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ABSTRACT. In this paper, we introduce the notions of asymptotical strong
o2-equivalence, asymptotical oa-statistical equivalence, asymptotical lacunary
strong og-equivalence and asymptotical lacunary oa-statistical equivalence in
the Wijsman sense for double set sequences. Also, we investigate some relations
between these new asymptotical equivalence notions.

1. INTRODUCTION

Long after the notion of convergence for double sequences was introduced by
Pringsheim [1], this notion was extended to the notion of statistical convergence by
Méricz [2] and Mursaleen and Edely [3] in the same year, to the notion of lacunary
statistical convergence by Patterson and Savag [4] and to the notion of double o-
convergent lacunary statistical sequence by Savag and Patterson [5]. Moreover,
for double sequences, the notion of asymptotical equivalence was introduced by
Patterson [6].

Over the years, on the various convergence notions for set sequences have been
studied by many authors (see, [7H9]). One of them, discussed in this paper, is the
notion of convergence in the Wijsman sense [10]. Using the notions of statistical con-
vergence, double lacunary sequence and invariant mean, this notion was extended
to the notions of convergence for double set sequences by some authors [11H13].
Furthermore, for double set sequences, the notions of asymptotical equivalence in
the Wijsman sense were introduced by Nuray et al. [14] and then these notions
were studied by some authors [15H17]. In this paper, using the notion of invariant
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mean, we study on new asymptotical equivalence notions in the Wijsman sense for
double set sequences. More information on the notions of asymptotical equivalence
for set sequences can be found in [18]/19].

2. BASIC DEFINITIONS AND NOTATIONS

In this section, let us remind the basic notions necessary for a better understand-
ing of our paper.

Definition 1. [1] A double sequence (x;1) is called convergent to L in Pringsheim’s
sense if for every € > 0, there exists N. € N such that |z, — L| < e, whenever
J k> N.. It is denoted by P — lim zp; =L or lim zj, = L.
j,k—o00 J,k—00
Definition 2. [3/ A double sequence (x;1) is called statistically convergent to L if
for every e > 0,
1
P— lim —

m,n—o00 MmN

{G.R): G <mk<n o~ L) >} =0

For a metric space (Y, d), u(y, B) denote the distance from y to B where
wly, B) = inf d(y,b)

for any y € Y and any nonempty B C Y.
Throughout this study, (Y, d) will be considered as a metric space and B, Bjx, Dj
will be considered as any nonempty closed subsets of Y.

Definition 3. [13] A double set sequence {B;} is called convergent to the set B
in the Wijsman sense if for each y € Y,

J,k—00

Let 0 be a mapping such that ¢ : N — N (the set of positive integers). A
continuous linear functional ¥ on /., the space of real bounded sequences, is called
an invariant mean (or a o-mean) if it satisfies the following conditions:

(1) ¢(xs) > 0, when the sequence (z,) has z, > 0 for all s,
(2) ¥(e) =1, where e = (1,1,1,...) and
(3) 1/)(1‘0(8)) = 1p(xs) for all (xs) € loo.

The mapping o is assumed to be one-to-one and such that o7(s) # s for all
j,s € N, where 07(s) denotes the j th iterate of the mapping o at s. Thus
extends the limit functional on ¢, the space of convergent sequences, in the sense
that ¥ (z,) = limx, for all (z;) € c.

Definition 4. [12] A double set sequence {Bji} is called invariant convergent to
the set B in the Wijsman sense if for each y € Y,

n,m

. 1 A )
P— T”l%rgoo — kz (Y, Boi(s)ok ) = 1y, B),  uniformly in s,t.
Jk=1,1
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Definition 5. [12] A double set sequence {Bj} is called strong invariant conver-
gent to the set B in the Wijsman sense if for each y € Y,

n,m

1
P— lim — Z |,u(y,Boj(S)Uk(t)) — pl(y, B)| =0, uniformly in s,t.

n,m—o00 MM
7,k=1,1

Definition 6. [12]/ A double set sequence {Bji} is called invariant statistically
convergent to the set B in the Wijsman sense if for every e > 0 and each y € Y,

: 1 ) .
P— lm — {(]ak) 2J < nak < m, |N(y7BO'j(s)0'k(t)) 7:“‘(y7B)| > 6}’ = Oa

n,m—oo NI
uniformly in s, t.

A double sequence 03 = {(j,, ky,)} is called a double lacunary sequence if there
exist increasing sequences (j,.) and (k) of the integers such that

Jo=0, hy = jr — jr_1 — o0 and kg =0, hy =ky —ky_1 — 00 as r,u— 00.
In general, the following notations is used for any double lacunary sequence:
hru = hr}_lua Iru = {(]a k) :jr—l < j S jr and ku—l < k § ku}a

'T’ ku
qr = T and Qu = .
Ir—1 ku—l
Throughout this study, 82 = {(j, ku)} will be considered as a double lacunary
sequence.

Definition 7. [12] A double set sequence {Bji} is called lacunary invariant con-
vergent to the set B in the Wijsman sense if for each y € Y,

P — lim

T, U—00

Z M(ya Baj(s)ok (t)) = /’[’(ya B)a umformly in s,t.
" (k) €L

Definition 8. [12] A double set sequence {Bj} is called lacunary strong invariant
convergent to the set B in the Wijsman sense if for each y € Y,

1
P — lim

,U—00 hru

Z |M(y7 Baf(s)ak(t)) - :U’(y> B)‘ =0, unlformly in s,t.
(k) Elru

Definition 9. [12] A double set sequence {Bj} is called lacunary invariant sta-
tistically convergent to the set B in Wijsman sense if for every € > 0 and each
yey,

P — lim

T,U—00

{G:K) € I+ |00y, Bosgoyor) — ly, B)| 2 e}| =0,

U

uniformly in s,t.



4 U. ULUSU, E. DUNDAR, N. PANCAROGLU AKIN

The term i, (Bj’“> is defined as follows:

Djk
1(y, Bir)
) , B;.UD;
0 @ = ,U/(y,D]k) Y g " o
v\ Dy
A , Y€ B UDjyg.

Definition 10. [14] Two double set sequences {B;,} and {Dji} are called asymp-
totically equivalent of multiplicity X in the Wijsman sense if for each y € Y,
B
P— 1 L
j,klinoo My <Djk)

W)\
It is denoted by Bji, ~ Dji, and simply called asymptotically equivalent in the
Wijsman sense if A = 1.

As an example to asymptotically equivalent double set sequences, the following
sequences can be considered:

B, = {(a,b) € R?* : a* +b* — 2jkb = 0}
and
Djr = {(a,b) € R? : a® + b* + 2jkb = 0}.

Since

Bk
P— 1 ) =1
j,klinoo ’uy (Djk>
for every y € R2, the double set sequences {Bji} and {D;;} are asymptotically

. . .. . W
equivalent in the Wijsman sense, i.e., Bj, ~ Djy.

3. MAIN RESULTS

In this section, for double set sequences, we introduce the notions of asymptoti-
cal oo-equivalence, asymptotical strong os-equivalence, asymptotical oo-statistical
equivalence, asymptotical lacunary os-equivalence, asymptotical strong lacunary
oa-equivalence and asymptotical lacunary os-statistical equivalence in the Wijsman
sense. Also, we investigate some relations between some of these new asymptotical
equivalence notions.

Definition 11. Two double set sequences {B;i} and {D;,} are said to be asymp-
totically oo-equivalent of multiplicity \ in the Wijsman sense if for each y € Y,

1 <= Baj s)o
P— lim — E <()k(t)) =\, uniformly in s,t.
n,m—00 NI, . — Daj(s)o-k(t)
J,k=1,1
A

WU
This type of equivalence is denoted by Bj, ~* Djj, and simply called asymptotically
oa-equivalent in the Wijsman sense if A = 1.
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Definition 12. Two double set sequences {Bji} and {D;,} are said to be asymp-
totically strong os-equivalent of multiplicity \ in the Wijsman sense if for each
yey,

1 Rl Baj s)o
P— lim — E <()k(t)) — )\‘ =0, wuniformly in s,t.
n,m—00 NI, . — Daj(s)ak(t)
J,k=1,1

W,,]
This type of equivalence is denoted by Bj,  ~* Dji, and simply called asymptotically
strong oa-equivalent in the Wijsman sense if A = 1.

The set of all asymptotically strong os-equivalent double set sequences of mul-
tiplicity A in the Wijsman sense is denoted by {[W\]}.

Definition 13. Two double set sequences {Bji} and {D;,} are said to be asymp-
totically oo-statistical equivalent of multiplicity A in the Wijsman sense if for every

e>0and eachy €Y,
" ( oz =0,
Y\ Dyi(s)ok (1)
A

W o
uniformly in s,t. This type of equivalence is denoted by Bji, ~* Dji and simply
called asymptotically oo-statistical equivalent in the Wijsman sense if A = 1.

1
P— lim H(g,k) i< n,k<m,

n,m—o00 NM

The set of all asymptotically oo-statistical equivalent double set sequences of
multiplicity A in the Wijsman sense is denoted by {W .S, }.

Definition 14. Two double set sequences {B;} and {Dj} are said to be asymp-
totically lacunary oo-equivalent of multiplicity \ in the Wijsman sense if for each
yey,

P — lim

rau—oo h

Bgi(syor . ;
Z 1, <W> =\, uniformly in s,t.

(j,k)EI,,.u Do'j(s)gk(t)

Tu

We,
This type of equivalence is denoted by Bjy, 2 ik and simply called asymptotically
lacunary oo-equivalent in the Wijsman sense if A = 1.

Definition 15. Two double set sequences {B;i} and {D;} are said to be asymp-
totically lacunary strong os-equivalent of multiplicity A in the Wijsman sense if for
eachy €Y,

1 B,i(s)o ‘ )
P — lim E ’,uy <()k(t)) — )\‘ =0, uniformly in s,t.
TU—00 hru . DO'J (s)ak(t)
(G,k)€lru

W5y,
This type of equivalence is denoted by By, vk Dji and simply called asymptoti-

cally lacunary strong oo-equivalent in the Wijsman sense if A = 1.
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Example 1. Let Y = R? and double set sequences {Bji} and {D,} be defined as
following:

{(a,b) ER%: a2+ (b4 1)2 = %k} . if (j, k) € Iyu, j and k are

Bjj, = square integers,

{(2,0)} i otherwise.

and
{(a,b)ER2:a2—|—(b—1)2 if (j,k) € L, j and k are
D = square integers,

{(2,0)} i otherwise.

In this case, the double set sequences {Bji} and {Dji} are asymptotically lacunary
strong os-equivalent in the Wijsman sense.

|
Bl
——

The set of all asymptotically lacunary strong os-equivalent double set sequences
of multiplicity A in the Wijsman sense is denoted by {[Wg\,_]}.

Definition 16. Two double set sequences {B;i} and {D;,} are said to be asymp-
totically lacunary oo-statistical equivalent of multiplicity X in the Wijsman sense if

for everye >0 and each y €Y,
Boi(syor (1)
(G k) € Lru : |11 ( —A >
{ ) Y Do'j(s)ok(t)
A

S o
uniformly in s,t. This type of equivalence is denoted by Bjy ~2 Dji and simply

called asymptotically lacunary oa-statistical equivalent in the Wijsman sense if A =

1.

Example 2. Let Y = R? and double set sequences {Bji} and {Dj} be defined as
following:

{(a,b) eR?: (a—j)*+ (b+k)> =4} ;5 if (j,k) € Lry, j and k are
Bji := square integers,

{(-2,1)} i otherwise.

P — lim

T,U—>00

:07

ru

{(a,b) eR?: (a+ )2+ (b—k)2 =4} ; if(j,k) € Ly, j and k are
Djy = square integers,
{(-2,1)} : otherwise.

In this case, the double set sequences {Bji} and {Dji} are asymptotically lacunary
oo-statistical equivalent in the Wijsman sense.

The set of all asymptotically lacunary oo-statistical equivalent double set se-
quences of multiplicity A in the Wijsman sense is denoted by {WSQ‘UZ}.
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Theorem 1.
. (Wat,) W S5,
(l) IfBjk ~ Djk, then Bjk ~ Djk,
A
(ii) If for each y € Y sup ‘u (M)‘ < oo and Bj e Dy,
kst U \Poi@ak ’ I

(Woo,)

then Bjk ~ Djk,

(Wae,)

Proof. (i) Let Bjr, ~" Djj. For every € > 0 and each y € Y, we have

Bo”so"“t BU S)ok (¢
Sy (Hrese)-a > S (g ) s
(4.k)ELry ol (s)ah (1) (G k) E L oi(s)ok(t)
Boisyok ) )
”’y(DaJ‘(s)a’m)) Alze
> ¢

B (ayon
. oI (s)ok(t)
(]7k)€Iru:'N <)_>\‘>5
{ Y\ Doi(s)o5 (1)

J k
Bois)ok )
uy(D )‘<ooforeach

ol (s)ok(t)

for all s, ¢, which gives the result.
. WS,
(ii) Let Bjr  ~ ° Dj. Also, suppose that sup
Jik,s,t
y € Y. Then, there exists an M > 0 such that for each y € Y

Bei(s)ok (1) ) ‘
p, (22O <y
’ Y (Daf(s)ak(t)

for all j,k and s,t. Thus, for every £ > 0 and each y € Y we have
1 Bii(syor (1)
— ] = A
hy, Z ‘/le (de (s)ok(t)

B CRDIS
1 j : Ba' s)o

ru (k)€ Doi(s)or e

Baf(s)a"’(t))
el ()eh(e) )y
Hy <Daf<s>ak<t>

1
+ 3
(Jk)Elru

B .
oJ (s)ok(t)
“y(D )7>‘

od(s)ok(t)
Bei(s)ok (1) ) ‘
P sl LGN Y
Y (Doa‘(s)ak(t)

for all s,t, which gives the result. ([l

>e

M (Baj(s)gk(t)> B )\’
Y\ Do ()0 (1)

<e

M
hru

< +e

{(j, k)€ I, :
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With a technique similar to that of Theorem [} the following theorem can be
proved.

Theorem 2.
. we,] WS,

(i) If Bjr ~" Dji, then Bj, ~"* Djy.

Byi WS

:u’y (Dausi)ak(t))‘ < oo and B]k ~ 2 Djk:7

od(s)ok(t)

(ii) If for each y € Y sup
Jyk,s,t

Ww2,]

then Bj,, ~" Djg.
Theorem 3. Ifliminf,. ¢, > 1 and liminf, g, > 1 for any 02 = {(jr, ku)}, then
wsy, L WShs,
B ~ 7 Dji implies Bj, ~ ~ Djj.
A

a2

w
Proof. Let Bj, ~ "~ Djj. Also, suppose that liminf, ¢, > 1 and liminf, g, > 1.
Then, there exist 1, p > 0 such that ¢, > n+1,q, > p+ 1 for all »,u > 1, which
implies that
Dy > np
Jrku — (77 + 1)(p + 1)

Thus, for every € > 0 and each y € Y we have

1 Boi(s)ok (1)
. J?k)]gj’l‘akgkualu/ ( _)\ ZE
]Tku {( v Do.j(s)o.k(t)
1 . Bei(syor (1)
Z‘ J)kejru:‘ﬂ ( - A ZE
Jrky {( ) Y Dai(s)ak(t)
Ry 1 . (ng(s)gk(t)> )
== Jykejru:ﬂ' — ] = A Z&‘
]rku hru {( ) Y ng(s)o-k(t)
P L) Boi(s)o* (1)
> |1 (J, K EIT:‘,U ( A =>e
M+ (p+1) hyu {( ) “ Y\ Doi(s)ok(¢)
for all s,t, which gives the result. ([

Theorem 4. Iflimsup, ¢, < oo and limsup,, ¢, < oo for any 02 = {(jr, ku)}, then

WS3a, WSz,

Bjk ~ Djk implies Bjk ~ Djk.

Proof. Let limsup, ¢, < oo and limsup,, ¢, < co. Then, there exist «, 5 > 0 such

A
‘580

w
that ¢, < a,q, < B for all r,u > 1. Also, suppose that Bj, ~"° Dj; and
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6 > 0. Then, there exist ng, mg € N such that for every ¢ > 0, each y € Y and all

J = mno,k>mo
Boi(s)ok (1) ) ‘
" ( ol
Y\ Doi(s)ok (1)
for all s,t. We can also find an M > 0 such that S, < M for all j,k=1,2,....

Now, let n and m be any integers satisfying j.—1 < n < jr,ku—1 < m < ky
where r > ng,u > mg. Then, for every y € Y we have

1
Sjk =

<6
hn

{(],k) S Ijk :

1 . . Baj(S)Uk(t)
E:i<n k< v\ )=
nm{U’)J—m —m’%(Dw@wm =
) | o Bw@ﬁ@) ’
<t GRS < ek < R [y (2ZOTO) s
>~ jr*lkufl {(] ) J J 'uy (Dﬂj(s)ak(t)
) . Bi(syon(t) ) ‘
= ¥ 7k EI : Y Dok (s _>\ 26
A= {(] Jedn “J<Doj<s>ak<t>

1 . Boi(syok(t) >
—— NGk el CAAOLAOR PN PUS
Jr—1ky—1 {(] ) 12|y <Daj(s)ak(t)
1 : me%w)
b WGk ey lAOLAGN Y
]r—lku—l {(] ) 2|y <Daj(s)ak(t)

1 , Boi(syort) )
e NG k) ETLy: G0N Y P
Jr—1ku—1 {(‘7 )€ Tty (ng(sw(t)

1 wa%m) ’
+- k) € Iy : —A>e
]r—lku—l {(j ) ‘My (DUj(S)Uk(t)
ik i1(ke — k s — j1)k jo — j1)(ka — k
= Jik1 811+j1,( 2 1)812+ (]2 .71) 1821+ (32 .]1)( 2 1)822
jrflkufl jrflkufl j'rflkufl ]rflkufl

(jno _jnofl)(kmo - kmo*l)

+ -
]r—lku—l

S’I’L(] mo
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(jr B jrfl)(ku B kufl)

+ - S
]T—lku—l "
o K i — Jne ) (kuw — k

S sup S]k ‘]no mo + Sup S] (]7’ ]TLo)( u mo)

1<j, 1<k Jr—1ku—1 >n0, k>mo Jr—1ku—1
< MM 1éapB

]rflkufl

for all s,t, which gives the result. ([

Theorem 5. If
1 < liminf, ¢, <limsup, ¢, < 00 and 1 < liminf, ¢, <limsup, ¢, <
for any 62 = {(jr ku)}, then

A

ng\ag . . )
Bji,  ~ " Dj if and only if Bjr ~ " Djy.
Proof. The proof is obvious from Theorem [3| and Theorem O

With techniques similar to that of Theorem [3] Theorem @] and Theorem [5] the
following theorems can be respectively proved.

Theorem 6. Ifliminf, ¢. > 1 and liminf, ¢, > 1 for any 03 = {(jr, ku)}, then
s dorg]

oy
Bj NG Djk implies Bjk ~ Djk.
Theorem 7. Iflimsup, ¢, < co and limsup,, ¢, < oo for any 02 = {(jr, ku)}, then
(Was,] W,,]
Bjr <% Dy implies Bj, ~<* Djy.
Theorem 8. If
1 < liminf, ¢, <limsup, ¢» < 00 and 1 < liminf, ¢, <limsup, ¢, <

for any 92 = {(]’rvku)}7 then
(W %)

P Ws,

Bjr,  ~7 Dji if and only if Bjr, ~" Dji.
4. CONCLUSION

When (o(s),0(t)) = (s + 1,t + 1), from Definitions we get the defini-
tions of asymptotical almost equivalence, asymptotical strong almost equivalence,
asymptotical almost statistical equivalence, asymptotical lacunary almost equiva-
lence, asymptotical lacunary strong almost equivalence and asymptotical lacunary
almost statistical equivalence in the Wijsman sense for double set sequences. So,
the analogues of Theorem [T}f8] can also be obtained between these definitions, which
have not been appeared anywhere by this time.
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