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ABSTRACT. In this paper, sufficient conditions are obtained for nonoscilla-
tion/oscillation of all solutions of a class of higher-order difference equations
involving the generalized difference operator of the form

A(li(pnA?zyn) = f(n,yn, Aayn,A(QLynv ) A§+lyn),
where A, is generalized difference operator which is defined as Agyn = Yn+1—
ayn , a # 0.

1. INTRODUCTION

In this paper, we study nonoscillation and oscillation of solutions of a class of
higher-order difference equations of the form

AR (paA2y,) = F(1,Yny Datins o AFFLy,), neN, (1)

where N is the set of natural numbers, a € R\{0}, R is the set of real numbers,
{pn} is a real sequence with p, # 0 for n € N and f : N x RF*2 — R. The
generalized difference operator A, is defined as Ay, = ypt1 — ayn. For a =1, we
write A; = A where A is known forward difference operator. We define inductively
AFy, = A, (AF=1y,) for k > 2. By a solution of Eq. (1) we mean a sequence {y, }
of real numbers which satisfies Eq. (1) identically. We consider only nontrivial
solutions, i.e., such for which sup{|y,| : n > i} > 0 for every ¢ € N. A solution
of Eq. (1) is called non-oscillatory if it is eventually of constant sign (positive
or negative) otherwise it is called oscillatory. For a € R\{0}, Eq. (1) always
admits a solution on N. The oscillation and nonoscillation of solutions of difference
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equations are very popular for researchers in the last two decades. For this we refer
the monograps [1,2,3]. The oscillation and nonoscillation of solutions of higher
order difference equations has been studied by many authors. For example in
[9], oscillation criteria are obtained for higher-order neutral-type nonlinear delay
difference equations of the form

A (rn (A (yn +9uyr))) + anf (Yo,) = 0,1 > ng,
where ry,,Dn,qn € [1n0,00), 7 > 0, ¢ > 0;0 < p, < pg < 00, lim 7, = o0,
n—oo

lim o, = o0, 0, < n, 0, is nondecreasing, A1, > 79 >0, 7, = 0; @ >m>0
n—oo

for u # 0. In [5], Agarval et al. established some new criteria for the oscillation of
higher order difference equations of the form

A (A" (20))" 4 gua®[n — 7] =0,

where m > 2, 7 > 1 and « is the ratio of positive odd integers. In [4], Agarval et
al. established sufficient conditions for the oscillation of all solutions of the even
order difference equations of the form

A"z, + pp A"z, + F (Tn—g, Azp_p) =0, m is even,

by comparing it with certain difference equations of lower order whose oscillatory
character is known. In [6], some oscillation criteria for solutions of nonlinear higher-
order forced difference equations are established. The investigations are carried out
without assuming that the coefficients of the equations are of a definite sign and
by showing that the forcing term needs not be the mth difference of an oscilla-
tory function. In [13], Saker et al. established some new oscillation criteria for a
certain class of third order nonlinear delay difference equations by employing the
generalized Riccati transformation technique. In [7], sufficient conditions are estab-
lished for the oscillatory and asymptotic behavior of higher—order half-linear delay
difference equation of the form

A (pn (Am_l (xn + qnmm))a) + rnxgn =0, n > ng,

(oo}
where it is assumed that Y. —lr < oco. In [8] Bolat et al. investigated the oscilla-
s=ng S
tory behavior of solutions of the th order half-linear functional difference equations

with damping term of the form

A (an (Am_lyn)) +qn@Q (Am_lyn) +rnQ (yrn) =0,n > no,

where m is even and Q(s) = |s|* s, a > 1 is a fixed real number.

The generalized difference operator A, is a generalization of the difference op-
erator A. Due to the relation between the ordinary difference operator A and gen-
eralized difference operator A,, most difference equation can be considered more
effectively by using generalized difference operator A,. In the literature there are

number of papers on the behavior of the difference equations involving operator
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A,. In [12], Popenda obtained sufficient conditions for nonoscillation/oscillation of
solutions of a class of nonlinear nonhomogeneous second order difference equations
involving generalized difference of the form

A2z, = F(n,z,, Apxy). (2)
For some results of this type we refer the reader to the recent papers [11,14,15]. In
[16], Tan and Yang generalized and improved the result of Popenda by considering
the equation
Aa(pnAaxn) + QnAaxn = F(’I’L, Tn, Abxn) (3)
In [10], Parhi and Panda obtained sufficient conditions for nonoscillation /oscillation
of all solutions of a class of nonlinear third order difference equations of the form

Au(PaB2yn) + @ A2yn = F(1, Yny Doy, A2yn). (4)

Our purpose is to establish oscillation and nonoscillation criteria for a class of
higher-order difference equations involving generalized difference operator of the
form Eq. (1).

2. AUXILIARY LEMMAS

Lemma 1. [10] Let {y,}be a real sequence. If {Apyn}, b > 0, is eventually of one
sign, then {y,} is non-oscillatory.

Lemma 2. [10] Forb > 0, a real sequence {y,} is oscillatory if and only if {ALy,}
is oscillatory for all integers | > 0, where Ady,, =y,

Lemma 3. Forn € Z, Agyn+1 = A2y, + alAyyn.

Proof. By the definition of generalized difference operator, we write A, y, = Y11 —
ayn. Thus, If we apply the generalized difference to the both sides of this equality,
we obtain that A2y, = Auyni1 — aAgyn. O

Lemma 4. [10] Let b < 0 and k € N. Then Afy, = kaAk(g—{), l €N, for any
sequence {y,} of real numbers.

m . .
Lemma 5. Form > 1, A™(p,A2y,) = Z%)(—l)z(?)azpn+m_iAzyn+m_i.

=
Proof. One can easily show it using the definition of the generalized difference
operator. O

k
Lemma 6. Fork > 1, Ay, = > d (’f)Afj“‘l_iyl_k.
0

1=

Proof. From Lemma 3, we can write Ay,y—1 = A2y, +alA,y—2. If we apply the
generalized difference operator to the both sides of this equality, we obtain A2y, ; =
Ady_o 4+ al%y, 5. Also from Lemma 3, we can write Ay = A2y 1 + alayi_1.
Then we have

Agyy = A3y o 4+ 2002y 5 + a?Agyr_o.
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Thus we obtain
Agyi—1 = Adyi_s 4+ 2aA2y_5 + a*Agyi—s.

Similarly, by applying the generalized difference operator to the both sides of last
equality , we obtain that

Aﬁym = Aﬁyz—s + QCLAiyl_g + Q2A§yl_3.
By writing Agy;—1 and Aiyl,l in the last equation, we obtain
Ay = Ajyi—s + 3aAbyi_s + 3¢ Alyi_5 + a® Ay—s,

and so on , we reach

k
k .
Ay =Y d’ (i)Al;—H_lyl—k-

i=0
(I
Lemma 7. A2y, . 1 = Zz 0 (kzl) alAkt1=iy fork>1,n€N.
Proof. By the Lemma 3, we have
AZynt1 = Alyn + aliyn. (5)
From (5) we can write
Aynio = Adyni1 + allynyr. (6)

Applying generalized difference operator to the Equation (5), we obtain Ay, 1 =
Ay, + aA3y,. Hence from (5) and (6) we have

A2y, o = Aby, +2aA3y, + a>A2y,
Similarly, we obtain
Aiyn+3 = Aiyn + 3aA4yn + 3a2A3yn + a?’Azyn

and so on we reach

k—1

A2y s Z < > a'!AFHI=hy for k> 1, n € N. (7)

=0

From (7) we can write

Bl N
< i )aJA];H_jyn_kH, fork>1, neN. (8)
=0

<.

The proof is completed. O
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3. NONOSCILLATION OF SOLUTIONS
In this section non-oscillatory behaviour of solutions of Eq. (1) is studied.

Theorem 1. Let a > 0. Assume that

k
> at () Ay,

=0 [f(n»yna Aayna ey AZ—Hyn)
Pn+k
k j .
k\ J
+ ) a] < ) -1 m—+1 b A§+2—m n Z O7 9
;(g) (ﬂ;w Y™ ik y )

is satisfied. Then all solutions of Eq. (1) are non-oscillatory.

Proof. Assume that {y,} is a possible oscillatory solution of Eq. (1). Hence, for
every s € N, there exists [ > s such that y; > 0 and y;41 < Oory; > 0and y; 41 <0.
Therefore, Ay = yi+1 — ay; < 0. By the Lemma 5 and Lemma 7, for n > [, Eq.
(1) can be written as

1 X
Aayn+1 = aAayn + ; [f(n - k7 Yn—k;s - Algﬁ_lynfk)

n

50 (£ (s oo

m=1

Multiplying (10) by A,y; and considering (9) we have

A,
AaylAalerl = G(Aayl)Q + Tyl [f(l — k‘,yl,k, ey A];—Hyl,k)

k 7 .
k\ J _
J -1 m-+1 _ k+2—m _
> () (z(m)< i, m)Aa ye| >0

m=1

ko .
Hence Ayyi11 < 0, since Ay = > d (?)A’;*lﬂyl,k < 0. Puttingn =1+1in
i=0
(10) and proceeding as above, we obtain A,y;+1A.y1+2 > 0. Hence Ayyi42 < 0.
Generally, we see that Agy;4+ < 0 for t € N. That is, Agyi4++ is eventually of one
sign. From Lemma 1 it follows that {y,} is eventually non-oscillatory. This is a

contradiction to our assumption. Thus the theorem is proved.
O

Theorem 2. Let a > 0. Assume that

[f(na Yns Daln, - A§+1yn)

Pn+k
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’ i (?)aj (i: (:ﬁ)(‘l)mﬂpwk—m) AbT2my, 1 <0, (11)

7 m=1

is satisfied. Then all solutions of Eq. (1) are non-oscillatory.

Proof. Let {yn} be a solution of Eq. (1). We claim that it is non-oscillatory. If
not, then {y,} is oscillatory. Hence, for every s € N, there exists [ > s such that
y > 0and y;41 <0 or gy, >0 and y;41 < 0. Therefore, Ay, = Y141 — ay; < 0. For
n > 1, we can write Eq. (1) as in (10). Considering (10) and A,y; < 0, we have

1
Agyip1 = algy + P [f =k yipy oy AF i)
+> ( .)aJ (Z ( )(—1)m+1pzm> ATFEy
= N m=1 \"
< 0.

Putting n =141 in (10) and by (11) we obtain A,y;+2 < 0. By similar processes,
we reach that A,y;4s < 0 for s € N. Hence {y,} is eventually non-oscillatory by
Lemma 1. This contradiction completes the proof. ([

Theorem 3. Let a > 0. Assume that

(£ (10 Y Doy oo A )

Pn+k
k k _ J j
+ , <j)aj (Z (m> (_1)m+1pn+k—m> A§+27myn
j=1 m=1
>0,

is satisfied. Then all solutions of Eq. (1) are non-oscillatory.

Proof. Assume that {y,} is an oscillatory solution of Eq. (1). So we choose n > ny,
where ng € N, such that y, < 0 and y,41 > 0 or y, < 0 and y,+1 > 0. Thus
AgYn = Ynt1 — ayy > 0. The rest of proof can be made. O

Theorem 4. Let a > 0. Assume that
S Yy Dan, A2y, ... ARTLy ) = 0, if A2y, =0

Zio (el Ad Ty

(70 s By D2, e AP ) + 500, (o (12)
(S D™ ) AE2 ] > 0, if A2y, 0

is satisfied. Then all solutions of Eq. (1) are non-oscillatory.
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Proof. Let X is the set of all solutions y = {y,} of Eq. (1). Assume that X; =
{y € X : A%y, =0 for some n € N} and Xo = X — X;. Suppose that y = {y,} is
a solution of Eq. (1). If y € X1, then there exists t € N such that A2y, = 0. From
the first part of assumption (12) it follows that f(t,ys, Aaye, A2ys, ..., AFly) = 0.
Thus from Eq. (1) we obtain

AZ(PtAiyt) =0.

Hence, by from Lemma 5, we have

k

kN
> (=1 (i>alpt+kiAiyt+ki =0.

=0

In here we know that p,x A2y x = (V) apiir—182ys 11— () a®pron—2 D2y o+
o= (=D)FaFp A2y, Tf A2y, =0, Auyir1 = algy;. Thus, If we apply the general-
ized difference operator to both sides of the last equality, we obtain that A2y, =
alAZy,. Since A2y, = 0, A2y, = 0. Since A2y = 0, Agyiio = aloyii1-
Likewise if we apply the generalized difference operator to both sides of the last
equality , we obtain that A2y, s = aA2y,. ;1. Since A2y, 11 =0, A2y, 5 = 0. Con-
tinuing the progress in the same way yields p; A%y 41 = 0, that is, A2y, = 0.

Writing ¢ + k instead of n in Eq. (1) and using the first part of (15), we ob-

. . k . .
tain AF(pipA2y,pp) = 0, that is, Zi:o(_l)z(?)alpt—&-Qk—iAiyt-i-Qk—i =0 If

A2yiig = 0, Agyssns1 = algyssr. If we apply the generalized difference oper-
ator to both sides of the last equality, we obtain that A2y, 411 = aA2y, . Thus
A2y, 401 = 0 . Continuing the progress in the same way for the first part of

yields Yirs = or s € N. e may observe tha Y11 = 0 implies
12) yields A2y, 0 f N. W b that A2y, 0 impli
Aoyirz = alayip1 and Ay, o = 0 implies Agyirs = alayirz = a*Agyi1. In
general case, we obtain

Ay = a " Agyeyr, L€ N (13)
If Ayyey1 =0, then Ayyey; =0 for I € N. Hence

Yerit1 = aypyr, | € N (14)

Since the solution {y,} of Eq. (1) is nontrivial, we can find ng € N, ng > ¢ + 1,
such that y,, # 0. Putting I = ng —t, ng —t + 1,... in (13) we get Yng+1 = AWng,
Ynot2 = AYng+1 = a*Yn,, etc. In general, yn,+s = a°yn,, s € N. Hence {y,} is
eventually of one sign, that is, {y,} is non-oscillatory. From (13) it follows that
since Ayypr1 > 0 or < 0, Agys; > 0 or <0 for [ € N. Hence {A,y,} is eventually
of one sign. Thus {y,} is eventually of one sign by Lemma 1. Consequently, {y,}
is non-oscillatory.

Now let y € X3. Then A2y, # 0 for all n € N. Eq. (1) can be written in the
form

A(szn-‘rk = [f(nvynv"'vA(]j+1yn)

Pn+k
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+Z @ (Z (ﬁ;)H)m“pwm) AFE Myl (15)

m=1

Putting n = [ — k+ 1 in (15) for a fixed [ and multiplying (15 ) by A2y;, we obtain

A2
A2y A2y, = =¥ [fO =+ Ly pgr, o AT 1)
Pi+1
NN
> <j)“] (Z (m> (—1)m+1pz—m+1> ALk
j=1 m=1
> 0

by the second part of the assumption (12). Since A2y; # 0, A2y; > 0 or < 0, also
A2y >0 or < 0. Putting n =1 — k + 2 in (15) and considering the second part
of (12), we have A2y, A2y, 11 > 0. Therefore since A2y; > 0 or < 0, A2y;.5 >0
or < 0. The repeated considering of the second part of (12), we yield A2y, x > 0
or < 0 for k € N. Hence from (8) we have A2y, = Zf;é (kgl)ajA’;+1*jyl7k+1 >0
or < 0.Thus {A2y,} is non-oscillatory. From Lemma 2 it follows that {y,} is
non-oscillatory. Thus the theorem is proved. (I

4. OSCILLATION OF SOLUTIONS
In this section, we study oscillatory behavior of all solutions of Eq. (1).

Theorem 5. Let a < 0. Assume that
k i —i
Sioa (AR "y,

[f (Y, ooy ATy,

Pn+k
k k J ]
j m+1 k+2—m
3 () (32 () menn ) sk <0 s

is satisfied. Then all solutions of Eq. (1) are oscillatory.

Proof. Let {y,} be a solution of Eq. (1). If Ay, = 0, then y,+1 = ay, . Hence
{yn} is oscillatory because of a < 0. Suppose that Ay, # 0. If we write Eq. (1)
as in (10) and multiply both of this equality A,y, = Zf:o al (M) Ak1=ty, . for
Ayyn # 0, we have

A(l n
AaynAayn+1 = a(Aayn)Q + 73/ [f(n - ka Yn—Fks - AZ—Hynfk)

n

£ 00 (B Q) )otons

m=1

< 0.
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Hence (16) holds. By the Lemma 4 we have a"™'A (%) a" ™A (£41) < 0, that
is, a?"T3A (L) A (441) < 0. Since a < 0, then

A(y—”>A<y"“) >0,n €N, (17)

am an+1

IfA (£2) >0, then A (£41) > 0. As (17) holds for every n € N, then A (£4}) >0
implies that A (gﬁié) > 0 and so on. Hence {A (g—z)} is eventually of one sign.
Consequently, {2} is eventually of one sign by Lemma 1 for b = 1. This implies
that {y,} is oscillatory because a < 0. Similarly, if A (%) < 0, then {y,} is

O

oscillatory. Thus the theorem is proved.

Remark 1. If

Ptk [f(nvyn7Aaynam7A’;+lyn)
n

+i (l;) o/ (i: (;)(—Um“pn%—m) ARy =0, (18)

m=1

then all solutions of Eq. (1) are oscillatory. Indeed, if {y,} is a non-oscillatory
solution of Eq. (1), then there exists k, € N such that y, > 0 or < 0 for n > ko.
Eq. (1) can be written in the form

1

AiynJrk = [f(na Yns s A];-i—ly’ﬂ)
Pn+k
k B\ J j
+Z (j)aj (Z (m) (_1)m+1pn+k‘—m> A§+2_myn
7j=1 m=1

Then considering (18), we have A2y, ), =0, n € N. Then for k > 1, A2y,,1 =0
implies that AqYnio = algyni1. Similarly, A2y, o = 0 implies that Agyniz =
aAoYnio = a2Agyni1 - In general case, A2y, = 0 implies that Ayynipr1 =
a*Ayyni1, k € N. In particular, AuYkothtl = akAayk0+1 forn > ky. Lety, >0
forn > k. We consider three possibilities for Agyk,+1, viz., DNgYke+1 =0, > 0 and
< 0 and obtain a contradiction in each case. If Agyr,+1 =0, then Agyro+k+1 =0,
that s, Ykg+k+2 = OYko+k+1 < 0 for k € N, a contradiction to the fact that y, > 0
forn > ko. Let Agypo+1 > 0. Then Agypo+or+2 = a2k+1Aaka+1 < 0 implies that
Yko+2k+3 = QWko+2k+2 < 0, a contradiction. If Agyr,+1 < 0, then Ayyky+2k+1 =
a?k AuYko+1 < 0 implies that Yro+ort+2 < AYko+2k+1 < 0, a contradiction. Thus
Yn > 0 for n > ko is not possible. Let y, < 0 for n > kg. Proceeding as above
we arrive at a contradiction in each of the three cases, viz., Agyr,+1 =0, > 0 and
< 0. Hence y, <0 for n > ko is not possible. Thus {y,} is oscillatory.
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Theorem 6. Let a < 0. Assume that
f(n, Yns DalYn, Aiyna ey A];Jrlyn) =0, if A(Zzyn =0
Sz (FF el Akt iy, ko kY i 19
=0 Ptk f(n,ynvAaynvAgynv~'~7AZ+1yn) +Zj:1 (j)aj ( )
X (an:l (i)(—l)’"“pmkim) A’;”"”yn} <0, if Ajyn #0

is satisfied. Then all solutions of Eq. (1) are oscillatory.

Proof. Let X be the set of all solutions y = {y,} of Eq. (1). Assume that X; =
{y € X : A2y, = 0 for some n € N} and X5 = X — X;. Suppose that y = {y,}
be a non-oscillatory solution of Eq. (1). Hence {y,} is eventually of one sign. If
y € X1, then there exists ¢ € N such that A2y, = 0. Thus from Eq. (1) and (19) it

follows that AF(p;A2y;) = 0, that is, Zfzo(—l)i(f)aipt+k,iA3yt+k,i = 0. Then

k k .
Pt+kA<21yt+k = (1> apt‘l*k*lAiyfrFk*l_ (2) a2pt+k72Aiyt+k72+--.—(—1)kakptA¢21yt~

If A2y; =0, then Ayysy1 = algy;. If we apply the generalized difference operator
to both sides of the last equality, we obtain that A2y, = aAZy,. Since A2y, = 0,
A2y, = 0. Since A2y, 1 = 0, Agyiro = algyir1. Likewise , if we apply
the generalized difference operator to both sides of the last equality, we obtain
that A2y;10 = aAZyq. Since A2y = 0, A2y 0 = 0. By recurrence of the
processes ,we obtain that p; x A2y, = 0, that is, A2y = 0. If A2y = 0,
for k > 1, Agyiso = alayir1. Since A2y, 10 =0, Agyiis = alaYiio = a?Auyi1
and so on. Generally, we have A,y = ak_lAaytH. We can choose kg € N
such that yr > 0 or < 0 for k > kg. Let yx > 0 for k > ko. If Agysr1 = 0,
then A,yi+k, = 0 and hence i1 x,+1 = aYiyr, < 0, a contradiction. If Ajy;4q >
0, then Agyiiop, = a?*o=1A,y;.1 < 0 and hence Ytt2ko+1 = OYt+2k, < 0, a
contradiction. If Agyir1 < 0, then Agyiion,+1 = a?*oA,y41 < 0 implies that
Yitoko+2 = OYit2ke+1 < 0, a contradiction. Similar contradiction is obtained if
yr < 0 for k > ko. Thus y ¢ X;. Now let y € Xo. Hence A2y, # 0 for all n € N.
Writing Eq. (1) as we obtain

A2
A2ynAlynt1 = paff [fn—k+ 1, Yn—ti1, DaYn—rtts s ATy _gii1)
n
Fo (3 j
+ (j)aj (Z (m>(_1)m+1pn—m+l> A§+2_myn—k+1
j=1 m=1
< 0,

by the second of (19). In here A2y, = Zf;é (k;,l)ajA’;“_jyn_kH. Applying
Lomuma 1 wo et 57 () 8 (Bs] 2 0. Honco A% (1) A% (B1) > 0,

n € N, since a < 0. If A2 (y—") > 0, then A2 (yZﬂ) > 0. This in turn implies

a™ a
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that A% (£43) > 0 and so on. If A? () < 0, then A% (£:£) < 0 which in turn

implies that A? (£33) < 0 and so on. Therefore {A? (£2)} is of one sign. By
Lemma 1, {A (%)} is eventually of one sign and hence {¥2} is eventually of one

sign . Consequently {y,} is oscillatory. This contradicts our assumption y = {y, }
be a non-oscillatory solution of Eq. (1) . Thus y ¢ X5. Consequently, all solutions
of Eq. (1) are oscillatory and this completes the proof of the theorem. O

5. EXAMPLES
Example 1. Consider
4Aiyn = (1 - SQ)Aiyn + 2(1(1 - QQ)Aiyn + a2Aayn; (20)

where a > 0, Pn = 4, k=2 and f(n7yn7AaynaA2ayn7Azyn) = (1 - SQ)Agyn +
2a(1 — 2a)A2%y,, + a®?A,y,. Since

5 ()t

s [f(nvynaAayna ---aAZ_Hyn)
pn+2

R

m=1

_ Bapnt 20800 + Ay LF (7 Yns Doy Alyn, Adyn)
Prso s Yny Bayny RgYny LRaYn
+2apn+1A2yn + a? (2ppy1 — pn)Aiyn]
A3y, + 2aA2y, 2A0Yn
_ DayYnt2 o T Babn 111 8a)ABy, + 2a(1 — 2a)A2y, + a2 Agyn
+4aA3y, + 2a2A3yn]

(Adyn 4 202y, + a®Agyn)?
1

> 0,

all solutions of (20) are non-oscillatory by Theorem 1. In other way, Equation (20)
can be written as

Aynia + (=1 = 8a)ynts + (4a® + a)ypya = 0.
The characteristic equation concerning with this equation is given by
AN 4 (=1 = 8a) NP + (4a® + a)N* =0,
that is,
(A= a)(4\* + (-1 — 4a)\?) = 0.
A fundamental set of all solutions of (20) equation is {{a"}, {(}3£22)"}}. Thus we
again see that all solutions of (20) are non-oscillatory.
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Example 2. Consider the equation

— 2A%y,, = 6A%y, + 6A%, + 2A%, + (Ay,)?, (21)
where a = 1, p, = =2, k = 3 and f(n, Yn, DNaYn, A2y, Ady,, Aly,) = 6AYy, +
623y, +2A2%y, + (Ay,)?. Thus

[f(na Yns Aa/ynv EX) A2+1yn)

Pn+3

(£ (o s

m=1

1 .
= Prors [f(n, Yns Daln, A(szm Aiym Aiyn)
n+

+3apnt2Dayn + 30°(2pnia — Prg1) Adyn + a® (3pn2 — 3pns1 + pn) ALYy
1
- = [6A4yn + 6A3%y, +2A%, + (Ay,)?

76A4yn - GAgyn - 2A2yn]

(Ayn)Q
- <
5 <0

and the condition of Theorem 2 is satisfied. Hence it follows that all solutions of
(21) are non-oscillatory. In particular, y, = ¢, where ¢ # 0 is a constant, is a
non-oscillatory solution of the equation.

Example 3. Consider
— 2A%y, = 6A%y, + 6A%y, +2A%, — (Ay,)?, (22)

where a = 1, p, = =2, k = 3 and f(na ynyAaynvAgynvAgynvAéyn) = 6A4yn +
603y, + 2A%y, — (Ay,)?. Thus

1 [f(na yn7 AayTH ceey A2+1yn)

Pn+3
3 3 J j

+ ] aj ( > -1 m—+1 n m Ai+27m n
> (o (3 () ’

1
= p +3 I:f(n) yn7 Aaynv Aiynv Agynv Aiyn)
n

+3apn1285Yn + 30° (2pnt2 — Pt 1) Adyn + 0 (3pnr2 — 3pni1 + pn) Alyn]
_ _ig [6A%y,, + 6%y, + 222y, — (Ay,)?

—6A%y, + —6A%y, + —2A%y,|

(Ayn)®

> >0
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Then all solutions of the equation (22) are non-oscillatory due to Theorem 3.

Example 4. Consider
3A2yn = QA?Lyn7 (23)

where a > 07 Pn = 3a k=1 and f(na Yn, Aay’ru Aiyn) = 2A3yn- f(n, Yn, Aayny Agyn) =
0 if A2y, =0, and if A2y, #0,

S (T hal ALy, NG
: . - f(n’ yn,AaynaAiynv“ﬂA;—‘rlyn) + (.)aj
Pr+1 = J

(E Q) sn]

m=1

Agyn 2 2

= =2 [f(n,Yn, Daln, A2yn) + apnAlyy]
Pn+1
A2y,

= =20 202y, + 302y,

AZy,)2(2
_ hwreri

Therefore all solution of (28) are non-oscillatory by Theorem 4. We can make the
proof by the another way. For this, we can write the Eq. (23) as in the form

3Yn+s — (9a + 2)ynt2 + (9a2 +4a)ynt1 — (2(12 + 3a3)yn =0.
The characteristic equation concerning with this equation is
302 — (9a + 2)A\? + (942 + 4a)\ — (2a% 4 3a®) = 0,
that is,
(A —a)(3)\* — (6a + 2)\ + 3a® + 2a) = 0.

Hence a fundamental set of all solutions of Eq. (23) is {{a”},{na”},{(%)n}.
Thus all solutions of (23) are non-oscillatory.
Example 5. Consider

Aiyn =—(1+ a)AZyn — algYn, (24)
where a < 0, p, = 1, k =1 and f(n,Yn, Aan, A2y,) = —(1 + a)A%y,, — al,y,.
Since

Simo @' (AT 'y
pn+1

1 J .
3 L\ ; 3 J _
J _1\ym+1 14+2—m
+j:1 (])a < <m>( 1) pn—i—l—m) Aa Yn

m=1

[f(na Yns -y A¢11+1yn)

Arzzyn + aAayn [

P F(, Yn, Dayn, Aiyn) + apnAiyn]
n+
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Azyn + alyyn
1
_(Aiyn + aAayn)2

0,

[_(1 + a‘)Aiyn —algyn + aAiyn]

IN

all solutions of the equation are oscillatory by Theorem 5. In particular, a funda-
mental set of all solutions of Eq. (24) is {{(a™)},{(a — 1)"}}. Thus all of solutions
of (24) are oscillatory.

Example 6. Consider

ZAiyn = —(4aA3yn + QaQAiyn), (25)
where a < 0, pn = 2, k = 2 and f(n,Yn, Daln, A2yn, Ady,) = —(4aA3y, +
2a2A2y,,). Since

1
Prto [f(nv Yn, Aaym B A3+1yn)
n

(O (£ ()t

m=1

1
=5 [ (s Yy DaYns A2y, Adyn) + 2app 1 Adyn + a*(2pns1 — Pr) Alyn]
n+2

1
= 5 [-(4allyn + 20 Aly,) + 4aAGyn + 20° Alyn]

= 0’
all solutions of the equation (25) are oscillatory in view of Remark 1. In particular,
{a"} and {na™} are two oscillatory solutions of the equation.
Example 7. Consider
3A3y, = —2A%y,, (26)
where a < 0, k=1, p, =3 and f(n,Yn, Da¥n, A2y,) = —2A2y,,. Hence A2y, =0
implies that f(n,yn, Aayn, A2y,) = 0. If A2y, # 0, then
1-1 (1-1\ _jAl+1—j 1
i—o (; )a? A yn 1\ |
o= () FO Y, D, A2y, s A ) + ) < .>a3
Pn+k j=1 J

J .
J m —m
X (Z (m) (=1 Jrlpn-&-l—m> Aclz+2 yn‘|
m=1
A2y,
= oY [f(n, Yn> DaYn, Aﬁyn) + apnA§y7J
Pn+1
A2y,
= 7‘? [—2AZy, + 3aAZy,]
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- @i (2

< 0.

-2+ 3a>

Hence by Theorem 6 all solution of (26) are oscillatory . On the other hand, the
characteristic equation of (26) is

(A —a)?(3\* + (2 — 6a)\ + 3a® — 2a) = 0.

Hence a fundamental set of all solutions of Eq. (26) is {{a™},{na™}, {(%)n}}
which consists of all oscillatory solutions.

6. CONCLUSION

In this paper we investigated the sufficient conditions of the oscillation and non-
oscillation of higher -order difference equations (1). In this study, we used definitions
of generalized difference operator and oscillation /non-oscillation for the proof of the
results. Also, we have considered both cases of a < 0 and a > 0. We have obtained
non-oscillatory behaviour of solution of Eq. (1) in Section 3, we have studied oscil-
latory behaviour of solution of Eq. (1) in Section 4, respectively. Finally, we have
discussed some examples related to our main results.
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