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In this study, two methods have been proposed to find the critical buckling load of bars that are
in water and buckled under the effect of P singular force and distributed self-weight. Three
different Euler's cases were taken into account in the study. In the first method, the solution of
the stability differential equation of the bar in water is solved by the Differential Transformation
Method (DTM), while in the second method, the Dunkerley formula is applied to determine the
critical buckling load factor of the buckled bar in water. Finally, the results obtained by solving
an example with the two proposed methods were compared with the finite element method. SAP
2000 program was used for finite element analysis. From the results obtained, it was observed
that the two methods gave results in good agreement to the finite element method.

https://dx.doi.org/10.30855/gmbd.2021.02.10

Su Igeresindeki Cubugun Stabilite Analizi i¢in Diferansiyel Doniisiim
Y ontemi ve Dunkerley Formiiliintin Uygulanmasi

MAKALE
BiLGiSi

0z

Alinma: 10.04.2021
Kabul: 10.08.2021

Anahtar Kelimeler:
Stabilite,
Burkulma,

DTM,

Dunkerley,

Suda kolon

Bu ¢alismada su igerisinde olan ve P tekil kuvvet ve yayili kendi agirlig1 etkisinde burkulan
gubuklarin kritik burkulma yiikiiniin bulunmasi i¢in iki yontem Onerilmistir. Caligmada ti¢ farkli
Euler durumu dikkate alinmigtir. Sunulan yontemlerden ilkinde su i¢erindeki ¢ubugun stabilite
diferansiyel denklemin ¢dziimii Diferansiyel doniisiim yontemi (DTM) ile ¢oziiliirken, ikinci
yontemde Dunkerley Formiilii su igerisinde burkulan ¢ubugun kritik burkulma yiik faktoriiniin
belirlenmesi i¢in uygulanmistir. Caligmanin sonunda bir 6rnek onerilen iki yontem ile ¢oziilerek
elde edilen sonuglar sonlu elamanlar yontemi ile karsilastirilmigtir. Sonlu elemanlar yontemi ile
analiz i¢in SAP 2000 programi kullanilmistir. Elde edilen sonuglardan iki yonteminde sonlu
elemanlar yontemine yeter uygunlukta sonug verdigi gézlenmistir.
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1. INTRODUCTION (GiRis)

buckling load. Euler was the first researcher that
studies the buckling of a prismatic column under a

The use of columns has become widespread in
civil, mechanical, and aerospace engineering and has
a significant place among engineering structures.
Therefore, extensive studies have been performed in
recent decades to determine elastic columns' critical

compressive force or self-weight [1].

Wei et al. [2] investigated elastic bars stability
with variable cross-section under self-weight and
concentrated end load. They transformed governing
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equation for EB(Euler-Bernoulli) columns into an
integral equation and evaluated critical buckling load
by investigating the lowest eigenvalue of the
resulting integral equation. They validated the
effectiveness of this method by numerical examples.

Darbandi et al. [3] studied the static stability of
the variable cross-section columns under distributed
axial force. They used the EB beam theory to model
the column and used the singular perturbation
method of Wentzel-Kramers-Brillouin to solve the
problem. Wang [4] investigated the stability of
columns under self-weight and a tip load. The
governing equation was integrated by turning the
two-point boundary value problem into an initial
value problem. Four boundary conditions were
studied. Optimum locations of the support for
maximum load-bearing capacity were obtained.
Huang and Li [5] investigated analytic approach to
solve EB columns' buckling instability with
arbitrarily axial nonhomogeneity and/or varying
cross-section. Differential equations of buckling for
different  support conditions (pinned-pinned,
clamped, and cantilevered columns) were derived
with varying flexural rigidity and reduced to a
Fredholm integral equation. The impact of the
method was approved by comparing our results with
existing closed-form solutions and numerical results.

Krutii and vandynskyi [6] proposed a new method
to study the uniform column's buckling problem
under self-weight. The method base was on the exact
solution of the appropriate differential equation for a
column's buckling. The solution was stated with
dimensionless fundamental functions and initial
parameters. The stress-strain state of the column was
defined. The analytical form of the load is defined
because of the dimensionless nature of the
fundamental functions. The values of the buckling
coefficient were determined. Wahrhaftig et al. [7]
Investigated mathematical solutions of a column,
including the self-weight, to obtain the critical
buckling load. They Compared the analytical
solutions with computation modeling.

The bar's critical buckling strength, whose weight
is considered, will differ depending on whether the
bar is in an air or water environment. Pekbey [8]
developed self-weight buckling of the column at its
top fixed and lower end fixed-roller supported in
water and presented an analytical solution to
determine the heavy column's critical buckling load.

The Differential Transformation Method (DTM)
is an alternative method for solving differential
equations. DTM was first introduced by Zhou [9].
Several studies on the method have been presented in
the literature [10—16]. Holubowski and Tarczewska
[17] presented the application of the DTM to the
stability analysis of nonuniformly loaded beams
subjected to bending. They solved two coupled
ordinary differential equations with variable
coefficients and parameters to obtain the critical
load. Rajasekaran [18] investigated the stability of
fully or partially supported heavy prismatic piles and
fully supported non-prismatic piles by using DTM.
Chai and Wang [19] used DTM to study the critical
buckling load of axially compressed heavy columns
of wvarious support conditions. They compared
obtained results with an analytical solution.
Therefore, the method was also shown to be very
accurate.

In this study, different from the literature, the
DTM and Dunkerley formula approach is proposed
to determine the critical buckling load of a rectiliner
bar in water under the singular load and its weight. It
is accepted that the material is linear elastic in the
study.

2. METHOD (METOD)

In this study, three different Euler cases are
considered in a bar under the influence of their
weight in water and with a singular force P above it,
as shown in figure 1.
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Figure 1. Three different Euler cases a) Free-
Clamped b) Sliding -Clamped c¢) Sliding-Pinned (U¢
farkl Euler durumu a) Serbest-ankastre b)Kayuci ankastre -
Ankastree c) Kayici ankastre-mafsall)
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According to the given set of axes, the
differential equation of stability is written as follows,
using the literature [§].

4 2
dy+de

EI
dz* dz?

i, P, _
+dz[(7s 7,»)Azdz] o @

where EI is the bending stiffness, P is axial
singular load, and A is cross-section area, ys and yf
are the bar and air's unit weight, respectively. y
indicates horizontal displacement, and z indicates the
axis along the bar axis. The differential Eq.(2) is
obtained by integrating the differential Eq.(1).

3

d d
EI= 5+ [P+, ~ 74z =c @

Since the shear force is zero at the beginning of
the bar for the Euler states considered according to
the selected axes. The constant integration ¢ in the
differential Eq. (2) is zero. In this case, the
differential Eq. (2) can be written as

d’y dy

To make the differential Eq. (3) dimensionless,
the transformation given in Eq. (4) is applied, and
Eq. (5) is obtained.

E=— 4)
H

d’y PH’ AeH ;. dy

ay - H1=<=0 (5

d83+[ I +(r,—7p) I ]dg (%)

The necessary arrangements are made in the
differential Eq. (5), and the differential Eq. (6) is
obtained.

3
%+[n+n*a*(l—b)8]%:0 (6)

Here n, a, and b are defined as follows.

PH’
n=—0 0
AH
a=" @®)
b=t ©)

Eq. (11) is obtained by substituting Eq. (10) in
Eq. (5).

dy
9=
. (10)
2
%+[n+n*a*(l—b)g]920 (11)
&

The boundary conditions required for the
differential Eq. solution (11) are given below for
three different Euler cases.

Free Clamped:
8=0:>E—12ﬁ=0 (12)
H" de
e=1=6=0 (13)
Sliding- Clamped:
e=0=6=0 (14)
e=1=26=0 (15)
Sliding-Pinned:
e=0=6=0 (16)
EI do
& HZ dg ( )

3. APPLICATION OF THE DTM METHOD
(DTM UYGULAMASI)

If the DTM method detailed in the literature
[16,20] is applied to Eq. (11) the following equation
is obtained.

C[n* Okl +n*a*(1-b)* gk —1]
(k+2)*(k+1) (18)

Ok +2]=

If DTM is applied to the boundary conditions, the
following relations are obtained.

Free Clamped:
o[1]1=0 (19)
N
> 6[k]1=0 (20)
=0
Clamped Sliding:
6[0]=0 (21)
N
> 0[k1=0 (22)
=0
Sliding-Pinned:
0[0]=0 (23)
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N

D k*0[k]=0 (24)

k=0

If the boundary conditions are applied for each
different Euler case, the resulting transcendent
equations are obtained as follows.

A (n)d[0]=0 (Free Clamped) (25)
A,(n)0[1]=0 (Sliding- Clamped) (26)
A,(n)0[1]1=0 (Sliding -Pinned) Q@7

In Eq. (25), (26), and (27), n values that make 0
[0] and 6 [1] non-zero are the buckling load factor of
the system.

4. DUNKERLEY FORMULA (DUNKERLEY
FORMULU)

Dunkerley formula, whose theory and basic
principles are given in the literature [21-22], has been
adapted to the Stability Analysis of Bars in Water
problem.With the Dunkerley formula [21, 22] for the
critical buckling loads of the given systems, the
system's total buckling load can be found with the
help of the buckling loads found separately for the
case of buckling in water with the effect of singular
force and self-weight (Fig. 2).

.

Figure 2. Application of the Dunkerley formula

(Dunkerley formiiliiniin uygulanmast)

The critical buckling load of the given system is
found by the following equation.

N, =0, — (28)

For the single load case, the critical buckling load
is written as

El

N crl ?

crl =a (29)

The critical buckling load of a bar under the
influence of its own weight is found by Eq. (30).

N072=7AH:(Z EI

crly ? (30)

With the appliction of Dunkerley formula o
buckling load factor is found by the help of Eq. (31).

- =
o (04 o (31)

a's buckling load factors and are given in Table 1
for three different Euler cases considered.

Table 1. a values for Euler cases. (Euler durumlari icin o
degerleri)

Or values
Euler Olerl Oler2
F-C 2.4674 7.8373
C-S 9.6696 18.9563
S-P 2.4674 3.4766
5. RESULTS (SONUCLAR)

To investigate the suitability of the methods
presented in the study, the buckling load factors of
bars in air and water for three different Euler cases
were calculated with the DTM and Dunkerley
Formula presented in this study, and the obtained
results were compared with the results of the SAP
2000 program in Table 2. Convergence of DTM
method according to the number of elements is given
in Table 3. In order to investigate the suitability of
the methods presented in the study, the SAP 2000
program, which analyzes with the finite element
method, was chosen. As the number of elements in
the solution increases with SAP 2000, the obtained
solution approaches the exact solution. For this
reason, sufficient number of elements has been taken
into account in SAP 2000 and the SAP 2000 program
has been taken as a reference for the convenience of
the presented methods. In the modeling with
SAP2000 in water, the water effect is considered as
the distributed load along the rod. In SAP 2000, the
lengths of the bars are defined as 1 m and flexural
stiffness EI = 1 kNm? Bars are modeled with 5
elements and frame element type is used in
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modeling. In the study, the first mode was considered

as the buckling mode.

Table 2. Buckling load factors of bars in the air and water. (Havada ve su icindeki ¢cubugun burkulma yiik faktorii)

In the air
Euler DTM (a) Dunkerley (b) FEM %(a-c)/c %(b-c)/c
SAP2000 (c)
F-C 1.8960 1.877 1.8820 0.7439 -0.2657
C-S 6.5484 6.403 6.5497 -0.0198 -2.2398
S-P 1.4466 1.4432 1.4525 -0.4062 -0.6403
In the water
Euler DTM (a) Dunkerley (b) FEM %(a-c)/c %(b-c)/c
SAP2000 (c)
F-C 1.9540 1.9355 1.9579 -0.1992 -1.1440
C-S 6.8433 6.6903 6.84471 -0.0206 -2.256
S-P 1.5270 1.5235 1.5328 -0.3784 -0.6067

Table 3. Convergence of DTM method according to the number of elements (Eleman sayisina bagh olarak DTM
yonteminin yakinsakligi)

Euler 5 elements 10 elements 15 elements 16 elements
F-C 1.9782 1.9539 1.9540 1.9540

C-S 5.0724 6.7586 6.8430 6.8433

S-P 1.3619 1.5266 1.5270 1.5270

6. CONCLUSION soNug) “Critical load for buckling of non-prismatic columns

In this paper, two methods are proposed to find
the critical buckling load for three different Euler
cases of bars in water and buckled under the singular
load P at the top and the distributed self-weight. In
the first method, the solution of the differential
equation representing the stability was performed by
the DTM method, while in the second method, the
Dunkerley formulation was used to find the critical
buckling load. It was observed that the two methods
presented from the solved example gave results
compatible with the finite element method. It is seen
that the DTM method gives results closer to the finite
element method than the Dunkerley method. The
presented methods are particularly useful in
understanding the stability behavior with few
parameters.
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