄αβ = −Φ−2R̄α0β0 + hµγR̄αµβγ + Ψ−2R̄α4β4,

(b) R̄α0 = hµγR̄αµ0γ + Ψ−2R̄α404,

(c) R̄00 = hµγR̄0µ0γ + Ψ−2R̄0404,

(d) R̄α4 = −Φ−2R̄α040 + hµγR̄αµ4γ ,

(e) R̄44 = −Φ−2R̄4040 + hµγR̄4µ4γ ,

(f) R̄40 = hµγR̄4µ0γ .

(4.5)

Next, by some long calculations using [(3.9) - (3.12)] into (4.5), we deduce that
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(a) R̄αβ = Rαβ + 1
2

{
(bα + cα − Φα −Ψα)|β + (bβ + cβ

−Φβ −Ψβ)|α
}

+ (Φ−2Θαβ)|0 − (Ψ−2Kαβ)|4

+Φ−2(Φ0 + Ψ0 − a0 + Θ)Θαβ + Ψ−2(Ψ4 − Φ4 −K)Kαβ

−(Φα − bα)(Φβ − bβ)− (Ψα − cα)(Ψβ − cβ),

(b) R̄α0 = R γ
α 0γ + (cα −Ψα)|0 + (Φ2dαΨ−2 − aα)|4

−(Ψ0 − a0)(Ψα − cα) + 1
2 (K − Φ4 −Ψ4)(Φ2dαΨ−2 − aα)

+(Θ + Ψ0 − a0)(Φα − bα)− (Φγ − bγ)(Θαγ + Φ2ωαγ)

− 1
2 (Φ2dγΨ−2 − aγ)(Kαγ −Ψ2ηαγ),

(c) R̄00 = (c0 −Ψ0 −Θ)|0 + (Φ2Φ4Ψ−2)|4 + Φ0Θ−Θγ
αΘα

γ

+(Ψ0 − a0)(Φ0 −Ψ0 + a0) + Φ2
{

Φγ|γ − b
γ
|γ − Φ2ωγαω

α
γ

+(Φγ − bγ)(Φγ − bγ + cγ −Ψγ)−KΦ4Ψ−2

+ 1
2 (Φ2dγd

γΨ−2 −Ψ2aγa
γΦ−2)

}
,

(d) R̄α4 = R γ
α 4γ + (bα − Φα)|4 + 1

2 (Ψ2aαΦ−2 − dα)|0

+(K + Φ4)(Ψα − cα) + Φ4(bα − Φα) + 1
2

{
(a0 − Φ0 + Θ)Ψ2aαΦ−2

+(a0 − Φ0 −Θ)dα − (Ψ2aγΦ−2 − dγ)(Θαγ + Φ2ωαγ)
}

−(Ψγ − cγ)(Kαγ −Ψ2ηαγ),

(e) R̄44 = 3Ψ4K −K|4 −Kγ
αK

α
γ + 1

2Φ2dγd
γ + Ψ2

{
cγ|γ −Ψγ

|γ

−Ψ2ηγαη
α
γ + Φ−2(Ψ0 − a0)(Θ + Ψ0 − Φ0 − a0)

−(Ψγ − cγ)(Ψγ + Φγ − cγ − bγ)− 1
2Ψ2aγa

γΦ−2
}
,

(f) R̄40 = 3Φ4Θ + (a0 −Ψ0)K −Θ|4 + Ψ2aγ(Ψγ − cγ)

−(Θγ
α + Φ2ωγα)(Kα

γ −Ψ2ηαγ ) + Φ2 {dγ(Φγ − bγ)

+ 1
2 (Ψ2aγΦ−2 − dγ)|γ

}
,

(4.6)

where we put

Rαβ =
1

2
(R γ

α βγ +R γ
β αγ). (4.7)

The spatial tensor field Rαβ is called the spatial Ricci tensor of the 5D universe (M̄, ḡ).
Finally, we obtain a formula for the scalar curvature R̄ in terms of spatial tensor fields. First, we have

R̄ = −Φ−2R̄00 + hγνR̄γν + Ψ−2R̄44. (4.8)

Then by direct calculations using (4.5a), (4.5c) and (4.5e) into (4.8), we obtain
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(a) R̄ = R+ 2
{

(bγ + cγ − Φγ −Ψγ)|γ − (Φγ − bγ)(Φγ − bγ)

−(Ψγ − cγ)(Ψγ − cγ)}+ Φ2ωγαω
α
γ −Ψ2ηγαη

α
γ

+Φ−2
{

Θ2 − 2Φ0Θ + 2(Ψ0 − a0)(Θ + Ψ0 − a0 − Φ0)

+(Ψ0 − a0)|0 + 2Θ|0 − (Φ2Φ4Ψ−2)|4 + Θγ
αΘα

γ

}
−Ψ−2

{
K2 +K|4 + (Φ4 − 7Ψ4)K +Kγ

αK
α
γ

}
,

(4.9)

where we put

R = hγµRγµ. (4.10)

We call R the spatial scalar curvature of the 5D universe (M̄, ḡ). It is important to mention that Rαβ and R
characterize the geometry of the spatial distribution, which in our study is not necessarily integrable.

5. Splitting of the Einstein field equations of (M̄, ḡ)

In the first part of this section we obtain the local components of the Einstein gravitational tensor field Ḡ
of (M̄, ḡ) with respect to the adapted frame field { δ

δx0 ,
δ
δxα ,

∂
∂x4 , }. We start with the coordinate-free form of Ḡ

given by

Ḡ(X,Y ) = R̄ic(X,Y )− R̄

2
ḡ(X,Y ), ∀ X,Y ∈ Γ(TM̄). (5.1)

Then we have the following local components:

(a) Ḡαβ = Ḡ( δ
δxβ

, δ
δxα ) = R̄αβ − R̄

2 hαβ ,

(b) Ḡα0 = Ḡ( δ
δx0 ,

δ
δxα ) = R̄α0,

(c) Ḡ00 = Ḡ( δ
δx0 ,

δ
δx0 ) = R̄00 + R̄

2 Φ2,

(d) Ḡα4 = Ḡ( ∂
∂x4 ,

δ
δxα ) = R̄α4,

(e) Ḡ44 = Ḡ( ∂
∂x4 ,

∂
∂x4 ) = R̄44 − R̄

2 Ψ2,

(f) Ḡ40 = Ḡ( δ
δx0 ,

∂
∂x4 ) = R̄40.

(5.2)

Next, by using (4.6) and (4.9) into (5.2), we obtain
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(a) Ḡαβ = Gαβ + 1
2

{
(bα + cα − Φα −Ψα)|β + (bβ + cβ

−Φβ −Ψβ)|α
}

+ (Φ−2Θαβ)|0 − (Ψ−2Kαβ)|4

+Φ−2(Φ0 + Ψ0 − a0 + Θ)Θαβ + Ψ−2(Ψ4 − Φ4 −K)Kαβ

+(Φα − bα)(Φβ − bβ)− (Ψα − cα)(Ψβ − cβ)

− 1
2

{
Φ2ωγµω

µ
γ −Ψ2ηγαη

α
γ + 2

(
(bγ + cγ − Φγ −Ψγ)|γ

−(Φγ − bγ)(Φγ − bγ)− (Ψγ − cγ)(Ψγ − cγ))

+Φ−2
(
Θ2 − 2Φ0Θ + 2(Ψ0 − a0)(Θ + Ψ0 − a0 − Φ0)

+(Ψ0 − a0)|0 + 2Θ|0 − (Φ2Φ4Ψ−2)|4 + Θγ
µΘµ

γ

)
−Ψ−2

(
K2 + (Φ4 − 7Ψ4)K +K|4 +Kγ

µK
µ
γ

)}
hαβ ,

(b) Ḡα0 = R γ
α 0γ + (cα −Ψα)|0 + (Φ2dαΨ−2 − aα)|4

−(Ψ0 − a0)(Ψα − cα) + (Θ + Ψ0 − a0)(Φα − bα)

−(Φγ − bγ)(Θαγ + Φ2ωαγ) + 1
2

{
(K − Φ4 −Ψ4)(Φ2dαΨ−2 − aα)

−(Φ2dγΨ−2 − aγ)(Kαγ −Ψ2ηαγ)
}
,

(c) Ḡ00 = 1
2

{
Θ2 + (a0 −Ψ0)|0 + (Φ2Φ4Ψ−2)|4 + 2(Ψ0 − a0)Θ

+Φ2
(
R+ Φ2(dγdγΨ−2 − ωγαωαγ )−Ψ2(aγaγΦ−2 + ηγαη

α
γ )

−2(Ψγ − cγ)(Φγ + Ψγ − bγ − cγ)− 2KΦ4 + 2cγ|γ − 2Ψγ
|γ

−Ψ−2
(
K2 + (Φ4 − 7Ψ4)K +K|4 +Kγ

αK
α
γ

))}
,

(d) Ḡα4 = R γ
α 4γ + (bα − Φα)|4 + 1

2 (Ψ2aαΦ−2 − dα)|0

+(K + Φ4)(Ψα − cα) + Φ4(bα − Φα) + 1
2

{
(a0 − Φ0 + Θ)Ψ2aαΦ−2

+(a0 − Φ0 −Θ)dα − (Ψ2aγΦ−2 − dγ)(Θαγ + Φ2ωαγ)
}

−(Ψγ − cγ)(Kαγ −Ψ2ηαγ),

(e) Ḡ44 = 1
2

{
K2 + (Φ4 −Ψ4)K −K|4 −Kγ

αK
α
γ + Φ2dγd

γ
}

+Ψ2
{

(Φγ −Ψγ + cγ − bγ)(Φγ − bγ)− 1
2 (Φ2ωγαω

α
γ + Ψ2ηγαη

α
γ

+Ψ2aγa
γΦ−2 +R) + Φγ|γ − b

γ
|γ −Ψ−2(Θ|0 − Φ0Θ

+ 1
2 (Θ2 + (Ψ0 − a0)|0 − (Φ2Φ4Ψ−2)|4 + Θγ

αΘα
γ ))
}
,

(f) Ḡ40 = 3Φ4Θ + (a0 −Ψ0)K −Θ|4 + Ψ2aγ(Ψγ − cγ)

−(Θγ
α + Φ2ωγα)(Kα

γ −Ψ2ηαγ ) + Φ2 {dγ(Φγ − bγ)

+ 1
2 (Ψ2aγΦ−2 − dγ)|γ

}
.

(5.3)

Next, we consider the coordinate-free form of the Einstein field equations expressed as follows

Ḡ(X,Y ) + λḡ(X,Y ) = cT̄ (X,Y ), ∀ X,Y ∈ Γ(TM̄), (5.4)

where λ and c are constants and T̄ is the energy-momentum tensor field of the 5D universe (M̄, ḡ). The local
components of T̄ with respect to the adapted frame field are given by
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(a) T̄αβ = T̄ ( δ
δxβ

, δ
δxα ), (b) T̄α0 = T̄ ( δ

δx0 ,
δ
δxα ),

(c) T̄00 = T̄ ( δ
δx0 ,

δ
δx0 ), (d) T̄α4 = T̄ ( ∂

∂x4 ,
δ
δxα ),

(e) T̄44 = T̄ ( ∂
∂x4 ,

∂
∂x4 ), (f) T̄40 = T̄ ( δ

δx0 ,
∂
∂x4 ).

(5.5)

Then, we take X = δ/δxβ and Y = δ/δxα into (5.4), and by using (5.3a), (5.5) and (2.6), we deduce that

Gαβ +
{
λ− 1

2

(
Φ2ωγµω

µ
γ −Ψ2ηγµη

µ
γ + 2

(
(bγ + cγ − Φγ −Ψγ)|γ

−(Φγ − bγ)(Φγ − bγ)− (Ψγ − cγ)(Ψγ − cγ))

+Φ−2
(
Θ2 − 2Φ0Θ + 2(Ψ0 − a0)(Θ + Ψ0 − a0 − Φ0)

+(Ψ0 − a0)|0 + 2Θ|0 − (Φ2Φ4Ψ−2)|4 + Θγ
µΘµ

γ

)
−Ψ−2

(
K2 + (Φ4 − 7Ψ4)K +K|4 +Kγ

µK
µ
γ

))}
hαβ

+ 1
2

(
(bα + cα − Φα −Ψα)|β + (bβ + cβ − Φβ −Ψβ)|α

)
+(Φ−2Θαβ)|0 − (Ψ−2Kαβ)|4 + Φ−2(Φ0 + Ψ0 − a0 + Θ)Θαβ

+Ψ−2(Ψ4 − Φ4 −K)Kαβ + (Φα − bα)(Φβ − bβ)

−(Ψα − cα)(Ψβ − cβ) = cT̄αβ ,

(5.6)

where we put

Gαβ = Rαβ −
R

2
hαβ . (5.7)

We call (5.6) the spatial Einstein field equations (SEFE) of the 5D universe (M̄, ḡ). Also, we call Gαβ the spatial
Einstein gravitational tensor field.

Similarly, taking pairs of vector fields from the adapted frame field into (5.4), we deduce the last 9(EFE) for
(M̄, ḡ):

R γ
α 0γ − (Ψα − cα)|0 + (Φ2dαΨ−2 − aα)|4

−(Ψα − cα)(Ψ0 − a0) + (Θ + Ψ0 − a0)(Φα − bα)

−(Φγ − bγ)(Θαγ + Φ2ωαγ) + 1
2

{
(K − Φ4 −Ψ4)(Φ2dαΨ−2 − aα)

−(Φ2dγΨ−2 − aγ)(Kαγ −Ψ2ηαγ)
}

= cT̄α0,

(5.8)

R γ
α 4γ − (Φα − bα)|4 + 1

2 (Ψ2aαΦ−2 − dα)|0

+(K + Φ4)(Ψα − cα)− Φ4(Φα − bα)− (Ψγ − cγ)(Kαγ −Ψ2ηαγ)

+ 1
2

{
(Θ + a0 − Φ0)Ψ2aαΦ−2 + (a0 − Φ0 −Θ)dα

−(Ψ2aγΦ−2 − dγ)(Θαγ + Φ2ωαγ)
}

= cT̄α 4,

(5.9)

Θ2 + (a0 −Ψ0)|0 + (Φ2Φ4Ψ−2)|4 + 2(Φ0 − a0)Θ

+Φ2
{

2λ+R+ Φ2(dγdγΨ−2 − ωγαωαγ )−Ψ2(aγaγΦ−2 + ηγαη
α
γ )

−2(Ψγ − cγ)(Φγ + Ψγ − bγ − cγ)− 2KΦ4Ψ−2 + 2cγ|γ − 2Ψγ
|γ

−Ψ−2
(
K2 + (Φ4 − 7Ψ4)K +K|4 +Kγ

αK
α
γ

)}
= 2cT̄00,

(5.10)
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K2 + (Φ4 −Ψ4)K −K|4 −Kγ
αK

α
γ + Φ2dγd

γ

+Ψ2
{

2(Φγ −Ψγ + cγ − bγ)(Φγ − bγ)− 2λ−R− Φ2ωγαω
α
γ

−Ψ2ηγαη
α
γ −Ψ2aγa

γΦ−2 + 2Φγ|γ − 2bγ|γ −Ψ−2(2Θ|0 − 2Φ0Θ

+Θ2 + (Ψ0 − a0)|0 − (Φ2Φ4Ψ−2)|4 + Θγ
αΘα

γ )
}

= 2cT̄44,

(5.11)

3Φ4Θ− (Ψ0 − a0)K −Θ|4 + Ψ2aγ(Ψγ − cγ)

−(Θγ
α + Φ2ωγα)(Kα

γ −Ψ2ηαγ ) + Φ2 {dγ(Φγ − bγ)

+ 1
2 (Ψ2aγΦ−2 − dγ)|γ

}
= cT̄40.

(5.12)

It is worth mentioning that all the (EFE) obtained above are expressed in terms of spatial tensor fields and their
covariant derivatives with respect to the Riemannian spatial connection.

6. Splitting of (EFE) for a 5D Robertson-Walker universe

In this section we consider the 5D Robertson-Walker universe (M̄, ḡ) whose Lorentz metric ḡ is given by the
line element (cf. [2])

ds̄2 = −(dx0)2 + f2(x0, x4)gαβ(x1, x2, x3)dxαdxβ + (dx4)2. (6.1)

In this case we have

Φa = Ψa = 0, δ
δxi = ∂

∂xi , ai = Ai = 0,

bα = cα = dα = Bα = 0, ωαβ = ηαβ = 0,
(6.2)

for all a ∈ {0, 1, 2, 3, 4}, i ∈ {0, 1, 2, 3}, α, β, ... ∈ {1, 2, 3}. As the spatial Riemannian metric h is given by

hαβ = f2gαβ , h
αβ = f−2gαβ , (6.3)

from (2.9) and (2.10) we deduce that

Θαβ = f ∂f
∂x0 gαβ , Θγ

α = f−1 ∂f
∂x0 δ

γ
α,

Kαβ = f ∂f
∂x4 gαβ , Kγ

α = f−1 ∂f
∂x4 δ

γ
α,

(6.4)

and

Θ = 3f−1 ∂f

∂x0
, K = 3f−1 ∂f

∂x4
, (6.5)

respectively. Also, from (2.11) we obtain

σαβ = Hαβ = 0. (6.6)

Next, we note that the spatial distribution of a 5D Robertson-Walker universe is integrable, and its leaves are
locally given by x0 = constant, x4 = constant. Thus from (6.4) we deduce that

Θαβ = Kαβ = 0, (6.7)

on the leaves of SM̄ . Then, by using (6.2), (6.6) and (6.7) we can state the following result.

Theorem 6.1. Let (M̄, ḡ) be a 5D Robertson-Walker universe. Then we have the following assertions:
(i) (M̄, ḡ) is both vorticity-free and shear-free 5D universe.
(ii) The leaves of the spatial distribution are totally geodesic immersed in (M̄, ḡ).

Now, from (2.15)we see that the local coefficients of the Riemannian spatial connection on (M̄, ḡ) are given
by
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(a) Γ γ
α β = 1

2g
γµ
{
∂gµα
∂xβ

+
∂gµβ
∂xα −

∂gαβ
∂xµ

}
,

(b) Γ γ
α 0 = f−1 ∂f

∂x0 δ
γ
α, (c) Γ γ

α 4 = f−1 ∂f
∂x4 δ

γ
α.

(6.8)

By using (6.8a) into (3.3a) we obtain

R µ
α βγ =

∂Γ µ
α β

∂xγ
−
∂Γ µ

α γ

∂xβ
+ Γ ν

α βΓ µ
ν γ − Γ ν

α γΓ µ
ν β . (6.9)

Thus Rαβ from (4.7) depend only on variables (x1, x2, x3) and represent the local coefficients of a Ricci tensor of
a Riemannian manifold with the metric gαβ(x1, x2, x3). However, by (4.10) the spatial scalar curvature is given
by

R = f−2gγµRγµ,

and therefore, in general, it depends on all variables (xa). Also, by using (6.8) and (6.2) into (3.3b), (3.3c) and
(3.3d), we deduce that

(a) R µ
α 0γ = 0, (b) R µ

α 4γ = 0, (c) R µ
α 40 = 0. (6.10)

According to (6.9) and (6.10) we can state the following theorem.

Theorem 6.2. (i) The local components of the curvature tensor field of the Riemannian spatial connection ∇ depend
only on (x1, x2, x3).

(ii) The curvature of ∇ coincides with the curvature of a Riemannian manifold with metric gαβ(x1, x2, x3).

Next, from (6.4) and (6.5) we obtain the following covariant derivatives:

Θαβ|0 =
{
f ∂2f

(∂x0)2 −
(
∂f
∂x0

)2}
gαβ ,

Kαβ|4 =
{
f ∂2f

(∂x4)2 −
(
∂f
∂x4

)2}
gαβ ,

Θ|0 = 3f−2
{
f ∂2f

(∂x0)2 −
(
∂f
∂x0

)2}
,

K|4 = 3f−2
{
f ∂2f

(∂x4)2 −
(
∂f
∂x4

)2}
.

(6.11)

Then, by direct calculations using (6.2), (6.4), (6.5), (6.10) and (6.11) into (5.6) we obtain the following six spatial
Einstein field equations for the 5D Robertson-Walker universe:

Gαβ +
{
λf2 + 1

2

(
f ∂2f

(∂x4)2 + 5
(
∂f
∂x4

)2)
− 2f ∂2f

(∂x0)2

−
(
∂f
∂x0

)2}
gαβ = cT̄αβ .

(6.12)

In a similar way, from (5.8)-(5.12) we deduce that the last nine (EFE) for (M̄, ḡ) are given by

(a) T̄α0 = 0, (b) T̄α4 = 0, (6.13)

9f−2

((
∂f

∂x0

)2

−
(
∂f

∂x4

)2
)
− 3f−1 ∂2f

(∂x4)2
+ 2λ+R = 2cT̄00, (6.14)

3f−2
{

3
(
∂f
∂x4

)2
− 2

(
∂f
∂x0

)2
− f ∂2f

(∂x4)2 − 2f ∂2f
(∂x0)2

}
−2λ−R = 2cT̄44,

(6.15)

3f−1 ∂2f

(∂x0)2
= −cT̄40. (6.16)
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We note that the equations from (6.13) have been obtained from (5.8) and (5.9) taking into account (6.2), (6.10a)
and (6.10b), and using the hypothesis that c is a positive constant. As a consequence of (6.13) we see that there
are only 9 local components of the energy-momentum tensor field which are not yet determined so far. Also,
we note that by adding (6.14) and (6.15), we obtain

3f−2
{(

∂f
∂x0

)2
− 2f ∂2f

(∂x4)2 − f
∂2f

(∂x0)2

}
= 2c(T̄00 + T̄44).

(6.17)

Thus the warping function f(x0, x4) must satisfy two PDE given by (6.16) and (6.17).

7. Conclusions

The splitting of (EFE) is performed with respect to the (1 + 1 + 3) threading of a 5D universe developed
by the first author in [1, 2]. We obtain six (SEFE) given by (5.6) and other nine (EFE) given by [(5.8)-(5.12)].
It is worth mentioning that such a splitting was expressed in terms of spatial tensor fields and by using
the Riemannian spatial connection. This approach is totally different from the ones performed in both the
brane-world theory [3, 4] and the space-time-matter theory [5, 6]. The main differences are consequences of
the geometrical configuration of a 5D universe we consider in the paper. Namely, in our approach the 4D
spacetime M is the base of a submersion on the 5D universe of M̄ , while in the above mentioned references, M
is an embedded submanifold of M̄ .

In particular, we obtain the splitting of (EFE) in a 5D Robertson-Walker universe given by [(6.12)-(6.16)]. The
simplicity of these equations is stressing the main role of spatial tensor fields into the study. The vanishing
of the six local components of the energy-momentum tensor field T̄ [cf.(6.13)], and the two PDE satisfied
by the warping function [cf.(6.16), (6.17)] are important constraints on the geometrical configuration of a 5D
Robertson-Walker universe. For example, if T̄40 = 0, then from (6.16) we conclude that the warping function
must be linear function with respect to the time coordinate.

Finally, we should mention that our study is mainly developed on the mathematical part of Einstein field
equations in a 5D universe M̄ . The experimental physics might bring more light on the local components of the
energy-momentum tensor field of M̄ . This will bring more insights on the 4D physics under the assumption of
the existence of the fifth dimension.

8. Appendix

In order to obtain the formulas for the local components of R̄ from Sect. 3, we start with the well known
formula

R̄(X,Y, Z) = ∇̄X∇̄Y Z − ∇̄Y ∇̄XZ − ∇̄[X,Y ]Z, (A1)

for all X,Y, Z ∈ Γ(TM̄). Then by using (2.16a), (2.16d) and (2.16e), we obtain

∇̄ δ
δxγ
∇̄ δ

δxβ

δ
δxα =

{
δΓ δ
α β

δxγ + Γ µ
α βΓ δ

µ γ + (ωαβ + Φ−2Θαβ)Γ δ
γ 0

+(ηαβ −Ψ−2Kαβ)Γ δ
γ 4

}
δ
δxδ

+
{

(ωµγ + Φ−2Θµγ)Γ µ
α β +

δωαβ
δxγ

−2Φ−2ΦγΘαβ + Φ−2 δΘαβ
δxγ + 1

2 (Ψ2aγΦ−2 + dγ)(ηαβ −Ψ−2Kαβ)

+(ωαβ + Φ−2Θαβ)Φγ
}

δ
δx0 +

{
δηαβ
δxγ + 2Ψ−2ΨγKαβ −Ψ−2 δKαβ

δxγ

+(ηαβ −Ψ−2Kαβ)Ψγ + 1
2 (Φ2dγΨ−2 + aγ)(ωαβ + Φ−2Θαβ)

}
∂
∂x4 .

(A2)
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Also, by using (2.12a), (2.16b) and (2.16c), we deduce that

∇̄[ δ
δxγ ,

δ

δxβ
]
δ
δxα = 2

{
ωβγΓ δ

α 0 + ηβγΓ δ
α 4

}
δ
δxδ

+2
{

(Φα − bα)ωβγ + 1
2 (Ψ2aαΦ−2 − dα)ηβγ

}
δ
δx0

+2
{

(Ψα − cα)ηβγ + 1
2 (Φ2dαΨ−2 − aα)ωβγ

}
∂
∂x4 .

(A3)

Next, by using (A1), (A2), (A3), and taking into account (3.3a), we obtain

R̄
(
δ
δxγ ,

δ
δxβ

, δ
δxα

)
=
{
R µ
α βγ +A(βγ) ((ωαβ

+Φ−2Θαβ)Γ µ
γ 0 + (ηαβ −Ψ−2Kαβ)Γ µ

γ 4

)}
δ
δxµ

+
{
A(βγ)

(
ωαβ|γ + Φ−2(Θαβ|γ + ΘαγΦβ) + ωαβΦγ

+ 1
2 (Ψ2aγΦ−2 + dγ)(ηαβ −Ψ−2Kαβ)

)
−2(Φα − bα)ωβγ − (Ψ2aαΦ−2 − dα)ηβγ

}
δ
δx0

+
{
A(βγ)

(
ηαβ|γ + Ψ−2(Kαγ|β +KαβΨγ)

+ηαβΨγ + 1
2 (Φ2dγΨ−2 + aγ)(ωαβ + Ψ−2Θαβ)

)
−2(Ψα − cα)ηβγ − (Φ2dαΨ−2 − aα)ωβγ

}
∂
∂x4 .

(A4)

By similar calculations using (A1), (2.12), (2.14), (3.3) and the covariant derivatives induced by the Riemannian
spatial connection, we deduce that

R̄
(
δ
δxγ ,

δ
δx0 ,

δ
δxα

)
=
{
R µ
α 0γ + (Φα − bα)Γ µ

γ 0

+ 1
2 (Φ2dαΨ−2 − aα)Γ µ

γ 4 − (Θαγ + Φ−2ωαγ)(Φµ − bµ)

− 1
2 (ηαγ −Ψ−2Kαγ)(Ψ2aµ − Φ2dµ)

}
δ
δxµ

+
{

Φα|γ − bα|γ − (ωαγ + Φ−2Θαγ)|0

−(ωαµ + Φ−2Θαµ)Γ µ
γ 0 + (Φα − bα)(Φγ − bγ)

−Φ0(ωαγ + Φ−2Θαγ)− Φ4(ηαγ −Ψ−2Kαγ)

+ 1
4 (3dαaγ − aαdγ + Φ2dαdγΨ−2 − 3Ψ2aαaγΦ−2)

}
δ
δx0{

1
2 (Φ2dαΨ−2 − aα)|γ − (ηαγ −Ψ−2Kαγ)|0

−(ηαµ −Ψ−2Kαµ)Γ µ
γ 0 + 1

2 (Φα − bα)(Φ2dγΨ−2 + aγ)

+ 1
2 (Ψγ − cγ)(Φ2dαΨ−2 − aα)

−Φ2Φ4Ψ−2(ωαγ + Φ−2Θαγ)

−Ψ0(ηαγ −Ψ−2Kαγ)− (Ψγ − cγ)aγ
}

∂
∂x4 ,

(A5)
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R̄
(
δ
δxγ ,

∂
∂x4 ,

δ
δxα

)
=
{
R µ
α 4γ + 1

2 (Ψ2aαΦ−2 − dα)Γ µ
γ 0

+(Ψα − cα)Γ µ
γ 4 − 1

2 (ωαγ + Φ−2Θαγ)(Ψ2aµ − Φ2dµ)

+Ψ2(ηαγ −Ψ−2Kαγ)(cµ −Ψµ)
}

δ
δxµ +

{
1
2 (Ψ2aαΦ−2 − dα)|γ

−(ωαγ + Φ2Θαγ)|4 − (ωαµ + Φ−2Θαµ)Γ µ
γ 4 + 1

2 (Ψ2aαΦ−2 − dα)Ψγ

+ 1
2 (Ψα − cα)(Ψ2aγΦ−2 + dγ)− Φ4(ωαγ + Φ−2Θαγ)− (Φα − bα)dγ

−Ψ2Φ−2(Ψ0 − a0)(ηαγ −Ψ−2Kαγ)− 1
2 (Ψ2aαΦ−2 − dα)cγ

}
δ
δx0

+
{

(Ψα − cα)|γ − (ηαγ −Ψ−2Kαγ)|4 − (ηαµ −Ψ−2Kαµ)Γ µ
γ 4

+ 1
4 (aα − Φ2dαΨ−2)(3dγ + Ψ2aγΦ−2)

+(Ψα − cα)(Ψγ − cγ) + Ψ4(ηαγ −Ψ−2Kαγ)

−(Ψ0 − a0)(ωαγ + Φ−2Θαγ)
}

∂
∂x4 .

(A6)

R̄
(
δ
δx0 ,

∂
∂x4 ,

δ
δxα

)
=
{
R µ
α 40 + 1

2

(
(Ψ2aα − Φ2dα)(Φµ −Ψµ

+cµ − bµ) + (Ψα − Φα + bα − cα)(Ψ2aµ − Φ2dµ)
)}

δ
δxµ

+
{

1
2 (Ψ2aαΦ−2 − dα)|0 + (Φα − bα)|4

+Φ4(Ψα − Φα + bα − cα) + 1
2 (Φ0 −Ψ0)(Ψ2aαΦ−2 − dα)

}
δ
δx0

+
{

(Ψα − cα)|0 − 1
2 (Φ2dαΨ−2 − aα)|4

+(Ψ0 − a0)(Ψα − Φα + bα − cα)

− 1
2 (Φ4 + Ψ4)(Φ2dαψ

−2 − aα)
}

∂
∂x4 .

(A7)

Finally we consider the curvature tensor fields R̄ and R of the type (0, 4) of ∇̄ and ∇ respectively, given by

(a) R̄(X,Y, Z, U) = ḡ(R̄(X,Y, Z), U),

(b) R(X,Y,SZ,SU) = h(R(X,Y,SU),SZ),
(A8)

for all X,Y, Z, U ∈ Γ(TM̄). The local components of these tensor fields are listed below:

(a) R̄αβγν = R̄
(
δ
δxν ,

δ
δxγ ,

δ
δxβ

, δ
δxα

)
= hβµR̄

µ
α γν ,

(b) R̄α0γν = R̄
(
δ
δxν ,

δ
δxγ ,

δ
δx0 ,

δ
δxα

)
= −Φ2R̄ 0

α γν ,

(c) R̄αβ0ν = R̄
(
δ
δxν ,

δ
δx0 ,

δ
δxβ

, δ
δxα

)
= hβµR̄

µ
α 0ν ,

(d) R̄α00ν = R̄
(
δ
δxν ,

δ
δx0 ,

δ
δx0 ,

δ
δxα

)
= −Φ2R̄ 0

α 0ν ,

(e) R̄α4γν = R̄
(
δ
δxν ,

δ
δxγ ,

∂
∂x4 ,

δ
δxα

)
= Ψ2R̄ 4

α γν ,

(f) R̄αβ4ν = R̄
(
δ
δxν ,

∂
∂x4 ,

δ
δxβ

, δ
δxα

)
= hβµR̄

µ
α 4ν ,

(g) R̄α44ν = R̄
(
δ
δxν ,

∂
∂x4 ,

∂
∂x4 ,

δ
δxα

)
= Ψ2R̄ 4

α 4ν ,

(h) R̄α04ν = R̄
(
δ
δxν ,

∂
∂x4 ,

δ
δx0 ,

δ
δxα

)
= −Φ2R̄ 0

α 4ν ,

(i) R̄α40ν = R̄
(
δ
δxν ,

δ
δx0 ,

∂
∂x4 ,

δ
δxα

)
= Ψ2R̄ 4

α 0ν ,

(j) R̄α04 0 = R̄
(
δ
δx0 ,

∂
∂x4 ,

δ
δx0 ,

δ
δxα

)
= −Φ2R̄ 0

α 4 0,

(k) R̄α440 = R̄
(
δ
δx0 ,

∂
∂x4 ,

∂
∂x4 ,

δ
δxα

)
= Ψ2R̄ 4

α 4 0,

(l) R̄0404 = R̄
(
∂
∂x4 ,

δ
δx0 ,

∂
∂x4 ,

δ
δx0

)
= Ψ2R̄ 4

0 0 4,

(A9)
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and

(a) Rαβγν = R
(
δ
δxν ,

δ
δxγ ,

δ
δxβ

, δ
δxα

)
= hβµR

µ
α γν ,

(b) Rαβ0ν = R
(
δ
δxν ,

δ
δx0 ,

δ
δxβ

, δ
δxα

)
= hβµR

µ
α 0ν ,

(c) Rαβ4ν = R
(
δ
δxν ,

∂
∂x4 ,

δ
δxβ

, δ
δxα

)
= hβµR

µ
α 4ν ,

(f) Rαβ40 = R
(
δ
δx0 ,

∂
∂x4 ,

δ
δxβ

, δ
δxα

)
= hβµR

µ
α 40.

(A10)
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