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Abstract

In this study, we introduce mappings that transform helices in Euclidean n-space to non-
null helices in Minkowski n-space or Minkowski (n + 1)-space. Furthermore, we show that
these mappings preserve the axes of the helices, and we also obtain the invariants of the
mappings. Especially, by using these mappings, we give some examples of non-null helices
which are constructed in Minkowski 3-space or Minkowski 4-space from some helices in
Euclidean 3-space.
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1. Introduction

Helices are widely studied geometric objects that found relevancy in many fields, in-
cluding but not limited to biology, computer aided design, architecture, or mechanical
engineering. For example, the shape of the twisted-ladder structure of deoxyribonucleic
acid (DNA) is a double helix [6,13,15].

In Euclidean 3-space, a helix is defined by the property that its tangent vector field
makes a fixed angle with a fixed direction which is the axis of the helix . This well-known
result was stated by M. A. Lancret in 1802 [9] and first proved by B. de Saint Venant
in 1845. A necessary and sufficient condition for a curve to be a general helix is to have
the ratio of its curvature to torsion constant. If both curvature and torsion are non-zero
constants, then the curve is a circular helix [2,9,14]. We can adapt the helix notion to the
Minkowski 3-space by using the angle notions in this space. Helix notion can similarly be
extended to any n-dimensional (n > 3) Euclidean or Minkowski spaces see [4, 10].

In [3], Altunkaya and Kula studied mappings that preserve helices in the n-dimensional
Euclidean space, and in [1], Altunkaya studied mappings that preserve helices in the n-
dimensional Minkowski space. These special mappings have been further characterized in
these works.
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The papers mentioned above led us to study mappings from n-dimensional Euclidean
space to n-dimensional Minkowski space that transform helices. We found some special
mappings which can be associated with special relativity with a suitable change of the
first coordinate to time (ct). Also, with these mappings, one can find the correlation of
the helicoid motion of a particle in these spaces.

This paper is organized as follows. In section 2, we give basic theory of curves in
Euclidean n-space and Minkowski n-space. Also, similar to well-known the notion of helix
in Euclidean n-space, we give definition of non-null helix with non-null axis by using notion
of angle between two non-null vector in Minkowski n-space.

In section 3, we define mappings that transform helices with the axis e; or e, from
Euclidean n-space R™ to Minkowski n-space R, and vice versa. While one mapping that
transforms a helix with the axis e; in R™ to a non-null helix with the timelike axis e; in R7,
the other mappings that transform a helix with axis e, in R™ to a non-null helix with the
spacelike axis e, in R}. After, we give some examples about spacelike (or timelike) helix
in Minkowski 3-space which is generated by a helix in Euclidean 3-space and illustrate
them.

In section 4, we also introduce mappings that transform a helix with the axis e; (or
en) in R™ to a non-null helix with the timelike axis (e1,0) (or the spacelike axis (0, ey,))
in R?H. Finally, by using these mappings, we give some examples for non-null helices
are constructed in Minkowski 4-space, which plays an important role in the theory of
relativity, from some helices in Euclidean 3-space.

2. Preliminary
2.1. Euclidean space

Let R™ denote the Euclidean n-space, that is, the n-dimensional real vector space en-
dowed with the standard inner product

n
(.’IJ, y> = leyla
=1

for all z = (21,22, ...,2n), ¥y = (Y1,Y2,.--,yn) € R™. Also, the norm of a vector z € R"
is defined by |lz|| = \/(z,z). Let {e1,e2,...,en} be the orthonormal basis where e; =
(015, 025, ..., 0nj) is a unit vector in R for j =1,2,...,n.

Let the curve vy : I C R — R"™ be aregular curve of order n (i.e. that {/(¢),7"(t), ...,y (t)}
is a linearly independent subset of R™ for any ¢ € I). Now, let {V1, V4, ..., V},} be the moving
Frenet frame along the regular curve v where V; (i = 1,2,...,n) denotes the ith Frenet
vector field. Then, the Frenet formulae are given by

Vi = veils

—VKi—1Vic1 + vkiViy1, 1=2,3,...,n—1
—VEKp-1Vn-1

where v = ||7/|| and &; is the curvature functions of v [5,7].

Definition 2.1. The curve v: I C R — R" is a helix if its tangent vector field V; makes
the fixed angle 6 with a fixed direction U which is the axis. That is, (V1,U) = cos 6 where
6 € (0,7)\F is a constant [12].

Definition 2.2. The (n + 1) — heliz mapping G : R* \ N — R"*! is defined by

c
B+t a3 4+ (1—a?)a2
where N = {(z1,22,...,7,) €ER"| 23+ad+... 422 —(a®>—1)22 +d* #0}, a > 1,
c#0andd#0 [3].

9($17$27'--7$n) (d,[L‘l,ZI)Q,...,ZL‘n)
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Theorem 2.3. The curve y = (Y1,72, -, Yn) : I C R — R™ is a heliz in R"™ whose tangent
vector field Vi makes the fixed angle 6 = cos_l(é) with azis ey iff

5(y) = .
= d2—|—7%+’722+...+(1—a2)'y%

is a heliz in R™! whose tangent vector field V|, makes the fized angle § = COS_I(%) with
axis (0,e,) where ¢ #0, d#0, a>1 and d*> + 92 + 73 + ... + (1 —a®)y2 # 0 [3].

(d7717727‘--7’7n) (21)

2.2. Minkowski space

Let RT denote the Minkowski n-space, that is, the n-dimensional real vector space R"
endowed with the scalar product

n
(T, y) = —z151 + Y _T3Yi,
i—2

for all z = (1,29, ..., Zn), ¥ = (Y1,Y2, ..., yn) € R™. Also, the norm of a vector x € RY is
defined by ||z||, = \/|[{z,z),|. A vector x € R} is said to be spacelike (resp. timelike, null)
if (z,z), >0 or x =0 (resp. (z,z), <0, (z,z), =0).

A curve o : I — RY is said to be spacelike (resp. timelike, null) if o/ = % is a spacelike
(resp. timelike, null) vector at any ¢ € I [10].

Definition 2.4. Let U, W be any two non-null vectors in R}.

(1) Assume that U and W are spacelike vectors, then

(a) if Sp{U, W} is a spacelike plane, then there is a unique number 0 < 6 < 7
such that (U, W), = ||U||,||W|, cos¥,

(b) if Sp{U,W} is a timelike plane, then there is a unique number § > 0 such
that (U, W), = ¢|U|,||W||, cosh® where ¢ = 1 or ¢ = —1 according to
sgn(Usz) = sgn(Wa) or sgn(Usz) # sgn(Ws), respectively,

(2) Assume that U and W are timelike vectors, then there is a unique number 6 > 0
such that (U, W), = ¢||U||,||W||, cosh @ where e = 1 or ¢ = —1 according to U and
W have different time-orientation or same time-orientation, respectively,
(3) Assume that U is spacelike and W is timelike, then there is a unique number
0 > 0 such that (U, W), = ¢||U||,||W]|, sinh @ where ¢ =1 or ¢ = —1 according to
sgn(Usz) = sgn(W1) or sgn(Usz) # sgn(W1), respectively,
where 0 is angle between U and W [11].
Let a : I — R} be a non-null (spacelike or timelike) curve. We assume that {/(t), o ()
) (t)} are linearly independent at any ¢ € I. Now, let {71,72, ...,Vn} be the moving

Frenet frame along the regular curve a where V; (i = 1,2,...,n) denotes the ith Frenet
vector field. Then, the Frenet formulae are given by

Vi = wnekiVa,
Vi = —v&imkioaVier + vseiv1kiVigr, i=2,3,..,n—1
Vi, = —vien—1kn-1Vno1
where, k; (i =1,2,...,n — 1) denotes the ith curvature, v, = [|¢/||, and ¢; = <Vi,7i>* for
1<i<nlg).
By means of Definition 2.4, we can give the following two definitions of non-null helices

with non-null axis in RY.

Definition 2.5. A regular curve o : [ — RY is a spacelike helix if its tangent vector field
Vi makes the fixed angle ¢ with a non-null unit vector U € R} which is the axis. That is,
e(V1,U), = f(0) is a constant where,
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(1) If U is a timelike vector, then f(f) =sinhf, >0,

(2) If U is a spacelike vector and Sp {V4,U} is a spacelike plane in RY, then f(6) =
cosf, 0e(0,m)\5,

(3) If U is a spacelike vector and Sp{Vi,U} is a timelike plane in R?, then f(0) =
cosh@, 6>0.

Definition 2.6. A regular curve o : I — R} is a timelike helix if its tangent vector field
V; makes the fixed angle § with a non-null unit vector U € R} which is the axis. That is,

e(V1,U), = g(0) is a constant where,
(1) If U is a timelike vector, then g() = cosh§, @
(2) If U is a spacelike vector, then g(f) = sinh @, @

Remark 2.7. Throughout this study, all curves are regular and the mappings are built
for helices with the axes ey or e,. Moreover, by using similar method, the mappings can
be constructed by helices with different axis.

3. Mappings that transform helices from R" to R}

In this section, we introduce mappings that transform helices with axes e; or e, from
Euclidean n-space to Minkowski n-space, and vice versa.

3.1. A mapping for helices with axis e;

In this subsection, we introduce a mapping that transforms a helix with axis e; in R™
to a non-null helix with the timelike axis e; in RY.
Now, let us define the mapping ¥ : R*\T' - R\ T’
A

U(p)=—" 12 3.1
) —a?a} + ||| 3

where I' = {x = (21, 29,...,2n) € R ||z||* — a2 # 0} and a € (1, \@)U(\/i, oo) s A F
0.
We get easily the following corollary for the mapping W.

Corollary 3.1. VU is an involution. That is, ¥ = W1,

Lemma 3.2. The hypercone C = {x = (21,72, ..., ) € R Y22 = 0223, b2 #a®— 1} is
1=2

invariant under the mapping ¥ where a > 1 is a constant.

Proof. Let © = (z1, 2, ...,xy,) € C and ¥(z) = y. So,

A

— 5 o T
—a2af + |lf*

2
n ) A > n )
Yo = \—ma. e T
2t

—a?a? + ||z|”

2
A
= V| gz ) o
—a?zi + ||z

= Vi

and

Thus, y = (y1,y2, ..., yn) € C. O
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Lemma 3.3. v = (71,72, -.s7) : I C R — R"™ is a helix whose tangent vector field Vi

makes the fized angle 0 = cosfl(%) with axis ey iff

(1—a?) (m)* + i (7)* = 0 where a > 1 [3].

2 A2
= a? (71) or equivalently,

Lemma 3.4. a = (a1, a9,...,ap) : J C R — R} is a timelike (spacelike) heliz whose
tangent vector field Vi makes the fired angle @ = cosh™1(1/b), ( = sinh~*(1/b)) with the

timelike axis ey iff

(o), = eb? (')’ (3.2)
or equivalently,
-1+ ebz)(a1’)2 + Z (oz/)2 =0, (3.3)
i=2

where b is a nonzero constant and € = £1.
Proof. The proof can be obtained easily by using Lemma 2.1 and Lemma 2.2 in [1] O

By the following theorem, we say that the mapping ¥ transforms a helix with axis e;
in R™ to a non-null helix with the timelike axis e; in RY.

Theorem 3.5. Let v = (71,72, .-, ) : I CR — R™ be a reqular curve. Then, the curve ~y
is a heliz whose tangent vector field Vi makes the fized angle 0 = cos™'(1), a € (1,00) \v2
with axis ey iff the curve,

A
a:JCRSRY, a=¥(y)=—" 4 (3.4)

—ay} + |l71I?
is a timelike (spacelike) heliz whose tangent vector field Vi makes the fized angle 6 =

cosh™! (\/25_7) (5 = sinh ™! <\/a§7—2)) in RY with the timelike axis ey where X # 0 and
l<a<V2 (a>V2).

Proof. Suppose that the curve v is a helix whose tangent vector field Vi makes the fixed
angle 6 = cos™!(1) with axis e; where a € (1,00) \v/2. Now, let the non-null curve o be
given by o« = ¥(v) in R}. Then, we have,

o; =hvy fori=1,2,...n (3.5)
where
A
h=——+7——. (3.6)
—@? + P
So,
(o' a'), = —(hy)* + 3 (hy)” (3.7)
=2

and after a straightforward calculation, we obtain

n

> () = = (1= a?) (hn)™. (3.8)

=2
Furthermore, since « is a non-null curve, by using (3.5),(3.7) and (3.8), we get

(o/,a), = (a2 — 2) (). (3.9)
Therefore, from (3.2), the curve « is a non-null helix with the timelike axis e; where
eb? =a?® - 2. (3.10)

Thus, by using Lemma 3.4 and (3.10), we have two cases below.
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Case 1: If 1 < a < /2 then « is timelike helix (¢ = —1) whose tangent vector field V;
makes the fixed angle § = cosh™! ( \/2€_7> with timelike axis e;.

Case 2: If a > /2 then « is spacelike helix (¢ = 1) whose tangent vector field V; makes

the fixed angle § = sinh™* ( \/(1‘;7_2) with timelike axis e;.

Conversely, let us take the non-null helix @ = ¥(y) that satisfies Case 1 or Case 2
Then, by Lemma 3.4, (3.5), (3.6) and (3.10), we get the following differential equation

(1-a?) (b +Zn: (hy)” = 0. (3.11)
=2
After a straightforward calculation, we obtain
W (=a®(n') +|1V)1°) = 0. (3.12)
Since h # 0, we have Hy H (71)2. From Lemma 3.3, v is a helix in R™. 0

As a result of Theorem 3.5 and Corrollary 3.1, ¥~1(a) = « is also a helix in R".

Example 3.6. Let us take the helix

()= (‘/gt?’ +V2t, é(# - 2)3/2,t>

and its tangent vector

v — (2 VBT 1
1) = 3V3(E2+1) V32 +1)

makes the fixed angle 0§ = cos_l(\/g) with axis e; in R3. If we choose A = 1 in (3.4),

3Vt (12 +3) 3(t2+2)%% ot
122+8 ' 122+8 1262+8

a(t) = T(y(t) = (

is a timelike helix and its tangent vector

th—t2+2 Tt —t2+2

Vi(t) = <\/§,t(t2—2)\/t2+2 2 - 3t? )

makes the fixed angle § = sinh ™! (ﬂ) with timelike axis e; in R} (see Figure 1).
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04

0.2

0.0

Figure 1. (a) The helix v in R3,  (b) The timelike helix o = ¥(v) in R$.

Example 3.7. Let us take the helix

5 t
v(t)= (\/6279, e' cos 2t, e' sin 2t>

and its tangent vector

2 2
Vi(t) = (”?il’ \/1—790(cos2t — 2sin 2t), 1/%(sin2t+ 2c052t)>

makes the fixed angle § = cos™'(y/5;) with axis e; in R3. If we choose A =1 in (3.4),

S5et 1 _, 1, .
a(t) =¥(y(t) = —m,—ze cos2t,—§e sintcost

is a spacelike helix and its tangent vector

— 5 V29 29
Vi(t) = i, ———(2sin 2t + cos 2t), (sin 2t — 2 cos 2t)
2v/6° 24/30 2v/30
makes the fixed angle § = cosh™* (%) with timelike axis e; in R3. Also, the helices v

and « lie on the surface {(:L‘,y, z) €R3 ‘ Y2 422 = %xQ} (see Figure 2).



1340 H. Altinbas, M. Mak, B. Altunkaya, L. Kula

(a) (b)

Figure 2. (a) The conical helix v in R®,  (b) The spacelike helix a = ¥(v) in
R3.

3.2. Mappings for helices with axis e,

In this subsection, we introduce mappings which transforms a helix with axis e,, in R"
to a non-null helix with the spacelike axis e, in RY.
Now, let 97 : R® — R} be the mappping defined by
-1 Va2-1 Va2-1 a? -1 1 )
) z2, x ’

,(bl (l’) - ( T 3yeeey —————Tp-1, —T1
a a a a a

(3.13)

where x = (z1,22,...,2,) € R” and a > 1.
Similar to Lemma 3.3 and Lemma 3.4 , we give the following two Lemmas.

Lemma 3.8. v = (71,72, --,7m) : I C R — R"™ is a helix whose tangent vector field V;
makes the fized angle 0 = cos™ () with axis e, iff | 1 = a2 (v.)* or equivalently,

n—1
(1-a®) (7)) + X ()° =0 where a > 1.
i=1

Lemma 3.9. o = (a1,a2,...,ap) : J C R — R} is a non-null heliz whose tangent vector
field Vi makes the fized angle with the spacelike axis e, iff

(o, o), = eb? (o), (3.14)
or equivalently,
n—1 9
—(@)?+ > () + (1= ) (ap) =0, (3.15)
j=2

where b is a nonzero constant and e = +1.

By the following theorem, we say that the mapping 11 transforms a helix with axis e,
in R™ to a non-null helix with the spacelike axis e, in R}.

Theorem 3.10. Let v = (71,72, .-, Yn) : L C R — R™ be a regular curve. Then, the curve

v is a heliz whose tangent vector field Vi makes the fixed angle 6 = cos_l(%) with axis e,

where a € (1, \/§> U (\/5, oo) iff the curve
a:JCR—=RY, a=yi(y) (3.16)

is a timelike (spacelike) heliv whose tangent vector field Vi makes the fived angle 0 =

sinh ! (\/ﬁ) (@zcosh_l (\/25_7» with the spacelike axis e, in R}, where a >

V2 (1<a<V?2).
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Proof. Suppose that the curve v is a helix whose tangent vector field Vi makes the fixed
angle 6 = cos™!(2) with e, where a € (1,00) \v/2. Now, by using (3.16), we have

a?—1
ap = s (3.17)
VaZ—1
a = YT =23 n—1, (3.18)
a
1
an = 7 (3.19)
So,
(o, a'), = () (2 - a?), (3.20)
and from (3.14), the curve « is a non-null helix with the spacelike axis e, where
b? =2 —a’ (3.21)

Thus, by using Lemma 3.9 and (3.21),

Case 1: If 1 < a < v/2 then « is spacelike helix (¢ = 1) whose tangent vector field V7 makes
the fixed angle 6 = cosh™* ( \/2€—T) with spacelike axis e,,.

Case 2: If a > /2 then « is timelike helix (e = —1) whose tangent vector field V; makes

the fixed angle § = sinh™* ( = ) with spacelike axis e,,.

a?—2
Conversely, let us take the non-null helix o with spacelike axis e, in R} that satisfies Case
1 or Case 2. Then, it is clear that the curve v is a helix with axis e, in R™. O

Let 19 : R® — R} be the mappping defined by
e () = (\/a4 — 1z, Va2 +1z9,Va2+ 1xs,..., Va2 + lxn_l,axl) , (3.22)

where x = (r1,22,...,2,) € R” and a > 1.
By the following theorem, we say that the mapping 9 transforms a helix with axis e,
in R™ to a timelike helix with the spacelike axis e, in RY.

Theorem 3.11. Let v = (71,72, .., Yn) : L C R — R™ be a regular curve. Then, the curve
v is a heliz whose tangent vector field Vi makes the fixed angle 6 = cos_l(%) with axis e,
where a > 1 iff the curve,

a:JCR—=RY, a=1a(y) (3.23)
is a timelike heliz whose tangent vector field Vi makes the fized angle § = sinh™!(ea) with
the spacelike axis e, in RY.

Proof. We omit the proof since it is analogous to the proof of Theorem 3.10. O
Let 13 : R®™ — R} be the mappping defined by

s () = (a\/ a? — 1z, axs,axs, ...,ax,—1, \Va% — 1x1> , (3.24)

where x = (z1,22,...,2,) € R" and a > 1.
By the following theorem, we say that the mapping 3 transforms a helix with axis e,
in R™ to a timelike helix with the spacelike axis e, in RY.

Theorem 3.12. Let v = (71,72, ;) : I CR — R"™ be a regular curve. Then, the curve
v is a heliz whose tangent vector field Vi makes the fized angle 0 = COS_I(%) with axis e,
where a > 1 iff the curve,

a:JCR—=RY, a=1ys3(v) (3.25)

is a timelike heliz whose tangent vector field Vy makes the fized angle 0 = sinh_l(ax/ a?—1)
with the spacelike axis ey in RY.
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Proof. We omit the proof since it is analogous to the proof of Theorem 3.10. O
Example 3.13. Let us take the helix

t t ot
v (t) = (\/ﬁcosé,\/ﬁsin 8’%)

and its tangent vector

Vi(t) = —\/ﬁsinE \/ﬁcosz§
e 6 6 6 66

makes the fixed angle § = cos™!(2) with axis ez in R®. Also, the curve

a(t) =41 (v (1) = (%, %1 sin %, @ cos %)

is a spacelike helix and its tangent vector

Vi(t) = EcscE Ecotz—i
W= W™ e Via™ 6 vz

makes the fixed angle § = cosh™! (i> with the spacelike axis e3 in R3. Moreover, the

V14
curve 7 lies on the helicoid {(z,y,2) € R3 |4 = tan £} in R3 and the curve « lies on the

surface {(m, y,2) €R3 ‘% = @ tan 8% }in R? (see Figure 3).

t i ¢

(a) (b)

Figure 3. (a) The helix v in R3,  (b) The spacelike helix o = v () in R3.

Example 3.14. Let us take the spherical helix
2 2 2/6
v (t) = <_§ cos 4t — 7 cos 6t, —g sin 4t — R sin 6¢, T\/_ sint)

and its tangent vector

26 —2\/6CO 1>
5

Vi(t) = (T S1n 5t, 5 S5t, -

makes the fixed angle § = cos™1($) with axis ez in R®. Also, the curve

24/26 V26 )

a(t) = (y(t)) = ( 5 sint, —T(3sin4t + 2sin 6t), —3 cos 4t — 2 cos 6t
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is a timelike helix and its tangent vector

— ( 2v/26 cost V/26(cos 4t + cos 6t) 5)

Vi(t) = -
1(#) sin 4t + sin 6t sin 4t + sin 6t

makes the fixed angle § = sinh ! (5) with spacelike axis e3 in R}. Moreover, the curve v lies

on the unit sphere in R? and the curve « lies on the surface {(m, y,2) € R? | &2 + % + % =1 }

in R} (see Figure 4).

() (b)

Figure 4. (a) The spherical helix v in R3,  (b) The timelike helix a = 5 ()
in R$.

Example 3.15. Let us take the helix

2tsint + 2cost 2sint — 2tcost 2+ 1
v(t) =

V3 ’ V3 ©3

and its tangent vector

2 2 2

Vi(t) = (é cost, ﬁ sint, 1)

makes the fixed angle § = cos™!(3) with axis e3 in R®. Also, the curve

2t2 + 2 4sint — 4t cost

alt) =93 (y(t) = ( 73 7 ,2tsint + 200st>

is a timelike helix and its tangent vector

Vi(t) = (2 sect,2tant, \/§)

makes the fixed angle § = sinh~!(v/3) with spacelike axis e3 in R3. Moreover, the curve
7 lies on the paraboloid {(z,y,z) € R3 |2 + y? =4z} in R? and the curve « lies on the

surface {(x,y, z) €R3 ‘ %ﬁ + 22 = 2\/§w} in R} (see Figure 5).
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(a) (b)

Figure 5. (a) The paraboloidal helix v in R3, (b) The timelike helix a = 1)3(7)
in R$.
4. Mappings that transform helices from R” to R}

Now, we introduce a mapping that transforms a helix with axis e; in R™ to a non-null
helix with the timelike axis (e, 0) in R7 .

Let @ :R"\ Q — R’f“ be the mappping defined by

I
T1,22,...,Tn,d), 4.1

e R .
where Q) = {xeR”] Hx||2—a2:c12+d27é0}, p#0,d#0anda> 1.

Analogously to the proof of Theorem 3.5, we can prove that the following theorem.

O (1, m9,...,2,) =

Theorem 4.1. Let v = (71,72, .., Yn) : I CR — R™ be a regular curve. Then, the curve
v is a helix whose tangent vector field Vi makes the fixed angle 0 = cos_l(%) with axis

e1 € R™ where a € (1,00) \V2 iff the curve §: J C R — RP

1
B=d(y) = (715725 -+ s ) (4.2)
@ — a2} + ||

is a timelike (spacelike) heliz whose tangent vector field Vi makes the fived angle 6 =
cosh™* (\/25_?) (5: sinh~! (\/ﬁ)) with the timelike axis (e1,0) € RY™ where p #
0,d#0 and 1 <a <2 (a>+2).

Example 4.2. Let us take the helix

t3 2/, 3/2
y(t)= <§+t,§(t +2) ,2t>

2t/ t2 + 2
7 t2+1) VB (2 +1)
L

with axis e; in R3. If we choose = 2 and d = 2 in

and its tangent vector

makes the fixed angle § = cos™*

2 2 3/2
Blt) = e(v(t)) = <32t4$; j;ll) ’ 3§t2t2++2)17 ’ 12t2gi 17’ 12t29+ 17)
is a spacelike helix and its tangent vector
Vi) = <L’2t(4t2+1)\/m, 34 — 24¢2 - 16v/3t )
V3 VB (4t + 512 +17) /3 (44 + 5t2 +17) 7 4tt + 562 + 17
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makes the fixed angle § = cosh™* (%) with timelike axis (e1,0) = (1,0,0,0) in R}.
Example 4.3. Let us take the cylindrical helix

~y(t)= <§t cos\f \[>

and its tangent vector

makes the fixed angle 6 = cos_l(é) with axis e; in R3. If we choose =1 and d = § in

310 =00010) = (2 5o e )

is a timelike helix and its tangent vector

" (\/§ V2 (2t — 5)sin 5 + 8tcos 75 v2(5 —26%) cos 7 + 8tsin 75 oy )
2’

V t == 9
1) 42 4+ 10 442 + 10 22+ 5

makes the fixed angle § = sinh™! (\/g) with timelike axis (e,0) = (1,0,0,0) in R}.

Now, we define mappings that transforms a helix with e, in R™ to a non-null helix with
the spacelike axis (0, e,) in R}
Let ¢; = ;0§ : R" — R’f“ be a mapping for ¢ = 1,2,3. Then, the mapping 1;

transforms a helix from with axis e,, in R to another helix with the spacelike axis (0, e;,)
n R?H.

Corollary 4.4. Let v = (71,72, s ) : L CR — R"™ be a regular curve. Then, the curve
v is a helix whose tangent vector field Vi makes the fixed angle 8 = cos_l(é) with axis

en € R™ where a > 1. Then,
1) Let us take,

c a2 -1 vaz—1 +a?2-1 Va2 -1 1
fr=¢1(y) = -1 gd

d2_a2772l+ H’y||2 a i3 a 1, a V25
i)B1:J CR— R?H 1s a timelike heliz whose tangent vector field Vi makes
the fized angle § = sinh™* (\/(1‘;7_2) with the spacelike axis (0,ey,), where a > V2,
i) pr + J C R — R’f“ is a spacelike helix whose tangent vector field V;
makes the fized angle @ = cosh™! (\/25_7> with the spacelike axis (0,e,), where
1<a<v2.
2) The curve 33 : J CR — R’f“,
c
By =3 () = 5 " 2(\/(14—17”,\/@2—1—171,\/@2—i—l'yg,...,\/aQ—i—lfyn_l,ad)
d? — a?y; + |
is a timelike heliz whose tangent vector field Vi makes the fized angle § = sinh~* (ea)
with the spacelike azis (0, ey).
3) The curve f3:J CR — R?H,
c P — O R—
63:903 (’Y): 2 2 92 P} (CL (12—1”}/n,a’}/1,a’}/2,...,(l”}/n_1,d a2_1)
d* — a*y} + |1
is a timelike heliz whose tangent vector field Vi makes the fixed angle
f = sinh~! (5\/ a? — 1) with the spacelike axis (0, ey).
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Example 4.5. Let us take the helix

t t o5t
'}/(t) = (\/ 11 cos 6, V 11sin 6’6)

and its tangent vector

v1l |t /11 t 5
iit) =1 - s sing, ——cos g, &

makes the fixed angle 6 = cos™'(3) with axis e3 in R?. If we choo
Corollary 4.4, then

1) The curve
11t 66 t 66 t

sec=1land d=11in

30
t) = ° in ~
e (v (1) (432 —12 432 — 112 e 432 — 112 V6 432 — 11t2>

is a spacelike helix in R}. Then, its tangent vector field

Vi(t) =

12¢/14t 1214t ’ 12v/14¢ "V14

— <11t2 +432 (11#% —432) sin § 4+ 132t cos § (432 — 11¢?) cos § + 132tsin§ 5 )

makes the fixed angle § = cosh™* (\/%) with the spacelike axis (0,e3) = (0,0,0,1)

in R{.
2) The curve
6671t 36671

36v671 |t
n-,
6

¢
5672160 — 55¢2

2 (v (1) = (2160 55627 2160 — 5562 ¢

is a timelike helix in R}. Then, its tangent vector field

216
2160 — 55¢2

_ 611162 +432 [61 (1112 —432) sin £ +132tcos & [61 (432 — 11¢%) cos £ + 132tsin & ¢
Vi(t) = T ) Tq ) T [y
1) 11 60t 11 60t 11 60t 5

makes the fixed angle § = sinh ™! (g) with the spacelike axis (0,e3) = (0,0,0,1)

in R}.
3) The curve

36+/11¢ 21611 t  216v11

t) = =
?s (7 (8) (2160 — 55027 2160 — 5562 6 2160 — 55¢2

is a timelike helix in Rf. Then, its tangent vector field

Vi(t) =

- t 36411
6’ 2160 — 55¢2

— (11t2 +432 (112 — 432) sin £ + 132t cos & (432 — 11¢%) cos £ + 132tsin & /11

1011t 104/11¢ ’ 104/11¢ "5 )

makes the fixed angle § = sinh ™! (@) with the spacelike axis (0, e3) = (0,0,0,1)

in R}.
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