CONSTRUCTIVE MATHEMATICAL ANALYSIS

4 (2021), No. 3, pp. 291-304 A
http://dergipark.gov.tr/en/pub/cma l =‘
ISSN 2651 - 2939 conTRITEEEA AreEs

Research Article

Some New Fourier and Jackson-Nikol’skii Type Inequalities in
Unbounded Orthonormal Systems

GABDOLLA AKISHEV, LARS ERIK PERSSON*, AND HARPAL SINGH

ABSTRACT. We consider the generalized Lorentz space Ly, , defined via a continuous and concave function 1 and
the Fourier series of a function with respect to an unbounded orthonormal system. Some new Fourier and Jackson-
Nikol’skii type inequalities in this frame are stated, proved and discussed. In particular, the derived results generalize
and unify several well-known results but also some new applications are pointed out.
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1. INTRODUCTION

Let the function 3 be continuous and concave by [0, 1], 1(0) = 0 and 0 < ¢ < co. Such functions
are called @ functions. The generalized Lorentz space Ly, , is the set of measurable functions f

on [0, 1] for which
[ AN
o= ([ 1 @00F) " <o
0

where f* is the non-increasing rearrangement of the function | f| (see e.g. [36]).
For a given function ¢ (), ¢ € [0, 1], we define

w2
o(t)’

It is known that 1 < oy < Sy < 2 (see e.g. [35]) .
Note that for ¢ (t) = t'/7, the space L, , coincides with the Lorentz space L, ,, 0 < ¢,p < oo,
which consists of all functions f such that (see e.g. [38, p. 228])

P(2t)
t—0 1,[)(t) .

ﬁd’ ::m

o = lim, .,

1/q

1 g = /f*q 5t
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In particular, for the case p = ¢, we have the usual Lebesgue space with the norm (quasi-norm

if0<g<l)
/1 1/q
||fq:=( If(a:)qux>  0<q<oo
0

Letg,p € (0,+00) and o € R = (—00, +00). The Lorentz-Zygmund space L,, ,(log L) is the set
of all functions f measurable on [0, 1] for which (see e.g. [37])

1 q
1fllp.g.0 := {/(f*(t))q(l + |10gt|)aqt§_1dt} < +o0.
0

For A, B the notation A =< B means that there exits positive constants C, C3 such that C1 A <
B < CA.

We consider the orthonormal system {y,, }nen C L2[0, 1] (see [22, p. 58]) satisfying the condi-
tion

1 1
lealle = ([ len@lrds)” <My, neN 1)

for some r € (2, +0c]. Here, we assume that {M,,} is a non-decreasing sequence.
Let f(n) be the Fourier coefficients of the function f with respect to the orthonormal system

{Son}nGN'

J. Marcinkiewicz and A. Zygmund [22] proved some inequalities for the sums of the Fourier
coefficients of the orthogonal system {¢,, } ,en satisfying condition (1) and norms of the func-
tion f € L,, 1 < p < oo. Later, many authors investigated this problem in other functional
spaces (for example, see [3], [6], [7], [8], [11], [13], [21], [30], [32], [33], [42] and bibliographic
references in them).

In particular, the following statement is known (see S.V. Bochkarev [11]):

Theorem 1.1. Let {¢,, }nen be an orthonormal system of complex-valued functions
lonlloc < M, n=1,2,.... (2)
for some M < oo. Then, for any 2 < q < oo and n = 2,3, ..., the following inequality holds:

n

[Z(f*(k))ﬂ < OM||f||24(logn)* 7.

k=1

In the case ¢ = oo, Theorem 1.1 was previously proved by V.I. Ovchinnikov, V.D. Raspopova
and V.A. Rodin [32].

In the case when {¢), }ren is a trigonometric system, in the Lorentz-Zygmund space Lo , (log L)
H. Oba, E. Sato and Y. Sato [30] stated and proved the following;:

Theorem 1.2. Let 2 < g < 0o, n > 3and a € R. Then the following inequality holds:

n

S (F @] < CAul g

k=1
for some constant C which is independent of n and f, and A,, is as follows:

(1ogn)%_%_a ifoz<%f§,
An = (1og(logn))a, ifO( = % - §7
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A generalization of this theorem for the orthonormal system {,, },en satisfying condition (2)
was proved by L.R.Ya. Doktorski (see [13]). Moreover, N. Tleukhanova and G. Mussabaeva
[42] for the orthonormal system {gpn}neN satisfying condition (2) proved the inequality

1_ Zf

nel nl/2(log(n + 1))2 4

3)

for any function f € Ly 4,2 < g < 00

Most results concerning Fourier inequalities are derived for bounded orthonormal systems.
However, for several applications it is also important to derive such results for unbounded
orthonormal systems like those described in our final Remark 4.11. One aim of this paper is to
further complement our recent research in this direction (see [6], [7] and [8]) and also prove and
discuss some new related Nikol’skii type inequalities of this type. Let us first mention that in
[3] for an unbounded orthonormal system {¢,, } ,en, the following statement was proved (for
the case a = 0, see [2]).

Theorem 1.3. Let the orthonormal system {@y, nen for some r € (2, +o0] satisfy the condition (1).
Then, for any function Lo 4(log L)*,2 < q < 00, @ < 5 — 7, n € N, the following inequality holds:

[En:\f(’fﬂzf < Cllf 2. I 1+ZM2 )]
k=1

For a trigonometric polynomial

—-i-a
q

lv\»—t

the following Jackson-Nikol’skii inequality is well known (see [17], [27])
|1 Tally < 202 7P| Tl (4)

for 1 < p < ¢ < oo. This inequality is also called the inequality of different metrics for a
trigonometric polynomial.

For case 0 < p < g < o0, inequality (4) was proved in [16] and [10]. Moreover, forp =0 < ¢ <
00, it was proved by V.V. Arestov [10].

Nowadays, there are various generalizations of the Jackson-Nikol’skii inequality (see [5], [12],
[29] and the bibliography therein). One of the generalizations is its extension to polynomi-
als in orthonormal systems of functions. In particular, M.F. Timan [40] proved the following
statement:

Theorem 1.4. Let 1 < p < 2, p < q < oo and {p,}>2, be a uniformly bounded sequence of orthonor-
mal systems of functions. Then for the polynomial

x) = chgok(x),n eN,

holds the following inequality:
1fnllg < CRYP=H4) fol. ()

A multidimensional version of inequality (5) in the spaces L, was established by R.]. Nessel
and G. Wilmes [25], [26]. The Jackson-Nikol’skii inequality for polynomials in a uniformly
bounded system of functions in some symmetric spaces was proved by V.A. Rodin [34]. More-
over, L.R.Ya. Doktorski and D.Gendler [14] proved the inequality of different metrics for poly-
nomials in a uniformly bounded orthonormal system of functions in the Lorentz—Zygmund
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space. Jackson—Nikol’skii inequality is also known for polynomials in an unbounded orthonor-
mal system of functions (see, for example, [19], [20], [23], [24]).

In this paper, we complement the results above by proving some new Fourier and Jackson-
Nikol’skii type inequalities in the generalized Lorentz space Ly , and in unbounded systems
satisfying (1).

In Section 2, we present and discuss our main results. The announced generalizations and
unifications of Fourier type inequalities can be found in Theorem 2.1 while the corresponding
results concerning Jackson-Nikol’skii type inequalities are given in Theorem 2.2. These detailed
proofs are presented; in Section 3 and Section 4 is reserved for some concluding remarks and
result (see Proposition 4.1).

2. THE MAIN RESULTS

We denote by SV L (slowly varing) the set of all non-negative functions on [0, 1] of ¥(¢) for
which (log 2/t)%4(t) 1 +o00 and (log 2/t) =<y (¢) 4 0 for ¢t | O (see e.g. [8]).

First, we formulate the following generalization and unification of Theorem 1.1, Theorem 1.2
for the case a < % — %, assertion 1) of Theorem 1.3 and inequality (3):

Theorem 2.1. Let v a function satisfying the conditions 1 < oy = By = 2'/2, %

¥(t)

sup —= < 00,
te(o.1] tH/?

e SVL,

and assume that the orthonormal system {¢y, }nen for some r € (2,400] satisfies the condition (1).
Then, for any function f € Ly 4,2 < q < 00, the following inequality holds:

R \/(1+ZjeAMJZ)_1
W][ln(l +;4Mj )} D+ X jea MF)H)

> 1Fwr] <

keA

where A is a non-empty set in N and C'is positive constant which depends only on q and r.

Corollary 2.1. Let v be a function satisfying the conditions of Theorem 2.1 and the orthonormal system
{@n }tnen for some r € (2, +00] satisfying the condition (2). Then, for any function f € Ly, 4,2 < g <
oo, we have the inequality

|A|

DNGIN

k=1

(1 +[A]p2)~
(1 +[A[pM2)~1)

Nl

< Ol ll.q |log(1 -+ |4102%) |77

where | A| is the number of elements in the set A C N.

Corollary 2.2. Let ¢ be a function satisfying the conditions of Theorem 2.1 and let the orthonor-
mal system {¢n}nen for some r € (2,4o00] satisfying the condition (2). Then, for any function
f € Ly.q,2 < q < o0, the following inequality holds:

-1
%7% 721 n_oo
sup /2 [log(1 + nM?)| (W) S 7 k) < Clflua
k=1

neN

Remark 2.1. In the case 1 (t) = t'/2 from Corollary 2.1 and Corollary 2.2, we accordingly obtain the
statement of Theorem 1.1 and inequality (3).

Remark 2.2. In the case ¢ (t) = t'/2(1 + |logt|)® and {@,} the trigonometric system from Corollary

2.2, we obtain the statement in Theorem 1.2 for a < 5 — .
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Remark 2.3. If¢(t) = t*/2(1 + | log t|)® and the orthonormal system {©, }nen for some r € (2, +00]
satisfies condition (2), then from Corollary 2.2, we obtain assertion 1) of Theorem 1.3.

Remark 2.4. In the case (t) = t*/? and A = {1,...,n}, it was proved in [11] that the inequality
in Corollary 2.1 is exact for the multiplicative Crestenson—Levy system . This fact for a trigonometric
system in the Lorentz—Zygmund space Lo 4 (log L)* was proved in [30]. By also using Theorem 2 in
[5], we obtain the following statement:

Corollary 2.3. Let v be a function satisfying the conditions of Theorem 2.1,2 < q < oo and {e""*},,cz
be the trigonometric system. Then

n P 2\ /2 o

oo £ Toa S (00

Next, we state a Jackson—-Nikol’skii type inequality which generalizes some results for the
trigonometric system in [17] and [27], [28] (for a complementary bibliography see also [4], [5]).

Theorem 2.2. Let the function ) satisfy the conditions 1 < cvy, = By = 21/2 v e SV,

7 $1/2
sup —— < 00, 6
te(0,1] Y(1) (6)
let the orthonormal system {p.,}nen for some r € (2,+oc] satisfy the condition (1) and fp(x) =

D1 ().
DIf1 < q<2,then

-1

1_1
q 2

\/(1 £ M) (1og(1+ z":M,f)) 1l

W1, M2 2

[ fallp.e < €

for some constant C depending only on q.
2)If1 <p<2<q< oo, then

[ frllep < C, D)l frllp.qg <10g(1 + Z Ml?))

for some constant C' depending only on p and q.
3)If2 <p<q< +oo,then

[fallep < CO DN fnllv.q <10g(1 Y M;f))

for some constant C' depending only on p and q.

3. PROOFS
Proof of Theorem 2.1. Let f € Ly 4. This function can be represented as f(z) = fi(z) + fz(z),
where
fi() = { f(x), when |f(z)| < f*(r).
0, when |f(x)| > f*(7),
fo(z) = f(z) — fi(z), O0<7 <1
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Then, by the Minkowski inequality, we have that
. 1/2 . 1/2 . 1/2
(S F®E] T < [ IA®E] T+ [ 1AmE] (7)
keA keA keA
Now, we prove that each of the functions f;, i = 1,2, satisfies the inequality

ROV 10+ Sy, MY T
L;sz(k)IQ] < C(q, )(ln 1—|—]§;‘Mk ) PEES Mj2) =

According to the Parseval equality for an orthonormal system and Holder’s inequality for § =
>1, é + & = 1 for the function f, we find that

[ llya (®)

A 9 9 Lo, 5 L4172 20/ L
< < * < — -
Zumn\mm\[fum\wmiﬁgm)tdd )
keA
Since £ w(t) € SVL, then ! 1/)(0  log® 2/t < [1,1], Ve > 0. Therefore

1
o7

) log 2/7 [ / 1(1og 2/t)*2€9’fldt]# (10)

T

[ Ga) "’ (

Choose the number ¢ € (0,1 — 5). Then, 1 — 260" > 0 so that

1
’ 1 ’
—2e0’ ;—1 _ 1-2¢60"
/T (log2/t) t7dt = 1o [(1og 2/t) 1]

Therefore, from inequality (10), it follows that

L4172 20/ . 1 172 )
UT (W) tildt} S 1—259/(¢(T)) (log 2/t)7". (11)
Now by using inequalities (9) and (11), we obtain that
1 r1/2 1_1
(S 1hmPR) < < T3 g0y 1082/ Wl (12)

keA

In this formula, we put 7 = (1 + 3,4 )*%2 Then, for the function f; from (12), we can
conclude that

OAGLE

keA
<C(In(1+ M?)
( ,;1 ) (142 jea M7) T

so (8) holds with ¢ = 1. For the function f> € L, by the definition of the coefficient expansions
and Holder’s inequality (2 < r < 400,77 = 7 ), we have that

——
Nl

11 \/( +Z]€AM) 2(i:))(hl(l_;_z:M,?) N F g

keA

1
) =| [ fol@ort@da] < el el < Ml 1

Hence,

NG nhWXM@—(/f wfwinﬁ. (13)

keA kecA keA
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Since the function f* is non-increasing and 1 is non-decreasing, then

T (/f (et dt)

z/2

r 1/q
> e [F) = reuemt e o

x/2

Therefore, from inequality (13), it follows that

A T / 2/r!
S k)P < |f||i,q( [o <t/2>dt) Sz (14)

kEA 3 kEA

S1nce t) € SV L, then

(/w (t/2) dt) = (0/ e t/2) T//th>2/w
2/r'

< (w(r/z) log® 72/2)2(0/(1 tfz) = (t/2)~ T’/th) . (15)

If 0 < t < 7, then (log t/%)_s < (log %/2)_5, for ¢ > 0. Therefore, by using (15), we obtain that

(O/Twr'(t/g)dth < (w(://j)>2<0/7(t/2)r'/?dt)z/rl

:(2_2r,)2/rl(w(://22)) (r/2)7 " = (2_2T )2”'(1&(71/2))227%7%.(16)

Now, it follows from inequalities (14) and (16) that

(Z100R) " < vt (X )"

keA keA

In this formula, we put 7= (1 + 3, 4 Mf)‘rfr2 Then

O (e 3om2) 7 (o)

k=1 (14205 M) =) j=1 k=1

e (4 5) e

Now, taking into account that 1/2 —1/g > 0, we get from here that

(X 1hwr) "

keA

1/2—1/q

e (1 ) (1 ) "l

2
YL+ 2 jea M) jea jeA
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so (8) holds also for i = 2. From inequalities (7) and (8), it follows that

(X 1fwe) "

keA

DT zj:A = T 22) T (g (143 02)) T e 07)

JEA JEA

1/2 —3r=3) -1
Sincefz}T/t) € SVL and (1+Ej€AM]2) P (1+Zj€AMj2) , then

—€ 2 [
—1 ) <10g —___r )
(r—2)

(1 +2jea Mf) (1 +2jea Mf)

N (e ) (el )

J jEA jEA

r \/(1 + ZJ'EA Mj’z)_l

= . 18
r2 {0+ Ty M) %)
It follows from inequalities (17) and (18) that
1
2
R 142 r \/(1+ZjeAMj) 1/2-1/q
F(R)?) < — (log(1+ )  M? 1 [l.q-
(];4 ) r—29((1+3c4 M) 1)( ( ;1 J)) W
The proof is complete. U

Proof of Corollary 2.1. In view of the fact that M; = M, j = 1,2,... and the property of non-
increasing rearrangement of numbers, it yields that

]|
d_FRP =D (F k),
keA k=1
so the proof follows by just applying Theorem 2.1. O

Proof of Corollary 2.2. According to Holder’s inequality, we have that

n 1/2

> < (0 07)

k=1 k=1

Therefore, the assertion of Corollary 2.2 follows by applying Corollary 2.1 with A = {1,2,...,n}.
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Proof of Corollary 2.3. For the set A = {—n,...,—1,0,1,...,n} from Corollary 2.1, we get

S 1/2 .
(T ) <oyt log(1+m)] " *

s £l SYR( )

To prove the reversed inequality, we consider the trigonometric polynomial

fulz) = Z apet*®.

k=—n
Then, by using Theorem 2 in [5] for 11 (t) = t1/2, 7y = 2,92 (t) = ¥(t), 2 = ¢, we have that
[ fnll2 (I+n)—t e
sup > C — |log(1 +n)
0 [fullog — (A 4+n)71) [ }
Therefore
. 1/2
2n+1/ px 2
k) A (Ifn) -1
sup > sup ——— > C — |log(1 +n) .
f#0 1f1l.q £a70 Ifnllog — (1 +n)71) { }

The proof is complete.

Proof of Theorem 2.2. For the generalized Lorentz space Ly, 5, we have the relation (see [2])

/0 ' f(@)g(a)ds

[flly.g = sup
17115 <1

)

299

(19)

where () = ﬁ, t€(0,1],1 < g <oo,q = ;1. Since the system {¢,,} is orthonormal, then

n

1
/0 ful@)g(@)dz =S exd(k), g € Ly,
k

=1
for any n € N.
Note that condition (6) implies that

b(t
sup % < 00.
te(0,1] t

By applying Holder’s inequality, Theorem 2.1, and Parseval’s equality, we obtain that
n 172 L 1/2
<(Xlel?) (X latk)?)
k=1 k=1
n 2 -1
\/ (1+5023)

" 1/2-1/q
<O, (et 2 00)) T gl ol

j=1

| / @)@

Therefore, in virtue of relation (19), we have that

Il < C?(((l - z_l M))) (os(1 3 3)) s
L+ 370 M; 7=

and 1) is proved.
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We will now prove the second statement. Since 1 < p < 2, according to item 1), it yields that

1+ 3, M2 o n i
Ifallow < C y(g:z@_lw))—l) (og(1+ > 82))" “lfale 0)

k=1

Moreover, since 2 < ¢ < oo, by Theorem 2.1 and Parseval’s equality, we find that

\/(1+Z] 1M2) B

Il < s a1 1 (log(1 +ZM2)> T (21)

Now from inequalities (20) and (21), it follows that

Il < C(10g(14 3 22)) " 11

j=1

and 2) is proved.
Finally, let 2 < p < ¢ < +00. In the generalized Lorentz space Ly, 4, the following inequality
hold (see [36], p. 491):

4\;

I =
b =

1
P
q

-]

»Q\»—l

gl (22)

forl < 7 < p < g < +o00. Choose the number 7 € (1,2). Then, according to the second
statement, we have that

e < C(10g(1+3°322)) " 11l (23
=1

UBS ||g||¢q ||9||wr

Now by in equality (22) setting g = f,, and taking into account (23), we obtain that

1_1
p_4q

1_1 T _1
T n 1/7—1/q T4
Wallio < Ifall g * 4 C (108 (143 82) ) il
j=1
- 1/p=1/q
= C(10g(1+ 3 M2)) " il
j=1
and also 3) is proved. The proof is complete. O

4. CONCLUDING REMARKS RESULT

Remark 4.5. In the case 1(t) = t*/P(1 4 |logt|)*, 1 < p < oo, Theorem 2.2 was previously proved in
[3]. For the case oo = O see also [2].

Remark 4.6. In the case 1(t) = t*/P(1 + |logt|)*, 0 < p < 2, Theorem 2.2 for polynomials in a
uniformly bounded system was proved in [14], Theorem 3 i).

Remark 4.7. A similar statement as that in Theorem 2.1 was recently proved and discussed in [8].

Remark 4.8. It is well-known that each concave function 1 = 1(t) has the quasi-monotonicity prop-

erties that @ is non-increasing and 1(t) is non-decreasing. Moreover, the definition of the SV L clam
means that the functions satisfy two quasi-monotonicity conditions but now on a logarithmic scale.
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These facts opens the possibility that some of the results in this paper can be further generalized in this
direction.

From Theorem 2.1 and Theorem 2.2, we can also derive the following generalization of a result
in [5]:

eye . . . 1/2
Proposition 4.1. Let the functions vy and o satisfy the conditions 1 < ay, = By, = 2'/2, N0

1172
SVL, L5 € SV,

t
sup va(t) < 00 (24)
te(0,1] z/’1 (t)
and assume that the orthonormal system {@p }nen for some r € (2,+o00] satisfies condition (1). If
1 < p <2< q< oo, then for any polynomial

) = Z crpr()
k=1

the following inequality holds:

da((1+ 5, M2) ! s
L A (ES > Tk 1)(1og(1+ZMk)) ol

Proof. Since - w ( € SVLand 1 < p < 2, according to the first statement of Theorem 2.2, the
following inequality holds:

-1

\/(1+Z;‘_1 Mf)_l n

il <€ | Sirse | (os(e 2 0)) sl

k=1

N

(t) € SVLand 2 < g < oo by Theorem 2.1, we have that

\/(1 +30, Mj?)fl

¢2((1 + Z?:l sz)fl) (10g<1 + i Mﬁ))%_q Hf7l||¢ZVQ'

k=1

1

[fnllz < C

From these inequalities, it follows that

-1

1 i M i -3
Ifallo < © ( 112 1M23 5| (oe(t+ X))
(

1+ 5" 1M2 n -
Pa( (1+Z] 1]\42 )1 (log(lJrZM/?)) an”ll&q
J= k=1
Y1+ 37, M7)™Y) - ih
RE TS s TR G CR IRL)) M A

for 1 < p <2 < ¢ < oo. The proof is complete. O
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Remark 4.9. To investigate a statement as that Proposition 4.1 in the case of 1 < p < q¢ < 2is
an interesting open question. This case for polynomials in the trigonometric system was investigated
in [5]. Furthermore, it seems to be possible to consider Proposition 4.1 also in the more general case
1< By, <oy, <2.

Remark 4.10. In [4], it was proved that condition (24) implies that Ly, , C Ly, ¢, 1 < p < ¢ < 00,
in the case 1, = 1 see [36].

Remark 4.11 (Final Remark). Most results concerning Fourier and Jackson—Nikol'skii type inequal-
ities are derived for the case with bounded orthonormal systems. But since there are many important
unbounded orthonormal systems, it is of importance to develop the theory to cover such cases too. Ex-
amples of such unbounded systems are the following:

(a) {xn }-orthonormal system of Haar functions (see e.g. [9]). The functions x (t) are defined as follows:
x1(t) :=1fort € [0,1)andforn =2"+k, k=1,...,mand m=0,1,... put

VT, te(3h Bah),

Xn(t): 7\/2ma te (§§1+1723ﬁ1)
0 té [L 7"“}
) my My

The value of x,,(t) in a discontinuity point t is defined as

Xn(t) = 3 T+ €) + xa(t — <))

(b) Let there be given an infinite sequence of integers {p, } such that p, > 2 (n = 1,2,...). We put
My = P1...pn, n = 1. Then for any point t € [0, 1] \ A, there exists the unique expansion

- an(t)

t= — t)=0,1,.. -1

; mk ) ak( ) ) ) ’pk ?
where A = {-L -}, 1=0,1,...,my. The generalized Haar system x{px} := {x»(t)} on [0, 1] is defined
as follows (see [15])
x1(t) = 1fort € [0,1) and if n > 2, then n = my, + r(pr+1 — 1) + s, where my = 1 and my, =
pip2..prik=1,..5r=0,1,...omg — 1;5s=1,2, ..., pg41 — 1.

We put
27”50%4—1() rr+l
(1) = Xy = 4 VT e e (s )0,
Xn Xk:'r . 0 té |: r T+1:|
mk’ mpg ?

where B := [0,1] \ A. At the remaining points of the interval (0,1), x»(t) is equal to the half-sum of
its right-hand and left-hand limits on the set [0, 1] \ A, and at the endpoints of [0, 1], to the limits from
within the interval.

(c) Other generalizations of the Haar system were defined by A.M. Olevskii [31] and A. Kamont [18].
Jackson—Nikol'skii inequalities for polynomials in the x{p.,} system in the Lebesgue spaces L, and
Lorentz spaces L,, - were proved in [1], [19], [39] and [41].

Acknowledgement: We thank two careful referees for generous advices, which have improved
the final version of this paper.
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