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Viscoelastic Characterization and Mechanical Hysteresis of 

Commercial Grade Polypropylene 

Highlights 

❖ Resolution of hysteresis response based on the computational viscoelasticity model 

❖ Fitting of generalized Maxwell model parameters to experimental relaxation curves  

❖ Determination of material behavior for commercial-grade materials without adequate specification  

Graphical Abstract 

In this study, an analytical viscoelasticity model was determined to validate the material properties from the 

experimental response behavior. These results were compared with a finite element model to evaluate the results.  

 

Figure. Diagram summarizing the study 

Aim 

This study aims to underline viscoelastic material properties of importance in the mechanical design process and 

provide a guideline to estimate them using a simple and easy characterization test. 

Design & Methodology 

The design of this study is based on the determination of a feasible analytical viscoelasticity model. This model is then 

used by way of experiments to determine and validate the viscoelastic material properties from experimental response 

curves. Finally, a numerical model is used to obtain further insight into the viscoelastic response. 

Originality 

This rationale behind our study stems from the lack of viscoelastic modeling in the mechanical design process 

involving the class of viscoelastic materials. Thus, we aimed to provide a fresh, original, and simple method for 

mechanical engineers. 

Findings 

The viscoelastic response of an off-the-shelf stock polypropylene material was determined by fitting the experimental 

response curves by an appropriate viscoelastic material model. 

Conclusion  

Although the undertaking of a viscoelastic response analysis is comparably more involved than that of an elastic 

material class, there will be significant advantages and insights provided by the viscoelastic model which will be 

useful in making design decisions. 

Declaration of Ethical Standards 

The authors of this article declare that the materials and methods used in this study do not require ethical committee 

permission and/or legal-special permission. 
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ABSTRACT 

The main objective of this project is to investigate the viscoelastic behavior of polypropylene material. The theory of viscoelasticity 

is used to understand how a polypropylene material can be modeled mathematically to make a complete analysis. The time-

dependent stress-strain response of the polypropylene material is investigated with the relaxation test that is carried out with the 

material. Then the required parameters for mathematical models such as elasticity or stiffness, k or E, along with the relaxation 

time, 𝝉,  is found to illustrate this behavior. The response curve from experiments is compared with the analytical study with the 

theory that includes the mathematical models to complete a finite element analysis on Marc. The curve that is achieved from this 

analysis overlapped with the one coming from the analytical study. Forced oscillation procedure is carried out in Marc to simulate 

the dynamic analysis test. Internal energy loss of the specimen is inspected via the hysteresis graph. 

Keywords: Viscoelasticity, finite element method, relaxation modulus, collocation method, hysteresis. 

ÖZ 

Bu projenin temel amacı, bir polipropilen malzemenin viskoelastik davranışını incelemektir. Viskoelastisite teorisi, tam bir analiz 

yapmak için bir polipropilen malzemenin matematiksel olarak nasıl modellenebileceğini anlamak için kullanılır. Polipropilen 

malzemenin zamana bağlı gerilme-uzama tepkisi, malzeme ile yapılan gevşeme testi ile araştırılır. Daha sonra esneklik veya sertlik 

gibi matematiksel modeller için gerekli parametreler, k veya E, gevşeme süresi ile birlikte, 𝝉, bu davranışı göstermektedir. 

Deneylerden gelen yanıt eğrisi, Marc yazılımı üzerinde bir sonlu eleman analizini tamamlamak için matematiksel modelleri içeren 

teori ile analitik çalışma ile karşılaştırılmıştır. Bu analizden elde edilen eğri, analitik çalışmadan gelenle örtüşmektedir. Dinamik 

analiz testini simüle etmek için Marc'ta zorunlu salınım prosedürü gerçekleştirilmiş ve numunenin dahili enerji kaybı histerezis 

grafiği ile incelenmiştir. 

Anahtar Kelimeler: Viskoelastisite, sonlu elemanlar yöntemi, gevşeme modülü, kolokasyon yöntemi, histerezis

1. INTRODUCTION 

Plastic materials are one of the worst pollutants in the 

worlds' oceans, due to their ubiquitous use in daily life as 

well as industrial applications, which are too great to list 

here [1]. It is important to recycle plastics to mitigate the 

pollution caused by them. Recycling, however, alters the 

mechanical properties of the original constituents by 

mixing them with others, thus an in-situ material 

characterization just after the recycled product is 

obtained becomes important. In this way, recycled 

products which come with their material property 

specifications may readily be integrated into the 

engineering design cycle [2], which in turn will increase 

the utilization of recycled plastics in the industry.  

One of the most common types of plastic in daily-life use 

is polypropylene (PP), most of the plastic kitchen 

appliances such as food storage boxes, plastic cutting 

boards, plastic glasses are made of this material, and 

filters of water purification devices consist of a body and 

a cover part made of PP material [3]. Although PP in 

room temperature may be assumed to behave as a linearly 

elastic material for brevity in engineering design, a more  

detailed analysis will require knowledge about its 

viscoelastic properties, which usually is missing from the 

manufacturer's specifications. Energy absorption 

capacity [4] and mechanical properties of recycled plastic 

materials [5] are recent studies done on plastics and 

polymers. In this study, a PP material without any 

knowledge of composition or material properties was 

purchased off-the-shelf of a Turkish supermarket chain 

to characterize its’ viscoelastic behavior.  

Viscoelasticity is a mechanical phenomenon that differs 

from elasticity by including the temporal behavior of the 

material [6], [7]. While elastic materials respond 

instantaneously to an externally applied load or 

displacement and keep their shape as time lapses, 

viscoelastic materials keep deforming or changing their 

internal loads with time. Thus the mathematical theory of 

viscoelasticity may get quite complex in comparison with 

the theory of elasticity. In this study, we aimed to keep 

the mathematical complexity of the viscoelastic 

formulation at the lowest level yet achieve a sufficient 

experimental fit of the analytical parameters. This aim 

was satisfied by using the generalized Maxwell model. 

The viscoelastic behavior of PP has been studied 

experimentally by [8], however, they did not consider 

using a generalized Maxwell model.   

 

*Sorumlu Yazar  (Corresponding Author)  

e-posta :  onur.namli@yeditepe.edu.tr 



Mustafa Mert YILMAZYURT, Serhat EYÜPREİSOĞLU, Ali Fethi OKYAR, Onur Cem NAMLI  / POLİTEKNİK  DERGİSİ, Politeknik Dergisi,2023;26(3): 1121-1130 

1122 

In the experiments, the test specimens were cut from 

stock, and numerous stress relaxation tests were made at 

different conditions. Based on fitting these curves with 

various viscoelastic models, material parameters have 

been estimated. The specimen used in the tests was also 

modeled in the finite element software MARC, [6] by 

using a viscoelastic material model and the material 

parameters obtained in the previous step. Using 

appropriate loading and boundary conditions, the stress 

relaxation behavior of the numerical model was obtained 

and then compared with the analytical model. Moreover, 

the numerical model provided an extra insight that was 

otherwise not available, that is the stress-strain behavior 

of the PP material. Viscoelasticity is seldom exploited in 

the mechanical design process. The main objective of this 

article is to propose a simple experimental layout for the 

in-situ measurement of viscoelastic parameters of 

recycled plastics. In addition, we showed the hysteresis 

of PP material as a bi-product of the computational 

results, which is often a concept left out of the design 

process.  

 

2. LINEAR VISCOELASTIC THEORY  

2.1. THE MAXWELL MODEL  

The mechanical response of a viscoelastic material under 

external stress exhibits both the characteristics of an 

elastic solid as well as a viscous fluid. In addition, it is 

known that springs and dashpots are devices that exhibit 

elastic and viscous responses, respectively. Thus, the 

equations relating to stress and strain of a viscoelastic 

material could be represented with an appropriate 

combination of equations that relate stress and strain as 

in springs and dashpots. To illustrate, these spring 

dashpot systems utilize a Hookean model spring 

described by,  

𝜎𝑠 = 𝑘𝜀 (1) 

where 𝜎𝑠 and 𝜀 are the uniaxial stress and strain 

analogous with the spring force and the displacement, 

respectively, and the spring constant k is analogous with 

Young’s modulus E (The stiffness, k, will be used 

interchangeably with E in the remaining parts of the 

paper). While the instantaneous deformation of the 

materials is modeled as a spring, its fluid-like flow can 

be modeled using a Newtonian dashpot for which stress 

and strain rates are related as 

𝜎𝑑 = 𝜂𝜀̇ (2) 

where 𝜂 is the viscosity (𝑁 − 𝑠/𝑚2). Taking the ratio of 

viscosity to stiffness as 

𝜏 = 𝜂/𝑘 (3) 

the time of viscoelastic response or viscoelastic time 

constant of the material 𝜏 is obtained. 

Figure 1. The Maxwell Model 

 

The model shown in Figure 1 known as the Maxwell 

model is a series assembly of the spring and dashpot. In 

this model, the stress in each element is the same as the 

applied stress while a strain is obtained by summing 

strains over the respective components.  

𝜎 = 𝜎𝑠 = 𝜎𝑑 (4) 

𝜀 = 𝜀𝑠 + 𝜀𝑑 (5) 

Here, the subscripts d and s represent dashpot and spring 

respectively. If Eqs. 2 and 3 are combined with Eq. 5, we 

get 

𝜀 = 𝜀�̇� + 𝜀�̇� =
�̇�

𝑘
+

𝜎

𝜂
 (6) 

Multiplying the above with k, and inserting the time 

constant from Eq. 3 we get 

𝑘𝜀̇ = �̇� + (
1

𝜂
) 𝜎 (7) 

The left-hand side of the above equation disappears when 

the material is placed in a relaxation test where the 

applied strain remains constant throughout the test. The 

applied strain and relaxation stress versus time graphs are 

as seen in Figure 2. 

Upon substituting 𝜀̇ = 0 into Eq. 7  we get 

�̇� = −(
1

𝜏
) 𝜎 (8) 

Using separation of variables and integrating both sides, 

∫
𝑑𝜎

𝜎
= −(

1

𝜏
)

𝜎

𝜎0

∫ 𝑑𝑡
𝑡

0

 (9) 

log 𝜎 −  log𝜎0 = −
𝑡

𝜏
 (10) 

𝜎(𝑡) =  𝜎0 exp (−
𝑡

𝜏
) (11) 

Normalizing Eq. 11  with respect to the applied strain, 𝜀0, 

we obtain the relaxation modulus 𝐸𝑟𝑒𝑙  

𝐸𝑟𝑒𝑙(𝑡) =
𝜎(𝑡)

𝜀0

 = 𝑘 exp (−
𝑡

𝜏
) (12) 

Where Eq. 1 was used. 

𝜎 𝜎 

𝑘 𝜂 
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Figure 2. Constant strain and Resulting stress curve vs. time (s). 

2.2. THE STANDARD LINEAR SOLID (SLS) 

MODEL 

Plastic materials or polymers do not show the relaxation 

behavior exhibited by the Maxwell model shown in 

Figure 2 unless they are silly putty. Different 

differentiated spring-dashpot models can be used to 

illustrate the reorganization of conformational shape that 

occurs within the material. For example, the Standard 

Linear Solid (SLS) Model shown in Figure 3, is obtained 

by placing one more spring, 𝑘𝑒, parallel to the Maxwell 

model explained in the previous part. This spring 

provides a rubbery stiffness when Maxwell side is 

relaxed away during dashpot extension. 

 

Figure 3. The Standard Linear Solid (SLS) Model 

 

Eventually, there will be the same strain (iso-strain) 

occurring on both sides of the model. 

𝜀 = 𝜀𝑒 = 𝜀𝑚 (13) 

Total stress will be the sum of both sides. 

𝜎 = 𝜎𝑒 + 𝜎𝑚 (14) 

As Maxwell part of the model contains the stress and the 

stress is dependent on time, it can be solved with Laplace 

transformation easily. Also SLS model contains one 

more spring alongside the Maxwell Model the Eq. 7 

converts to; 

𝑘1𝜀̇ = �̇�𝑚 + (
1

𝜏
) 𝜎𝑚 (15) 

If Laplace transformation is applied, 

𝑘1𝑠𝜀 ̅ = 𝑠𝜎𝑚 + (1 𝜏⁄ )𝜎𝑚 (16) 

and 𝜎𝑚 is isolated, 

𝜎𝑚 =
𝑘1𝑠

𝑠 + (1 𝜏)⁄
𝜀 ̅ (17) 

Upon adding the stress contribution from the parallel 

Maxwell element,  

𝜎 = 𝑘𝑒𝜀 ̅ +
𝑘1𝑠

𝑠 + (1 𝜏)⁄
𝜀 ̅ = (𝑘𝑒 +

𝑘1𝑠

𝑠 + (1 𝜏)⁄
) 𝜀 ̅ (18) 

As in the Hooke's Law, the Eq. 18 is simplified to 𝜎=𝛦𝜀  ̅

where the 𝛦 is called the relaxation modulus in the 

frequency domain, which reads,  

𝛦 = 𝑘𝑒 +
𝑘1𝑠

𝑠 + (1 𝜏)⁄
 (19) 

For example, if a constant strain 𝜀0 is applied to the 

material as discussed earlier in Figure 2, one can expect 

𝜀(𝑡) = 𝜀0, and it's Laplace transform reads 

𝜀 ̅ =
𝜀0

𝑠
 (20) 

Upon dividing Eq. 18  by 𝜀0, and taking the inverse 

Laplace transform, one can get 

𝐸𝑟𝑒𝑙(𝑡) =
𝜎(𝑡)

𝜀0

= 𝑘𝑒 + 𝑘1exp (−
𝑡

𝜏
) (21) 

The SLS model is a model with three parameters, 

𝑘𝑒  glassy moduli, 𝑘1 rubbery moduli and 𝜏 is the 

relaxation time. 

𝑘𝑒 = 𝐸𝑟  (22) 

𝑘1 = 𝐸𝑔 − 𝐸𝑟  (23) 

𝜏 = 𝑡@𝐸𝑟𝑒𝑙 = 𝐸𝑟 +
1

𝑒
(𝐸𝑔 − 𝐸𝑟) (24) 

2.3. THE WIECHERT MODEL 

In reality, the SLS model is not sufficient in capturing the 

viscoelastic relaxation behavior of PP, where, one can 

observe a relaxation with a distribution of relaxation 

times due to the variation of molecular bonds occurring. 

As there is a change in the length with more number of 

shorter-parts relaxing quicker than the longer ones, the 

relaxation process expands over a longer time than usual. 

Thus, there will be more elements needed to model this 

phenomenon, and the Wiechert model also known as the 

Prony series model addresses this need. There are some 

studies made through years comparing the Wiechert 

Model to the previously discussed SLS Model [10] [11] 

[12]. 

𝜎 = 𝜎𝑒 + ∑𝜎𝑗

𝑗

 (25) 

The illustration of the 𝑗 + 1 armed Wiechert model can 

be seen in Figure 4. 

𝜎 𝜎 

𝑘1 𝜂 

𝑘𝑒 



Mustafa Mert YILMAZYURT, Serhat EYÜPREİSOĞLU, Ali Fethi OKYAR, Onur Cem NAMLI  / POLİTEKNİK  DERGİSİ, Politeknik Dergisi,2023;26(3): 1121-1130 

1124 

 

Figure 4. The Wiechert Model 

 

The total stress 𝜎 is the algebraic combination of the 

equilibrium spring and remaining 𝑗 the Maxwell arms. 

Using Eq. 3 the formula for each Maxwell arms can be 

written as, 

𝜎𝑗 =
𝑘𝑗𝑠

𝑠 + (1 𝜏𝑗)⁄
𝜀  ̅ (26) 

The Laplace transformed formula of the model will be 

Ε = 𝑘𝑒 + ∑
𝑘𝑗𝑠

𝑠 + (1 𝜏𝑗)⁄
𝑗

 (27) 

𝜎 = 𝜎𝑒 + ∑𝜎𝑗

𝑗

= (𝑘𝑒 + ∑
𝑘𝑗𝑠

𝑠 + (1 𝜏𝑗)⁄
𝑗

)𝜀  ̅ (28) 

If there is a constant strain 𝜀0 applied to the material as 

discussed for the Maxwell spring-dashpot model, the 

stress can be calculated as, 

�̅�(𝑠) = Ε̅(𝑠)𝜀(̅𝑠) = (𝑘𝑒 + ∑
𝑘𝑗𝑠

𝑠 + (1 𝜏𝑗)⁄
𝑗

)
𝜀0

𝑠

=  (
𝑘𝑒

𝑠
+ ∑

𝑘𝑗

𝑠 + (1 𝜏𝑗)⁄
𝑗

)𝜀0 

(29) 

𝜎(𝑡) = ℒ−1[�̅�(𝑠)] = (𝑘𝑒 + ∑𝑘𝑗exp (−𝑡 𝜏𝑗⁄ )

𝑗

)𝜀0 (30) 

Normalizing with 𝜀0, the relaxation modulus 𝐸𝑟𝑒𝑙  can be 

found as; 

𝐸𝑟𝑒𝑙 = 𝑘𝑒 + ∑𝑘𝑗exp (−𝑡 𝜏𝑗⁄ )

𝑗

 (31) 

Such a viscoelastic material under dynamic loading 

dissipates energy at every cycle. The energy difference 

between the loading and unloading causes a loss of 

energy which emancipates in the form of dissipated heat 

from the material. The reason for the energy difference is 

explained by the phase lag between the applied load and 

the deformation obtained observed in the complex plane. 

It is useful to visualize the stress and strain as vectors 

rotating about the origin of the complex plane at a given 

angular speed, 𝜔. Under applied stress, 𝜎(𝑡), the strain, 

𝜀(𝑡) lags it by the phase angle 𝛿 as seen in Figure 5 where 

the lag between stress and strain oscillations and the 

rotating vector in the complex plane representing the lag 

in terms of angle 𝛿 are shown.  

 

 

Figure 5. The lag between stress and strain oscillations (Top), 

Rotating Vector in the complex plane representing the 

lag in terms of angle δ (Bottom) [13]. 

 

The relations between the phase lag 𝛿, real and imaginary 

parts of the stress 𝜎0
′ and 𝜎0

′′ are given in Eqs (32)-(35).  

tan 𝛿 = 𝜎0
′′ 𝜎0

′⁄  (32) 

|𝜎∗| = 𝜎0√𝜎0
′2 + 𝜎0

′′2 (33) 

𝜎0
′ = 𝜎0 cos𝛿 (34) 

𝜎0
′′ = 𝜎0 sin𝛿 (35) 

The complex form of the stress function can be used to 

describe two different dynamic parameters [4], known as 

the storage modulus, 𝐸′, and the loss modulus, 𝐸′′, which 

are represented as 

𝐸′ = 𝜎0
′ 𝜀0⁄  (36) 

𝐸′′ = 𝜎0
′′ 𝜀0⁄  (37) 

Dynamic tests are suitable for understanding short-term 

polymer responses. When a viscoelastic material is 

subjected to sinusoidal varying stress, a steady-state 

condition will be reached where the resulting species 

(output) is also sinusoidal, with the same angular 

frequency but is delayed by an angle 𝛿 in phase, while 

the delay in the time is shown by Δ. The time lag Δ =
𝑡2 − 𝑡1 is the difference between the peaks of strain and 

stress responses as shown in Figure 5. The phase lag 𝛿  

and time lag 𝛿  are related to each other by the following 

Eqs. 38-39.  

2𝜋𝑓𝑡2 = 2𝜋𝑓𝑡1 + 𝛿 (38) 

𝛿 = 2𝜋Δ λ⁄  (39) 

𝜎 

𝑘𝑒 𝑘1 𝑘2 𝑘3 𝑘𝑗 

𝜂1 𝜂2 𝜂3 𝜂𝑗 
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Here, 𝑓 is the frequency of loading inversely proportional 

to the wavelength, λ. The delay between stress and strain 

is plotted for different frequency values. For frequency 

values less than 1 Hz, the delay is expected to increase as 

the frequency value decreases. As the frequency values 

increase, the delay occurring is expected to decrease and 

reset after a while. 

3. EXPERIMENTAL METHOD 

The model parameters 𝑘𝑒, 𝑘1 …𝑘𝑗 and 𝜏1 … 𝜏𝑗 can be 

found by data fitting methods if relaxation tests are 

provided. For this purpose, several such tests are 

performed in the uniaxial testing machine where the 

change in stress was recorded over prolonged periods of 

exposure at a constant elevated temperature. Several tests 

were performed at room temperature and at higher 

temperatures which are generated by a heat gun. The 

results were then compared with the ones in the literature. 

Relaxation tests in the study were made with a universal 

testing machine (Instron 3382) located in the Solid 

Mechanics Laboratory at Yeditepe University 

Mechanical Engineering Department. A constant strain 

𝜀0 was applied to the tensile test coupon made of PP 

material and it was kept constant while the load was 

recorded with respect to time. The engineering stress 

variation was generated with the help of loading data. A 

constant elongation was introduced to the test coupon in 

the form of a ramp function but the rise time was kept as 

small as possible to approximate a Heaviside step 

function. The instantaneous relaxation modulus is 

calculated by 

𝐸𝑟𝑒𝑙(𝑡) =
𝜎(𝑡)

𝜀0

 (40) 

 

Figure 6. Test coupon inside Instron machine (Left) and the 

machine with a heat gun pointing at the coupon 

(Right) 

Several relaxation tests were performed at three different 

temperatures. In each, the ramp time was set to be 1 

second but data acquisition frequency was varied 

according to the total experiment time [14]. Initial 

experiments were done at room temperature whereas 

other ones at elevated temperatures were generated by a 

heat gun to accelerate the process of relaxation. The 

temperature of the test coupon subjected to heating was 

recorded by an infrared thermometer. 

For materials that are considered as thermo-rheologically 

simple, if the operating temperature decreases, then, the 

viscoelastic response will be shifted to the right side of 

the relaxation graph in Figure 2 without changing the 

shape of the curve. This effect also corresponds to an 

increase in relaxation time in Eq. 21. The glassy and the 

rubbery moduli do not change as well. We introduce a 

time-temperature shift factor, 𝑎𝑇(𝑇) to horizontally shift 

the curve from an arbitrary temperature [15]. Upon 

repeating this procedure at different temperatures a 

master curve is generated using the formula,  

log(𝑎𝑇) = log 𝜏(𝑇) − log 𝜏(𝑇𝑟𝑒𝑓) = log 𝜏(𝑇/𝑇𝑟𝑒𝑓) (41) 

Data Fitting 

Fitting of the viscoelastic model parameter to 

experimental data has been undertaken in previous 

studies [11] [12] [16]. One of the most popular numerical 

methods for data fitting in relaxation tests was seen to be 

the collocation method [11] [12]. In this method the 

elastic stiffness parameters 𝐸0 … 𝐸𝑗 are determined for a 

given choice of relaxation time parameter set 𝜏1 … 𝜏𝑗 by 

solving a linear system of equations. Such a linear system 

for a 7-arm Wiechert model is shown in Eq. 42.   

[
 
 
 
 
1 1 1 … 1
1 𝑒−(𝜏1 𝜏1⁄ ) 𝑒−(𝜏1 𝜏2⁄ ) … 𝑒−(𝜏1 𝜏6⁄ )

1 𝑒−(𝜏2 𝜏1⁄ ) 𝑒−(𝜏2 𝜏2⁄ ) ⋯ 𝑒−(𝜏2 𝜏6⁄ )

⋮ ⋮ ⋮ ⋱ ⋮
1 𝑒−(𝜏6 𝜏1⁄ ) 𝑒−(𝜏6 𝜏2⁄ ) ⋯ 𝑒−(𝜏6 𝜏6⁄ )]

 
 
 
 

[
 
 
 
 
𝐸0

𝐸1

𝐸2

⋮
𝐸7]

 
 
 
 

=

[
 
 
 
 
𝐸𝑟𝑒𝑙(0)
𝐸𝑟𝑒𝑙(𝜏1)

𝐸𝑟𝑒𝑙(𝜏2)
⋮

𝐸𝑟𝑒𝑙(𝜏7)]
 
 
 
 

 

(42) 

4. FINITE ELEMENT ANALYSIS 

A simple finite element model of the uniaxial tensile test 

setup was built in the software called MARC. Then, it 

was solved according to suitable boundary and loading 

conditions. The geometry of the specimen was created 

and was converted into a mesh of finite elements in 

MARC. Then, properties were assigned for these 

elements using the viscoelastic material specification. 

After this process, the necessary boundary conditions 

were specified.  

An 8-element rectangular model was used on the Marc 

software. The model is 45 mm long, 8.85 mm wide, and 

6.6 mm high following the actual test specimen. The 

number of elements was kept at a minimum level as the 

expected stress distribution in the domain was uniform.  

As seen in Figure 7, two meshes were created, one for the 

quasi-static relaxation test and the other one for the 

dynamic loading. The mesh defined for the dynamic 

loading used a relatively finer mesh structure to account 
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for longitudinal wave propagation within the specimen. 

A simple convergence analysis was carried out for the 

dynamic model to ensure sufficient accuracy in the 

numerical result has been achieved. 

 

Figure 7. Mesh used for the quasi-static relaxation (Left), and 

the finer mesh used in dynamic loading (Right) 

 

Boundary conditions were entered into the software 

according to the physical test. One end of the model was 

fixed. The other end was pulled 3 mm in the longitudinal 

direction. This pulling takes place in 1 second. Then, the 

model drawn 3 mm is held in this position and the stress 

relief in the model was observed. 

Dynamic loading is introduced by specifying one end of 

the specimen fixed while the other end was subjected to 

a cyclic displacement. The loading pattern for a loading 

frequency of 2 Hz is shown in Figure 8.  

Frequency values are gradually increased from 1 Hz to 

1024 Hz. For this process, 128 and 1024 element models 

were used. Then the frequency value was gradually 

decreased from 1 Hz to 1/256 Hz. The model used here 

had 2048 elements. 

4.1. MATERIAL SPECIFICATIONS 

With the data obtained from the analytical and practical 

studies shear and bulk moduli, 𝐺(𝑡), and 𝐾(𝑡) were 

found for different relaxation time values. These values 

were added to the viscoelastic section which is a special 

tab in Marc. The material density is selected to be 0.855 

g/cm³ for PP. In addition, Young's modulus value for the 

material is 450 MPa which is selected according to 

materials first response to relaxation test and Poisson's 

ratio is 0.43 in literature as well. Yet, this value can be 

found with a multi-axial test where the lateral contraction 

in a uniaxial tensile test is inspected [17]. 

The relaxation modulus 𝐸(𝑡) was determined from a 7-

arm Wiechert model for which the stiffness parameters 

𝑘0, … , 𝑘6 and time constants 𝜏0, … , 𝜏6 were supplied.  

Then the following formulas were used and µ in the 

formulas represents the Poisson's ratio [18] [19].  

𝐺(𝑡) =
𝐸(𝑡)

2(1 + 𝜇)
 (43) 

𝐾(𝑡) =
𝐸(𝑡)

3(1 − 2𝜇)
 (44) 

 
Figure 8. Marc Table Tab and Table for 2 Hz 

 

5. RESULTS & DISCUSSION 

5.1.  STRESS RELAXATION 

Seven relaxation curves were obtained in total. While 

Four of them were made at approximately room 

temperature, the other three coupons were heated with a 

heat gun to reach higher temperatures between 55 to 65 

°C at a data collection rate of 100 Hz as seen in Figure 9.  

Data collection rate, duration as well as the temperature 

of the specimen were varied to capture the glassy and 

viscous plateau as well as the transition region. The 

glassy modulus, 𝐸𝑔, was recorded as 450 MPa for the 

tests at room temperature, while it decreased to 270 and 

180 MPa for the tests at 55 and 65 °C, respectively. 

Furthermore, the rubbery modulus 𝐸𝑟  was recorded at 

approximately 50 MPa for the coupon heated to 65 °C. 

The relaxation modulus versus time behavior is in good 

agreement for tests conducted at different temperatures 

with the experimental results produced in [8]. Although 

the overall behavior is not as simple as expected from a 

thermo-rheologically simple material, the time-

temperature shifting technique ( [7]) was still found to be 

applicable to obtain an overall idea about the temporal 

relaxation behavior. 
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Figure 9. Relaxation test for various conditions such as 

temperature, and the rubbery plateau (Top), master 

curve generation from the relaxation test curves 

(Bottom) 

 

After generating the master curve, a viscoelastic 

transition behavior from the glassy region (450 MPa) to 

the rubbery region (50 MPa) was found. Two different 

models were fitted to the master relaxation curve, namely 

the SLS model, and the Wiechert model having 7 arms. 

The SLS model was adjusted to fit between the glassy 

and rubbery plateau as seen in Figure 10. The fitting 

curve obtained with the SLS model was found to have a 

transition region of limited width in comparison with the 

experimentally obtained master curve.  

 
Figure 10. The fitting curve obtained with Wiechert & SLS 

Models 

Upon applying the collocation procedure for a 7 arm 

Wiechert model, the stiffness values were found as can 

be seen in Table 1. 

Table 1. Constants for Wiechert Model with 6 arms 

No 𝐸𝑟𝑒𝑙  (MPa) 𝜏(s) 𝐸 (N/mm)(calc.) 

0 450 0 48.6 

1 354 1 149.9 

2 280 20 11.2 

3 222 150 100.1 

4 163 1500 31.4 

5 105 2.0e+4 81.5 

6 59 5.8e+5 27.3 

Using the set of parameters given in Table 1 the Wiechert 

model curve is seen to be in good agreement with the 

master curve as shown in Figure 10 [20].  

5.2. FINITE ELEMENT VALIDATION 

The analytical and experimental results outlined above in 

the previous sections were complemented with numerical 

results obtained from MARC. A six-arm Wiechert 

material model has used parameters which are listed in 

Table 2.  

Table 2. Shear and Bulk Moduli for the six-arm Wiechert 

model used in Marc 

𝜏(s) 𝐺(𝑡) (MPa)(calc.) 𝐾(𝑡) (MPa)(calc.) 

1 52.42 356.93 

20 3.92 26.71 

150 35.00 238.33 

1500 10.88 74.12 

2.0e+4 30.28 193.95 

As seen in Figure 11, the analytical and numerical 

solutions (FEA) from the Marc program are in nearly 

exact agreement with each other. 

 
Figure 11. Relaxation Test Results 

 

The curve represented by the purple line in Figure 11 

represents the numerical solution, while the green dots on 

this purple curve show the results obtained from MARC. 
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The overlapping curves in this Figure 11 show that the 

numerical model has correctly been implemented.  

5.3. DYNAMIC RESPONSE 

The computational model setup in MARC was also 

subjected to cyclic displacements at one end while its 

other end was held fixed. The model was forcibly excited 

in this way under a considerable range of frequencies 

(0.01 – 100 Hz). The resulting stress and strain responses 

were recorded in time. It was observed that a phase 

difference between the stress and strain occurred but the 

phase had changed with the frequency of excitation. As 

an example, the stress and strain for 1/128 Hz values are 

shown in Figure 12. The delay between stress and strain 

can be observed in this figure. 

 
Figure 12. Stress and Strain for 1/128 Hz 

 

Frequency values were gradually decreased starting from 

1 Hz to 1/256 Hz, and stress-strain graphics of the results 

were created. In the same way, starting from 1 Hz to 1024 

Hz, it was gradually increased and its results were 

recorded. 

The stress and strain curves in Figure 12 were fitted with 

a sinusoidal function of the form 𝑔(𝑡) = 𝑎 sin(𝑏 + 𝑓𝑡) 

where 𝑓 denotes the excitation frequency and 𝑎 and 𝑏 are 

the fitting constants. The corresponding phase difference, 

𝛿 is found by taking the difference of 𝑏 from the stress 

and strain curves. Repeating the procedure for a range of 

frequencies in [0.01,100] Hz, we obtain the frequency 

response of the phase shift as shown in Figure 13 [21]. 

 
Figure 13. Tan δ vs. Frequency Graph 

 

Figure 13 was created with a total of 27 frequency values, 

at high-frequency values, the delay between stress and 

strain is too little or zero. The peak of delay occurs in the 

range of 0.1 to 0.2 Hz. 

5.4.  HYSTERESIS 

As the phase difference between stress and strain 

increases more energy is dissipated at each loading cycle. 

Figure 13 represents the high internal energy loss of 

material at frequency values where tan δ is high. The 

energy loss during each loading cycle may either be 

associated with dissipated heat from the body or 

molecular rearrangement within. In this case, it is seen in 

Figure 13 that the internal energy loss is high in the 

frequency range of 0.08 and 0.12 Hz. To better 

understand the energy loss there, it is good practice to 

create a hysteresis graph with a time-dependent stress-

strain curve. 

 
Figure 14. Hysteresis Graph 

 

The hysteresis graph is obtained by plotting the 

stress/strain pairs at a given instant during the loading 

cycle onto the stress-strain diagram. As the time proceeds 

and more points are added a loading curve parametric in 

time appears on the graph. It is seen that the loading and 

unloading paths are not collinear thus the area enclosed 

by the curve can be identified as the energy loss density 

per cycle. For example, the hysteresis curve 

corresponding to a loading frequency of 1/7 Hz is shown 

in Figure 14. As the peak frequency values seen in Figure 

13 are reached, this area in the middle will grow. This 

area, which is in the middle, will shrink as larger 

frequency values are reached [22]. 

For an elastic material, the energy provided to bring the 

material into different shapes is stored as potential energy 

inside. This energy is used to restore the original size and 

shape after the applied stress is removed. The loading and 

unloading curves are identical for an elastic material. 

This indicates that there is no energy loss during loading 

and unloading. For a viscoelastic material, things are 

slightly different. Some of the strain energy is stored 

inside as potential energy, while the other part is 

distributed as heat. It should be noted that most elastic 

materials exhibit dissipation at stress levels beyond the 

yield point.  
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For viscoelastic materials, some of the deformation 

energy is dissipated as heat during plastic deformations. 

The presence of the hysteresis cycle can be seen in their 

loading and unloading diagrams. Viscoelastic materials 

distribute energy regardless of whether the strains or 

stresses are small or large. Viscoelastic materials show 

time-dependent material behavior, so the differences 

between elastic and viscoelastic material responses are 

most evident under time-dependent loading conditions 

[23] [24]. 

6. CONCLUSION 

Viscoelasticity is a branch of solid mechanics that awaits 

to be further exploited using modern experimental tools 

and computational software. It is more difficult to find 

manufacturer's specifications about viscoelastic 

materials, especially in our country and the number of 

academic papers in this area is quite low. For this reason, 

this study intends to inspire future academic studies in the 

field of recycled plastic materials [25]. The behavior of 

viscoelastic materials can be better interpreted with an 

increasing number of studies to be carried out on this area 

and an increased usage of these materials in engineering 

design can be expected. 

Finite element software is a tool to create solutions to 

complex problems which can be very useful and save 

loads of time. In this study, the viscoelastic behavior of a 

PP material is examined by experimental studies made 

via an Instron machine, and the results were compared 

with analytical studies involving the Wiechert and SLS 

models. Finally, the same material was modeled in 

MARC. 
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