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Abstract
In this paper, we introduce a new quantum divergence

B(X,Y) = Tr K

where 0 < a < 1. We study the least square problem with respect to this divergence.
We also show that the new quantum divergence satisfies the Data Processing Inequality
in quantum information theory. In addition, we show that the matrix p-power mean
pp(t, A, B) = ((1 —t)AP + th)l/ P satisfies the in-betweenness property with respect to
the new divergence.
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1. Introduction

Let M, be the algebra of n x n matrices over C and let P,, denote the cone of positive
definite matrices in M,,. Denote by I the identity matrix of Ml,,. For a real-valued function
f and a Hermitian matrix A € M,, the matrix f(A) is understood by means of the
functional calculus.

Definition 1.1 ([1,3]). A smooth function ® from P,, x P,, to the set of non negative real
numbers is called a quantum divergence if
i) (X,Y)>0,vX,Y € P, ®(X,Y) =0 if and only if X =Y
ii) The derivative D® with respect to the second variable vanishes on the diagonal,
ie.,
DP(X,Y)|x=y(B) =0 for all Hermitian matrix B;
iii) The second derivative D?® is positive on the diagonal, i.e.,
D?®(X,Y)|x=y (B, B) > 0 for all Hermitian matrix B.
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For positive definite matrices A and B, it is well-known that the geometric mean AfB is
the midpoint of the geodesic curve Af;B = AY2(A=Y2BA-Y/2)tAY2 (t € [0,1]) joining A
and B. In [15] J. Pitrik and D.Virosztek gave a divergence center interpretation for every
symmetric Kubo-Ando mean. They also studied the weighted and multivariate versions of
a large class of symmetric Kubo-Ando means. The good thing about Kubu-Ando means
is that each Kubo-Ando mean ¢ is corresponding to an operator monotone function f,
via the relation

AoB = A2 (A7V2BATY/2) A2,

Using this relation, Pitrik and Virosztek constructed a corresponding quantum divergence,
and showed that the given Kubo-Ando mean is the unique solution of the least squares
problem with respect to this divergence. Recently, Lam and Milley [13] considered a modi-
fied quantum Hellinger divergence in which the matrix power mean pu,(t, A1, A, -+ , Ap) =
(A7 + A8+ .- Ap)/ n)'/P is the unique solution of the corresponding least square problem.
In another paper [12] Lam and Le introduced and studied quantum divergences with p-
power means /i, (t, A, B). Notice that one of the most important things in the least square
problem is the uniqueness of the solution. It is also well-known that for any a € [0, 1] the
function Tr (A*B1~%) is jointly concave, hence the function

Tr (Hy(A, B)) = %Tr (A*B' 4 Almop®) (1.1)

is jointly concave, where H, (A, B) = 1(A*B'~*+ A'=*B%) is the non-Kubo-Ando Heinz

mean. The matrix power mean is a curve joining A and B, while the matrix Heinz mean is

a curve joining the arithmetic mean (A + B)/2 and “the naive geometric mean” A/2B/2,
Motivated by works mentioned above, in this paper we define and study the following

quantity
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where 0 < a < 1. We show that the quantity ®(A, B) is a quantum divergence (Theorem
2.1). Then, we use the joint concavity of the function (1.1) to show that the least square
problem

min w;® (A;, X)
X>OZ i® (A,

has a unique solution which is the unique solution of the following matrix equation

ZwiHa (X7 A;) = X,
i=1

where H,, is the matrix Heinz mean (Theorem 2.2). In order to show the usefulness of the
new quantum divergence, we prove that the new quantum divergence satisfies the Data
Processing Inequality (Theorem 3.1). Finally, we also show that the matrix power mean
tp(t, A, B) satisfies the in-betweenness property (Theorem 3.2). On the in-betweenness
property we refer the readers to [2,4-9,12].

2. A new quantum divergence and the least squares problem

Theorem 2.1. For any 0 < a < 1, the quantity ®(X,Y) is a quantum divergence.

Proof. Firstly, we show that ®(X,Y) > 0. Indeed, according to the AGM inequality [11]
we have

(67 «

Xl aya 1 1
Tr <> = STr (XY < T ((1— @)X +aY),
(6%
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and

T o _aTr(aX—l-(l—oz)Y).

Xayl-« 1 1
Tr ( ) = Tr (XY ) < :
From here, it follows that

leaya Xaylfa 1—
Tr n <Tr K S )X+2Y}. (2.1)
o l-« « l-«

The equality happens if and only if X =Y, so ®(X,Y) satisfies the first property in the
definition of divergence.

oP
We now prove that for every Hermitian matrix B, a—y(X,Y)| x=y(B) = 0. Recall

[11, Chapter 3] that %honr (f(A+tB)) =Tr(f'(A)B). Using this fact, we have

0P B X'=ap(y*)(B) X*D(Y'=%)(B)
a—y(X,Y)(B)—Tr [23— - — 1o ] .
When X =Y,
0o

oy

o (X,Y)|x=y(B) =Tr [23 — Xl_aDéXa)(B) _ XQD(lX_I;a)(B)l _

Differentiating both sides of the identity Tr ((Xa)i) = Tr (X), we obtain
d L 1 oyt — a
ClioTr (X3(B)) =T (B), or Tr (Q(X A 1D(X )(B)) — T (B),

Equivalently,

- (Xl—“D(XO‘)(B)

«

) =Tr(B). (2.2)
On the other hand, letting t = 1 — «, on account of (2.2) we get

ﬁ(xw%w;xm>:ﬁ<XP@gﬂ@U:qum. (23)

0P
Therefore, a—y(X, Y)|x=y(B)=Tr(2B) — Tr (2B) = 0.
9*®
Finally, we need to check that W(X ,Y)|x=v (B, B) > 0 for every Hermitian matrix

B. We have

9’ 1

—— (X,Y)(B,B)=Tr |[-—X'"*D*(Y*)(B,B) —

s (XY)(BB) =T |2 X' DAY*)(B.B) - |
When X =V,

0o X,Y)|x=y(B,B) =T [—1X1QD2(X‘“)(B B) — !
gy (X V) le=r (B, B) =Tr [ =4 S

Now, differentiating both sides of (2.2) and (2.3) we obtain

1

—

X“D*(y'~)(B, B)} .

XaDQ(Xla)(B,B)} .

éTr [D(Xl—a)(B)D(X“)(B) + Xl—aDQ(X“)(B,B)} =0,

and

Tr [ D(X®)(B)D(X'~*)(B) + X" D*(X'~)(B, B)| = 0.

l1—«
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Therefore,
82 1 -« a
73 (X V)lxoy (B, B) = ~Tr [ D(X'~*)(B)D(X*)(B)]
- 1iaTr [D(X*)(B)D(X')(B)]
= (; + 1 a) Tr [D(X'=*)(B)D(X*)(B)] .

Now, assume that X = U*DxU, where Dx = diag();) and U is a unitary matrix. Then

D(X'"*)(B) = %\t:O(X +tB)' 7 = %’t:O(U*DXU"’tU*UBU*U)li
=U* fyt o(Dx +tUBU*)'"*U
- U*D(Xl VNUBU")|x=px U
Similarly,
D(X®)(B) = U*D(X*)(UBU")|x=px-
Consequently,

Tr [D(X'=*)(B)D(X*)(B)| = Tr [U*D(X'~*)(UBU*)| x=px UU*D(X*)(UBU*)|x=py U]
= Tr [0 D(X'=*)(UBU")|x=py D(X*)(UBU*)|x=p, U]
= Tr [D(X')(UBU")| x=px D(X*)(UBU")|x=py|
Therefore, we can assume that X is diagonal. Suppose that X = diag();). In this case,
on account of the Mean Value Theorem we get
A¢ — X

[D(X*)(B),, =4 X _A]B”’A 7N s 1sz,

(%) 1
aXd~ Bw,/\ =)

where s;; between \; and ;. Similarly,

)\}_a )\1 OCB Ai A

pexctm)] =1 oy, PN Sy,
1—a)\ aBi',/\i =\
( 7 J J

where ¢;; is between \; and A;. Hence,

Tr [D(X=*)(B)D(X)(B)| = Z[ D(X'*)(B)|  [D(X*)(B)],

= Z 1—a)t ik askZ BikB;ﬂ'
:Z 1 —a)t, “asy |sz] > 0.
i,k

Therefore,

Tr [D(X'~)(B)D(X*)(B)] (; + - i a) > 0.
2

0
We can conclude that W(X Y)|x=y (B, B) > 0 for every Hermitian matrix B. O
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Now, let Ay, Ay, -+ Ay, be positive definite matrices and w = (w1, wa, - - -

ability vector. Consider the least squares problem

min w;® (A;, X).
X>OZ i@ (A,

Theorem 2.2. For 0 < a < 1, the function

=1

wy) be a prob-

(2.4)

attains its minimum at Xo which is the unique positive definite solution of the following

matriz equation
m
ZwiHa (X, Az) =X,
i=1

where Hy, (X, A;) is the non-Kubo-Ando matriz Heinz mean.

Proof. We have

_ l-aya ayl-o
B(A;, X) = (1 L )Ai—|—2X—A’ Xe  AYX
« l—« o 11—«
and
OF(X) - A a
o (B) = [ zwl DX =)(B) - i~ DX B

Recall that

DX (B)= [ A +X)7'BO\+ X))~ 1Al Ta

and
sin(ar)

/)\+X “IB(A 4 X) A SHer)
0

Then we have

dF (X)
X

(B) =

2B — Z wZ
i=1

0

m 1 a ¥
—Tr | w / O+ )B4+ X) T aeapSnem)
i=1 0 7T
—/()\+X 12% - yIalTeaN
0
/ (A+X)" Z w4 x) e gpsintoT)
0

sin((1

(B)

sin((1 — a)m)

—a)m)

™

(2.5)

lB A—FX) 1)\1ad>\sin((1—a)7r)]
m

(B)
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OF (X

~—

The condition (B) =0 for every B > 0 implies that

o)

l\D
0\8 o

(+X)° i%ﬁam;{)—w—aﬁm«l—am

=1

™

@ sm(om)

(A + X)) I\ "—=

0/

Now, we choose a basis in which the matrix Y| = Z Wiy = diag(y14;) is diagonal. Let

m -«
Y5 is the representation of > w; in the new basis. Now, we are going to show that
i=1 Qo

there exists a diagonal matrix X = diag(z;) (x; > 0) satisfying the equation (2.6). We
have

_ sin((1 — a)7)

(A + diag(z:)) "Y1\ + diag(z;)) " A AN

T
+ / O\ -+ diag(a:))~Ya(h + diag(z:))-Aax SO y1-a gy
0
which implies that
7 Yiij sin((1 — a)7) (14 7 Y2ij sin(ar) |
Ao gy NN = 25,
/<A+xi><A+xj> ™ T DFe)ta) w g

(2.7)
Mention that for any « € (0,1) and for any x; > 2; > 0,

[ele] )\Oé o0 )\Oé
dr > / _ Y o
/0 A+zi)A+z;)  —Jo (A+xj)?

From (2.7), for i # j,

T Y2ij sin(ar) |,
A%dN = 0.
/(A+wi)()\+xj) s
Consequently, y2;; = 0 for 7 # j, hence, the matrix Y5 is diagonal in the new basis, and
[y sin((1-a)1) 7 yoii  sin(am) .,
AT A%dN = 2. 2.8
/()\—Ir:ci)Q ™ M R e (28)

Differentiating both sides of the following identities

R (1—a)m sin(1 — a)w 7 A1 a
() B T

2 T M4+1 A4z
2% — cos <a7r) Jrsim(om)]o( A 1 ))\ad)\
2 T ) N+l A+z ’

sin(l — a)m / 1 N=0d) = (1 — a)ar,
0

we get

T (A +2;)?
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and

sin(ar) / 1 A = qgo-l
™ 5 ()\ + xi)z ' '

From (2.8) we have

(1 — Oé)yliiCEi_a + aygiixf‘_l = 2. (29)
If we show that the equation (2.9) has solution for any i = 1,2, --- ,n, then from here we
obtain the matrix X > 0 satisfying

m
D wi(XTUAP + XTI AT =21
=1

And then, multiplying both sides of the last identity from the left by X /2, we get

I XmeAr p xeplr 2
X=3w i ;‘ Lo wiHa (X, A) (2.10)
i=1 i=1

Indeed, equation (2.9) is equivalent to the following
cixil_o‘ + d;zi = 2x;

or
Sl (R R (di — xll_o‘) =0,

7

where (1—a)y14 = ¢; > 0and ayqi; = d; > 0. Let f(x;) = le—a (ci — )+ (di - ac,}_a).
11—«

1 1 o
We have f (cf) =g¢ (di —¢ @ ) , and f (d;“) =d; (cl- — dila) . Therefore,

flex) f (di) = (cd—c#) (cd - dﬁ) .
If d = c¢'=®, then f (cé) f (dﬁ) = 0. That means, the equation f(x;) = 0 have a

positive solution. In the case d® > c'=%, we have cd — ca > 0 and ed — aiﬁ < 0.
1
Consequently, f (Cé> f (dm) < 0. By the Intermediate Value Theorem, the function f

has a zero in (c!=®,d%). Similarly, one can show that the function f also has a zero in
(d, c'=®) if d* < ¢!~ Therefore, we finish the first part of the theorem that the function
F(X) attains it minimum at a solution of the equation (2.10).

Now, if we show that the function F'(X) is strictly convex and has a critical point, then
the function attains global minimum at that point. In that case, the the equation (2.10)
has a unique solution. In order to show the convexity of F'(X), it is suffice to show the
convexity of ®(4;, X). For 0 < a < 1, the function X — X is matrix concave. Then for
any t € [0,1] and X7, X5 >0,

(tX1 + (1 - £)X2)® > tX& + (1 — ) XS.

Consequently,
Tr (A7t Xy 4 (1 — ) X2)®) > tTr (A]XP) + (1 — ) Tr (A]7X).
Therefore,
-« _ e l—aya l-aya
" (Ai (EX) + (1 —1)Y2) ) > #Ty <AX1> FTR (AX2> .
o o o
Similarly,
a o -« ayl-a ayl-a
Tr AFX 4+ (1= DXo) > tTr A7 +(1-t)Tr ArXy © .
l-«a 11—« l-«

Combining the last two inequalities we obtain the convexity of ®(A4;, X).
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Now, we show that F'(X) is strictly convex. Suppose that
Tr (A7(EX0 + (1 - t)Xg)a) = ¢Tr (A7OX) + (1 — ) Tr (Al X9). (2.11)

Since

l—«

l-a l-a 1-a l-a l-a
A2 (tX1+ (1 —)X0)%A, 2 —tA 2 XPAZ — A7 (1—t)X§A, 2 <0,

()

from (2.11) it follows that

l1—a

l-a l-a l-a l1-a l-a
A2 (X + (1 -)Xp)A; 7 =147 XTA; 7 + 4,7 (1-1)X54;°

()

and
(X1 4+ (1 —-t)X2)* =tX{+ (1 —t)XS. (2.12)

For a € (0,1), the function f(z) = x® is strictly operator concave. Therefore, from (2.12)
it follows that X; = X5. Thus, the function ®(A;, X) is strictly convex, and hence, F(X)
is strictly convex. O

Remark 2.3. The existence of the solution of (2.10) can be obtained using Brouwer’s
fixed point theorem. Indeed, let a and b be positive numbers such that al < A; < bl, for
all 1 <7 < m. It is obvious that for al < X <bl,

T XA p XeAlTe
al <> w; U ;r i < bl
=1

In other words, G(X) is a self-map on the compact and convex X, where
K={XeP,:al <X <bI}.

According to Brouwer’s fixed point theorem, G(X) has a fixed point.

3. Data processing inequality and In-betweenness property

Recall that the data processing inequality with respect to a quantum divergence ® means
that for any completely positive trace preserving map € and for any positive semidefinite
matrices A and B,

O(E(A),E(B)) < P(A,B).

Recall that (see, for examples, [14, Theorem 5.16]) if a map ®(A, B) is jointly convex,
unitarily invariant and invariant under tensor product, then ® is monotone with respect
to all completely positive trace-preserving map.

By the definition, the map ®(A, B) is jointly convex because Tr (A*B1~%) is jointly
concave for any « € (0,1) [10]. Therefore, from the following theorem it implies that the
new quantum divergence satisfies the Data Processing Inequality.

Theorem 3.1. ®(X,Y) is invariant under all unitary matriz U and invariant under
tensoring with another density matriz 7, Tr (1) = 1.

Proof. For an arbitrary unitary matrix U, we have

dU*XU,U*YU)

1_
Ty K @ 4 O‘) U*XU + 2U*YU}
1« «

o [(U*XU)l_O‘(U*YU)O‘ N (U*XU)Q(U*YU)l—al

leY l—«
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— Ty [(1 * 4 1_0‘) U*XU + 2U*YU]
(0%

—

T U*X1-eyu*yeu B U*Xeyu*yl-ey
o 11—«

=Tr

U*Xl-ayey B U*xeyl-ey
a 1«

( @ +1_O‘)U*XU+2U*YU—
1 -« o

1— leozya Xaylfoz
=T |U* < T 4 O‘)X+2Y— - U
11—« « a 11—«

1— leaya Xaylfa
Ty ( @ 4 O‘)X+2Y— -
l-« @ « 1l-«

=d(X,Y).
Now, suppose that 7 is an arbitrary density matrix. We have
o' n 11—«
11—« o'
Xenyen Xen)(Ye T)l—a]
« 11—«

P(X@7,Y®T)=Tr K >X®T+2Y®T:|

—Tr

1—
= K - +O‘>X®T+2Y®T}
(0%

o l—«

1—
=Tr [(( < +a)X®T—}—2Y®T}
«
Xl—aya Xayl—a
T (®) T <®)
« l—-—«a

1— leaya Xaylfa
:ﬂ[« . +a>X+2Y— _ >®T
[0}

« 11—«

_ l—ayva ayl—a
— Tr l( o 1 a>X+2Y—X ye X ]TI‘(T)
o o 11—«

O

The in-betweenness was introduced by Audenaert in [2]. He showed that the matrix

power mean /i, (t; X,Y) = (tXP 4 (1 — t)Yp)% satisfies the in-betweenness property. This
property was investigated by the first author and co-authors in [4-9]. To finish this paper,
we show that the matrix power mean 1, (t; X,Y") also satisfies the in-betweenness property
with respect to the new divergence in the previous section.

Theorem 3.2. Let X,Y € Py, and o and p such that 0 < max{ca,1 —a} <p <1. Then

3=

where == pp(t; X,Y) = (tXP 4+ (1 —t)YP)
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Proof. The inequality (3.1) is equivalent to the following

r Xl-o o Xol-o Xl-aya Xayl—a_
Tr |2u, — Po _ ] <Tr |2Y — — ,
I « 1—« « 1—« |
or,
i Xl-aya xoyl-a X1l-a o xol-al
Tr |24, + + <Tr oy 4 ot M (3.2)
11—« o' 11—«
1 1
By the operator convexity of the map x — x» when 3 <p <1, we have
1
pp = (tXP+(1-t)YP)r <tX + (1 -1t)Y.
Therefore,
Tr (2pp) < Tr(2tX 4+ 2(1 —t)Y).
Consequently, it is enough to prove
X1l-aya Xaylfa_ [ X1l-o o xo,l-a
Tr [2tX 4 2(1 — )Y + - <Tr |2Y + Mo 2 F
« 1 -« | I « 11—«
Equivalently,
xl-aya Xayl—a_ 'lea « xo,l-a
Tr |26(X — V) + + <Tr S (3.3)
« 1—a | |« 1—«

e 11—«
Indeed, by the operator concavity of the map z +— z7, when0 < a<p<landzx—x » ,
when 0 <1 —a < p <1, we have

P = (tXP + (1 )YP)s > X%+ (1 —1)Y®

and
S (X10ug) = ST [1X 4 (1 )Xy
a PP= '

Similarly,

py = (tXP+ (1 - HYP) 5 > X (1 - pyle
and

1
a, l-a o ayl—a

T (X ) > T [tX + (1 —pxeyi-e].

Consequently,
1 1 Xl-aye  xeyl-e Xtous Xy
Tr t<+ )X—l—(l—t) - < Tr fo 2 My |
a 11—« « 11—« « 11—«
Therefore, the inequality (3.3) follows if
Xl—aya Xayl—a
Tr [215()( -Y)+ + 1
o 11—«
1 1 leozyoz Xaylfoz
< Tr t(+)X—|—(1—t) + ,
a 11—« o 1-a

which is equivalent to the inequality (2.1).
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