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Abstract

We analyze the effects of the spacetime topology and angular velocity of rotating frame on the
dynamics of a relativistic vector boson oscillator (VBZ). To determine these effects on the
energy of the VB we solve the corresponding vector boson equation in the rotating frame of
2+1 dimensional cosmic string-induced spacetime background. We obtain an exact energy
spectrum, which depends on the angular velocity of the rotating frame and angular deficit
parameter of the background. We show that the effects of angular deficit parameter on each
energy level of the VB cannot be same and the angular velocity of the rotating frame couples
with the spin of the VB2, Furthermore, we have obtained that the angular velocity of rotating
frame breaks the symmetry of the positive-negative energy states.

Keywords: Non-inertial effects, quantum fields in curved spaces, topological defects.

1. INTRODUCTION

The relativistic wave equations for spin-1/2, spin-
1 and spin-3/2 particles can be derived via
canonical quantization of the classical spinning
particle with zitterbewegung. These equations can
be obtained as possible quantum states from the
mentioned classical quantization procedure [1].
After demonstrating that there is a unifying
principle for this class of relativistic wave
equations [1], it has been shown that the well-
known duffin-kemmer-proca equations and the
many-body dirac equation (fully-covariant) [1-3]
can be derived from similar action. Spin-1 sector
of the duffin-kemmer-petiau (Z"K°F) equation has
been derived as excited state via the mentioned
procedure provided that the spinor is a symmetric
spinor of rank-two [1,4,5]. Under this condition,
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the symmetric spinor can be constructed by
kronocker product of two dirac spinors [1,4-6].
However, it is important to underline that this
symmetric spinor does not include the spin-0
sector in 2+1 dimensions [7]. The vector boson
equation (WBE) corresponds to the spin-1 part of
the DKF equation in 2+1 dimensions [1,4-7] and
its massless form can also be derived via the same
quantization procedure [4]. It has been declared
that massless ¥BE and Maxwell equations are
equivalent [4], and moreover it has been clearly
shown that the state functions for massless form
of the VBE have probability interpretation [4]. A
few applications of the VBE can be found in the
refs. [5-8]. In this work, we introduce the vector
boson oscillator (¥B2) and investigate its
dynamics in the rotating frame of the 2+1
dimensional cosmic string-generated spacetime.
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Cosmic strings are predicted to be linear
topological defects that probably occurred in the
early stages of the universe [9]. After Cosmic
strings were introduced in 2+ 1 dimensional
spacetime [10], the obtained solution was
naturally expanded to + 1 dimensions where
there is a dynamical symmetry [11]. The
spacetime backgrounds of cosmic strings include
a conical singularity on the intersection point of
the string with the space-like subspace [9-11].
Even though these spacetime backgrounds are
locally flat [9-11] out of the intersection point,
they are not flat when viewed globally [9-11].
Because of this feature, the cosmic strings can be
responsible for several physical events in the
universe [12-15]. The spacetime background of
the cosmic string is characterized by ¢ parameter,
which is angular deficit parameter depending on
the linear mass density (#;) of the cosmic string
[12-15]. The gravitational [9-14] and electrostatic
effects [12,15] of these topological defects on the
dynamics of physical systems depend on the
parameter ¢. The influences of topological
defects on the dynamics of quantum mechanical
systems have been widely studied [15-17]. In one
of such works, it has been shown that the spin-
symmetric [18] quantum state of a positronium
system can be used to detect the topological
defects [15]. The effects of topological defects on
the spectral lines of quantum systems are not same
for each spectral line of the quantum systems [19].
This means that the effects of topological defects
are distinguishable from the other effects such as
doppler effect and redshift [15,19].

On the other hand, the investigations about the
effects of rotating frames on the quantum systems
have provided very interesting results and
accordingly such studies have attracted great
attention for a long time [20-22] since these
investigations have discovered very important
effects [23-29]. The sagnac effect [23], mashhoon
effect [24], persistent currents in the quantum ring
and the coupling between the angular momentum
of the quantum systems with the velocity of
uniformly rotating frame [25] can be considered
among these effects. One of the interesting results
of these investigations is that the non-inertial
effects stemming from the rotating frames restrict
the physical region of the spacetime backgrounds
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where the particles can be placed [20-22]. It has
been shown that the phase shift in neutron
interferometry is due to the coupling of angular
velocity of the earth with the angular momentum
of the neutron [26]. The effects of rotating frame
on the €3 molecules were analized [27,28] and
the obtained results have indicated that rapidly
rotating molecules can acquire a topological
phase [27,28].

In this contribution, we investigate the influences
of rotating frame on the relativistic dynamics of a
VEBD in the 2+ 1-dimensional cosmic string
spacetime. In order to determine the effects of
both uniformly rotating frame and spacetime
topology on the system in question we solve the
corresponding ¥BE. We obtain an exact energy
spectrum depending on the parameters of
spacetime background.

2. GENERALIZED FORM OF THE VBE

In this part of the manuscript, we introduce the
generalized form of the VBE and arrive at a set of
coupled equations for a B in the rotating frame
of 2+1 dimensional cosmic string-generated
spacetime background.The generalized form of
the VBE can be written as the following [1-8],

(B*(8, —n,) +i-13¥(X)=0,
Br= (v ®L+1, ®y"),
ﬂ#=Fﬁ®IE+IE®F#_ Q)

In eq. (1), ¥* are the generalized dirac matrices,
I, are the spinorial affine connections for spin-1/2
field, m is the rest mass of vector boson, c is the
speed of light, & is usual planck constant, the
symbol & indicates kronocker product [28], X is
the spacetime position vector, f; and f, stand for
the 2x2 and 4x4 dimensional identity matrices,
respectively, and ¥ is the symmetric spinor of
rank-two. The <+ 1 dimensional spacetime
geometry of the uniformly rotating cosmic string-
generated background is represented through the
following line element [20-22],

ds? = (1 —wla’®r?)c?dt? — 2wa’ ricdtdd
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sdriiefride? 2)

In eq. (2), & is the angular deficit parameter,
e =1—4Gu, /c®, depending on the linear mass
density (4, of the cosmic string and newtonian
gravitational constant (G) [15]. The azimuthal
angle range is @ = ¢ << zm in this spacetime
background. Here, we deal with #; =0 case,
since the ¢, = U case describes an anti-conical
spacetime background with negative curvature
[20-22]. Therefore, the &t = U case does not make
sense in the general relativity context [20-22]. The
eq. (2) describes a flat spacetime background, in
terms of polar coordinates, when @ = Oand
ee = 1 [15]. In eq. (2), we should notice that the
radial coordinate must satisfy » << 1 /{@e], since
this spacetime geometry can be defined for values
of the 7 inside the range: 0<<r = 1/{@e]). This
condition guarantees that the wvector boson
considered is placed inside of the light-cone and
imposes a spatial constraint. That is, the wave
function vanishes at » =1/(@e) [20-22]. At this
point, we should underline that the @ in eq. (2) is

f and £2 is the angular velocity (not frequency) of

the uniformly rotating frame. Therefore, the {?
rises to a hard-wall confining potential [20-22].
Now, one can obtain the tetrads €%, [15],
'g.t“" = ei ebv EET e#r'z = H#vebv??ﬂbi
Nep = diag(l,—1,—1]), (mv,a,b=0,1,2.). (3)

In eq. (3), Hzz IS the flat spacetime metric tensor
and hence the indices @ & indicate the local
reference frame. The tetrads, which satisfy the
following orthonormality conditions,

FE - S B M _ e
e e =4% e#eb—c‘i‘b, 4)

1 o 0 1 0 0
et = 0 1 O Je‘;=(a 1 D).
woar 0 or
By using the tetrads one can obtain the
generalized dirac matrices ¥* via the relation ¥*

= e’ ¥® where ¥° are the space-independent
dirac matrices [15]. According to line element in
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eq. (2) the space-dependent dirac matrices are
obtained,
Y=y, eyt pts—wyt—yt (5)
The choice of space-independent dirac matrices is
not unique and different choices can be preferred,
of course. According to signature of eq. (2) the
space-independent dirac matrices can be chosen
as ¥ '=a®, y'=ia® yP=ia¥ [29-31], in which
a® a” and ¥ are the pauli spin matrices. Also,
we can obtain the spinorial connections for spin-
1/2 fields via the following expression [15],

_ 1 — g .3 3 Av
FJ'-"_q.._ gﬁﬂ‘_[evaﬁeﬂ_rvp:]‘s !

(A,0,u,v,a,0=0,1,2.), (6)

where I';, are the christoffel symbols obtained
through 'S, =1/2 (9,8ue + u8sr — O 6y,) and
5% are the spin operators determined by
5% =1/2 [r',¥*]. Now, one can obtain the
spinorial connections (non-vanishing) as the
following,

I="—way¥’, Iij= ay" 7
The VB2 coupling, describing the interaction of
magnetic moment (anomalous) with a linearly
varying electric field [3,16,17,21], can be

introduced through the following non-minimal
substitution,

8, = 8,+72(a* @ a7,
(% & a®) =diag (1,-1,-1,1), (8)
where w is the oscillator frequency (coupling

strength) [3]. Eq. (2) allows to factorization of the
spinor as the following,

Wy ()
P(t,r,0)= e gled $§ Eg , 9)
i ()

where E and = are the total energy and spin of the
system under consideration.
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3. ENERGY SPECTRUM

In this section, we obtain an equation system
consisting of three equations for the components
of the symmetric spinor and arrive at an exact
energy spectrum for the VB in question. To end
this, we substitute eq. (5), (7), (8) and eq. (9) into
the eqg. (1) and then we can acquire a set of
coupled equations, in the most symmetric form,
as the following,

W _ () My, () — 208, —xr) @y (r) = 0,
2 Mo (r) — 2@ (r)+(8, + e + Dby (r) = 0,

W, () Bip_(r) — =y (r) = 0, (10)

here, W, (r) =y () £ (7],
Yy (r) = 4, (r) =43 (r) provided that m= O and
the abbreviations are given as the following,

L M=%

43

_E e
W=—+@j, S

By considering a new change of variable, &= xr”,
we can write the equation system in eq. (10) as the
following,

W r_(5) My, (5) — % E[ZaE -1 (8 =0,

M 4, (E) +xf(za.€+ 14 )uirJ,I[E]
i (®=0

J’g
W, () —Mig_(E) _\% Y, (8 =0, (11)
one of which is algebraic. By solving these
equations in favor of (5} we can arrive at a
wave equation. Through an ansatz reads as,
Py (5] = “[’(E) , the wave equation becomes as the

followmg,

T
A:_i_i_mliwz M:|+25Wn:’ c=%
2 4M R

Bpe = —0hs T wh=

£207 w(t) + (fa+2-6* - =0,
: (12)

Dividing each term in this equation by &2, the
well-known whittaker differential equation is
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obtained [7]. At any rate, the solution function of
eqg. (20) is found in terms of the whittaker function
Wy as P(&) = NWy; (§), where N is an
arbitrary constant [7]. The function W, ; can only
be polynomial degree of n if the parameters

satisfy the termination condition that reads as % +

G—A=— n [7]. This termination condition
gives a condition for the quantization of the
energy of system in question and accordingly one
can obtain the following non-perturbative energy
spectrum,

sme? 1428 (e 1+ 2]+ 288 (gg)
which can be clarified as,
Enp = imr:'ZJl + (14)

if =0 and 5= 0. The result in eq. (14) is
exactly same with the previously announced
result for one-dimensional kemmer oscillator [32]
and form of the eq. (14) is same with the result of
one-dimensional dirac oscillator [33]. In the latest
comparison (see eq. (14) and [33]), one can
realize that the difference is only mass factor of
the particles. Also, it is very interesting that the
result in eq. (14) is found to be in a good
agreement with the recently announced results for
a composite structure consisting of a fermion-
antifermion pair interacting via dirac oscillator
coupling [3]. Therefore, eq. (13) gives an
opportunity to analyze the effects of both
uniformly rotating frame and spacetime topology
on the energy of the VB2 In eq. (13) we see that
the effects of £2 and @ on each energy level of the
VBO cannot be same. It is clear that the
parameters {2 and @« do not any impact on the
energy of VB when 5 = 0.

4. RESULTS AND DISCUSSIONS

In this contribution, we have investigated the
influences of uniformly rotating frame and
spacetime topology on a relativistic vector boson
oscillator. In order to analyze the effects of
angular velocity (Q) of the rotating frame and
angular deficit of the spacetime background on
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the energy of the vector boson oscillator {¥B¢*)
we have solved the generalized vector boson
equation in the rotating frame of a 2+1
dimensional spacetime. The spacetime has been
considered as < + 1-dimensional static cosmic
string-induced spacetime [15]. The rotating frame
of this background is introduced in eq. (2), which
represents to the flat Minkowski spacetime in
terms of polar coordinates when angular velocity
of the rotating frame and angular deficit of the
background vanish. We have performed an exact
solution for the system in question and
accordingly we have arrived at a spectrum in
energy domain. This energy spectrum has given
in eg. (13) and it can be reduced in the form of eq.
(14) when £ =0 and 5 = 0. We have verified
that the eq. (14) is exactly same with the
previously announced results for one-dimensional
kemmer oscillator [32] and form of the eq. (14) is
also same with the results obtained for one-
dimensional dirac oscillator [33]. Furthermore,
eq. (14) has been found to be in a good agreement
with the previously published results for a
composite structure consisting of a fermion-
antifermion pair that they interacts through dirac
oscillator coupling [3]. The non-perturbative
energy spectrum in eq. (13) includes the effects of
spin coupling, uniformly rotating frame, angular
deficit parameter of the spacetime background,
frequency (coupling strength) of the oscillator and
mass of the vector boson. This property of the
energy spectrum provides a suitable basis to
discuss the effects of both £ and ¢t on the system
under consideration. The results have shown that
the parameter {! of the rotating frame breaks the
symmetry (positive-negative) of the energy levels
and it is also clear that the effects of £ and ¢ on
each energy level of the system cannot be same.
As it can be seen in eq. (2) that the information
about the spacetime topology is carried by the
angular coordinate and accordingly parameter
of the background alters differently the energy
levels corresponding to possible spin eigen-states,
(5 =103, when £2 =0, We can also see that
such a system does not sense the effects of the
parameter e when £ = U and 5 = 0. In this paper,
all of the discussions have been made for the
parameters defined in the range: &« = [0,1) and
O<r=1/(wa), where r is the distance
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between the particle and topological defect.
Therefore, one can also conclude that the
parameter £2 restricts the relativistic dynamics of
the quantum system under consideration whether
e =1lor O= =1,
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