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ON GLM TYPE INTEGRAL EQUATION FOR SINGULAR
STURM-LIOUVILLE OPERATOR WHICH HAS
DISCONTINUOUS COEFFICIENT
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ABSTRACT. In this study, we derive Gelfand-Levitan-Marchenko type main
integral equation of the inverse problem for singular Sturm-Liouville equation
which has discontinuous coefficient. Then we prove the unique solvability of
the main integral equation.

1. INTRODUCTION

We consider boundary value problem L as follows:
A
i [ 2 i@ = Nplod 2 e 1= 0. (R, )

U(y) :==y(0)=0,V(y):= y(r)=0 (2)

1, 0<x<d

a € R
o?, d<x<m’ €h

where \ is spectral parameter, A € R*, p(x) = {

a#1l,a>0de (g,ﬂ'>, ¢ (z) is a real valued bounded function and ¢ (z) €
L2 (O, 7T) .

Boundary value problems with discontinuous coefficient often appear in ap-
plied mathematics, geophysics, mechanics, electromagnetics, elasticity and other
branches of engineering and physics. The inverse problem of reconstructing the
material properties of a medium from data collected outside of the medium is of
central importance in disciplines ranging from engineering to the geosciences. For
example, torodial vibrations and free vibrations of the earth, reconstructing the
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discontinuous material properties of a nonabsorbing media, as a rule leads to di-
rect and inverse problems or the Sturm-Liouville equation which has discontinuous
coefficient. (see [1]- |7]) Discontinuous inverse problems appear in electronics for
constructing parameters of heterogeneous electronic lines with desirable technical
characteristics [6]. After reducing corresponding mathematical model we come to
boundary value problem L where ¢ (z) must be constructed from the given spectral
information which describes desirable amplitude and phase characteristics. Spectral
information can be used to reconstruct the permittivity and conductivity profiles
of a one-dimensional discontinuous medium [7], [1]. Boundary value problems with
discontinuities in an interior point also appear in geophysical models for oscillations
of the Earth [2]. Here, the main discontinuity is cased by reflection of the shear
waves at the base of the crust. Further, it is known that inverse spectral prob-
lems play an important role for investigating some nonlinear evolution equations of
mathematical physics. Discontinuous inverse problems help to study the blow-up
behaviour of solutions for such nonlinear equations. We also note that inverse prob-
lem considered here appears in mathematics for investigating spectral properties of
some classes of differential, integrodifferential and integral operators.

Sturm-Liouville operators with singular potential were studied in [8]- [10]. In [10],
Sturm-Liouville operators generated by the differential expression —y" +¢q (z) y were
considered. Here ¢ (z) is a distribution of first order, i.e., [ ¢ (x)dx € Ly [0,]. The
minimal and maximal operators corresponding to potentials of this type on a finite
interval were constructed in [§]. All self-adjoint extensions of the minimal operator
were described and the asymptotics of the eigenvalues of these extensions were
found there.

The authors in [11]- [14] study asymptotics of eigenvalue, eigenfunctions and
normalizing numbers and solve the inverse spectral problems of recovering the sin-
gular potential ¢ € W5 *(0,1) of Sturm-Liouville operators by two spectra. The
reconstruction algorithm is presented and necessary and sufficient conditions on
two sequences to be spectral data Sturm-Liouville operators under consideration
are given. Unlike these studies, the proposed method in our work is more practical
and more feasible.

In this study, we derive the Gelfand-Levitan-Marchenko type main integral equa-
tion of the inverse problem for singular Sturm-Liouville equation which has dis-
continuous coefficient. Then we prove the unique solvability of the main integral
equation.

In [15] and [16] , we defined y1 (z) =y (2) ,y2 () = (Ty) (z) = ¢ (x) —u(z) y (2),
u(z) = Alnz and got the expression of left hand side of the equation as follows
Uy) =~ 1Ty (@) —ul2) Ty) (@) -’ (@) y +q(@)y = Np@)y,  (3)

then the equation reduced to the system;

{ Yy —y2 = u(x) ) (4)
yh + N p(@)y = —u(z) y2 — u? (2) y1 + g (2) 11
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with the boundary conditions

y1(0) = 0,41 () = 0. (5)
Matrix form of system

() =Comined ) () o

’ . _ u (.%') 1 L Y1
or 3y’ = Ay such that A = ( CXp(z) — ut () + q(z) - u() ),y._ ( v )

x = 0 is a regular-singular end point for equation and Theorem 2 in [17]
(see Remark 1-2, p.56) extends to interval [0, 7]. For this reason, by [17], there
exists only one solution of the system which satisfies the initial conditions
y1 (€) = vy,y2(§) = vy for each € € [0,7],v = (Ul,UQ)T € C?, especially the
initial conditions y; (0) = 1,y2 (0) = A

Definition 1. The first component of the solution of the system which satisfies
the initial conditions y1 (§) = v1,y2 (§) = (Ty) (§) = vy is called the solution of the
equation which satisfies these same initial conditions.

It was obtained in [3] by the successive approximations method that (see 18],
[19]) the following theorem is true.

Theorem 1. [3] For each solution of system (@ satisfying the initial conditions

( zl ) (0) = ( 21/\ ) the following expression is true:
2

y1 = e 4 /K11 (m,t) edt

z T ,r<d
Yo = iNe + b (z) AT + /K21 (x,t) eMNdt + i/\/Kgg (x,t) eMdt
pt ()
Yy = ate (@) 4 g (@) 4 / Ky (z,t) eMdt
—pt(z)
Y2 = i\ (oﬂ‘ei’\“ww) - a‘ei’\“f(l))
s >d

+b(2) [Oﬁeixw(w) I a—em,f(x)}

ut(z) nt (@)

+ / K21 (SC, t) eD\tdt + i\« / K22 (SC, t) Gi)\tdt

—it (@) —it (@)
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where
1 xr
b(.]?) — _1/£ [u2 (8) _ q(s)] eQ!“(t)dtdS
20
at
Ky (z,z) = U (z),
Ko (x,2) =V (x) — %/ [u2 (s) — q(s)] K11 (s,s)ds — %/u (s) Ko1 (s, 8) ds,
0 0

+

Ko (2, 0) = ——- [u(z) + 20 (z)],
K1 (x,2d —z+0) — K11 (2,2d — 2 — 0) = %u(x),
8Kij (I, ) 8Kij (,13, ) .
e 5 € Ly (0,7),i,5=1,2,
ot (z) = % (1:&;(3})) . p () ::I:x\/p(m)—i—d(l:t\/p(x)).

2. THE MAIN EQUATION OF THE INVERSE PROBLEM

Assume that s(z, A) is solution of the equation with initial condition

5(0,\) = ( 5 )

We have
pt(z)
s(z,A) =so(x,\) + / K11 (x,t) sin Mtdt,
()
where

so (7, \) = at (2)sin \u™ (z) + ™ (x)sin \p™ (z) .
Also, let us define a,, a2 and ®y(z,t) as follows:

T

= /p (z) 52 (2, \n) dz,
0

T

al = /p () 82 (x,)\g) dz,

0

@N({Lt) =®n, (l',t) + ¢N2($7t) + (PNS((E,t) + ¢N4($,t),
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N 0 0
b A’” t? )\7l ) >\n t7 An
@N(x,t)zz<8(x Jo(th) _ solahn) o0 )>,
n=0 n n
N 0 0
By (2.1) = Z <50 (z,)\no)é s0 (t,An) S0 (x,)\n(ljo (t,)\n)> ’
n=0 n n
H+(aj) N 0
An
(I)NQ(wvt): / Kll (xag)ZSO( ZSIH Edév
0 n=0 n
N+(m) N 0 0
B (1,1) = / Ko (2.6) Z( sm)\nf S0 (a:,/\nZsm)\ §> .
0 n=0 Qn
ut(x)

N .
(o 1) = / Ky (2,6) 30 2O AN A e
0

n

Here, using
sin A\, &, &<d
so(§&A) =9 1 L P L FI D 7
5 1+a sin Ap (§)+2 1 5 sin Aut (§), £>d
we have

50 (&,\) = aT sin \u™ (&) + a” sp (2d —ut (5)) , £€>d.
Also, since 2d — u™ (£) < d we obtain

sin A (€) = s (6,0) — Tso (24— (€), 1)

Substituting pu* () — &, we get

o so(§A), §<d 7
sin Ang = iso(f, )—afso@d pt (&), N, £€>d "

Now, define Fy(z,t) and F(z,t) as follows:

s0 (£, A2) sin /\,lel

)sin A, T
-y )
and

F(x,t>=§<1+ . >F0<u+<x>,t>+§<1— ! )Fow-(x),t). (9)
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We can write

0 0 0
Flot) = Z lso (:z:,)\nc)k so (L, An) %0 (x,)\no);o (t,\n) ' (10)
n=0 n n
Let f € AC|0, 7], using Theorem 6 in 4],
< 7 (2, 0) 5 (£, An)
=3 [ fit)p(e) A2 gy (11)
and
(2, A0) so (t, /\O)
§j/f Lol ar (12
we get

lim max /f t) Dy (z,t)dt

NS00 0<z<m

/ﬂﬂﬂﬂ}jﬂﬁiﬁi@ﬁﬁm—f@>

< lim max

I

N—oo 0<z<m o (07%
T BUAPNISY
lim max / s ( n)jo( n)dt—f(x) =0.
N—o00 0<z<m 0 (0%
0 n=
Furthermore, uniformly for z € [0, 7],
J\}im /f )Py, (z,t)dt = /f(t)p(t) F(z,t)dt. (13)
— 00
0
Similarly, we have
d
lim /f t) P, (z,t)dt = /f(t)Kn(m,t)dt+
N—o00

0

O%/f(t)f(n(z,w (t))dt — Z—;/f(t)Kll(a:,;ﬁ (2d — 1))dt.
d d

Because for 2d —t > ut (), K(z,pt (2d —t) =0, we have
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lim /f t) Py, (z,t)dt =

N—oc0

/f VKt (2 ())12+ p;()t)dt+/f(t)K11(a?,u+ (2d—t))12+5% ’
0

uniformly in z € [0, 7.

uy ut (@)

Using residue theorem, we get

lim / F)p (t) By, (z,t)dt =

N—oco

\ u't (@)
:QNIgnoo/f 27”% NG / Ky (x,€) sin AS | dAdt
0

here I';, = {\: |A\| = N}.
5 (2) = O ()
and
IA(N)] > Cs A el @]\ e gy
where Cs5 > 0, G5 = {)\ : ‘)\— )\%’ > 5} , for all A € Gs, we get

< G-It (2) -0 (1)
‘A (A)‘ = Che

where Cs > 0 is a constant. Using p (t) < p* (x), we have
A

I AN

By the way, due to Riemann-Lebesgue lemma, we can write

lim /f t) @y, (x,t)dt = 0.
N —o00
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If we use the last equations we obtain

24/p (1)
IFWwro p(t)dt—I-

pt(z)

Zf@ﬂﬁﬂ%u*@d—ﬂ)L+¢~2d_t /} )E/zqu%sﬂ%axmaﬁzo

Since f € AC|0, 7] is arbitrary, the following theorem could be proved:

/f xtdt—l—/f VK1 (2, 1™ (1))

Theorem 2. For every fix x € (0,7), the kernel function Kq1(x,t) of the integral
representation of the solution @(x, \) satisfies the following linear-functional integral
equation.

2./p »2d—1)
1+\/— 1z, (t))+1+mf(11$u (2d — 1)) + F(=,t)+
ut (@)
+ / K (2, ) Fo(€, t)dedt = 0, (14)
0

where the functions Fy(z,t) and F(xz,t) are defined by the formulas (§) and (9)
respectively.

Theorem 3. For every fix x € (0,m), the equation has a unique solution
Ky1(x,t),which belongs to L (0,7) .

Proof. For x < d, equation is written as follows:

Kiy(2,0) + F(o, ) + / Ky (2,€) Fo(€,t)de = 0 (15)

which is a Fredholm integral equation and equivalent to the equation of type
(I+B)f=g (16)

where I is the unit operator, B is a compact operator in the space Ly (0,7), f,g €
Ly (0,7) . Let us prove that in the case x > d the equation is also equivalent

to an equation of type (16]).
If x > d, the equation (|14)) can be written as

Llel (xa ) + Mlel (.’13, ) =—-F (QZ‘, ) )

where
L) (0= 12t (0 0) 4 YRR 0a ), 0 <t <, (17
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ut(x)
0Lh 0= [ HOREDE 0<t<a (1)
0
It was shown in [5] that the operator L, has a bounded inverse in the space Lo (0, 7)
and
l—« —t+ad+d
_ — , t<d
Lzlf(t):{ f(1)+af(t+{m§ d)(j ) t>d (19)
Therefore the equation is equivalent to the equation
Ky (z,.) + LMKy (2,.) = —L;'F (z,.). (20)

Because L, ! is a bounded and M, is a compact operator in Ly (0,7), then the
operator B, = L 'M, is compact in Ly (0, 7). The right hand side of also
belongs to Lo (0, 7) , since M, is invertible in Lo (0, 7). Consequently, the equation
is a Fredholm integral equation type and it is sufficient to prove that the
homogeneous equation

ut(z)

Lok (o) + [ K@ & Fs(€ 0dE =0 (21)
0

has only trivial solution K71 (x,t) = 0. Let K (t) := Kj1(z,t) be solution of equation
(21). Then

T x lﬁ(@)
/ p (1) (LK (O] dt + / p(8) LK (£) dt / K(&)Fole,)dedt = 0. (22)
0 0 0

Using for £ < p~ (z), K (2d — £) = 0 and the formulas and , we have

/ K(€)Fo(€. t)dé = / p(€) LK (6)F (€, 1)de.
0 0

Therefore can be written as

/ p(t) [Lo K (t)]? dt + Z / p(t) so (t, A\n) Lo K (t) dt (23)

n
0 n=0 0

2 2

_iaio /p(t)so (t,A\n) LK (t)dt | =0. (24)
n=0 " 0

Now if we use Parseval’s equality [4],
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/p(t)fQ(t)dt—FZaio /p(t)f(f)SO(tv/\g)dt ;
0 n=0 " 0

for 0
L.K(t), 0<t<u,
f(t){ 0, t>x

which belongs to Ly (0, 7), we have

x

/,0 (8) (Lo K (1)) 50 (b An) dt =0, 1> 0.

0
Since the system of function {sg (¢, A\,)},,>( is complete in Ly (0,7) by the theorem
in 3], we get L, K (t) = 0. Since the operator L, has inverse in the space Lz (0,7),
we obtain K (t) = K (x,.) . It means that, the theorem is proved. O

Using Theorem 1 and the fact that the functions {so (¢, A\n)}, > is a Riesz basis
of the space Ly (0,) (see |3]), we get the following theorem:

Theorem 4. The spectral data {)‘Z’O‘"}nx) uniquely determines the boundary
value problem L. -

The integral equation is called main integral equation of GLM (Gelfand-
Levitan-Marchenko) type for the problem L.

3. PROPERTIES OF THE FUNCTIONS Fy(z,t), F(z,t), K11(z,1).

Lemma 1. Denote

B(x) = i (sin)\nx B sinA2x> . (25)

n=0 An Oé%
Then, B (z) € W3 (0,27), Fy (z,2) € W3 (0,27), F (z,x) € W3 (0,27) .
Proof.

. /sin A,z sin )\235 >, [sin A,z — sin )\?La: 1 1 .10
Z( oo ):Z( o —&-(an—ao)sm)\nx) (26)

n=0 n=0

If we denote &, := A\, — A" and using asymptotic formulas of \,, as follows:(see [3])
dn = kn .
A=A 4 v + —,dy, is a bounded squence, {k,} € ¢, (27)
n

then

. . . . 2&nT .
sin \yz —sin Aoz = £,z cos \) x4 (sine,z — £,) cos A\ — 2 sin? % sin \)z. (28)

B(2) = By (2) + Ba (x),
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where
> dnxcos)\ow
Bi(z) = —_ 29
1( ) ngo Oz%A?L ( )
> 1 1 sin A\gx — sin Nz
By (z) = —_— - — sin/\glx—&—( 0 ) 30
2 (a) Z(a ) - (30)
B Z nxcos)\ T Zcos/\ T (sinenz — en2)
sm/\ :c En
) nZ 2
Z ;
Using
a = /p(x)s% (x,)\g) dz, (31)
0
where
() = 2 (14— st (@) + = (1- it (@) (32)
so (T, A\p) = = sin A\p™ (z) + = sin \u™ (w
2 p(x) 2 VP
and asymptotic behaviour of a,, we obtain By (x), Bs (z ) W3 (0,27) ie.,

B (z) € W3 (0,2m).
It is easy to verify that

e = (14 ) et 0) 15 et )]+
: (1 - ;(ﬂ) (B (z—p~ () + B (s +u (1)]. (33)

So, Fy (z,x) € W3 (0,27) and by formula @D we have F (z,x) € W3 (0,27). O

Now using the main integral equation , the formulas , , ,
and @D we obtain the following theorem.

Theorem 5. The kernel function K (x,t) of the main integral equation and the

functions Fy (xz,t), F (x,t) satisfy the following relations:
OPFy(z,t) 0?Fy(x,t) O*F(z,t) O?F(x,t)
P(t)T =p () EICIE p(t) o2 *P(@Wa

(34)

1
Fla,1) |=0= 3 (1 +
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OFy(z, OF (zx,
l) |, 20— (36)
OFy(u™* (z) ,t OFy(&,t
D) b () PHED |, (37)
Mzo, (38)

F% Ko (1 (2)

= % [Kll(l‘,ﬂ_ (l') + 0) — KH(Z‘,M_ (x) — 0)] . (39)

4. SOLUTION OF THE INVERSE PROBLEM

In this section the following theorem has been proved for the necessary and
sufficient condition for solvability of the inverse problem with respect to the spectral
data.

The following asymptotic relations were obtained in [3]:

Let {)\i, O‘"}n>0 to be the spectral data for a certain boundary value problem
L =L(q(z),A) with ¢ () € Ly (0,7), then

d k
0 n n
n — <0 — \~n 3 4
A An+/\2+n (kn) € 42 (40)
Qn CK’IOl tn 9 (tn) € 82) (4]‘)
n

where \) are zeros of the characteristic function Ag(\) = so (7, ), (d,) is the
bounded sequence
atsin At (1) —a~ sin Ay~ ()

dy, = ,
Ao (An)

ad = /p () 53 (2, \y) da.
0

Let real numbers {\,, an}, 5 be given. We construct function Fo(z,1), F(z,1)
by the formulas and @D of the section 2 and consider the main integral equation
. Let the function Ki;(z,t) is the solution of . We construct the function

¢ (z, A) by the formula

ut(z)
s(xz,\) =so(x,\) + / K11 (z,t) sin Atdt. (42)
0

To prove the theorem we need some lemmas.
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Lemma 2. The following relations hold:

— 8" (z,\) + [;1 + q(x)} s(x,A) = Mp(x)s (z,\) (43)
$(0,0) =0, s(m\) = 0. (44)

Proof. Assume that B (z) € W3 (0,7), where B (z) is defined in equation .
Differentiating the identity

o 2 . - 1-— (Qd—t)
G(Z’7t) = 714_\/@}(11( 7N+( )) 1+m
ut(z)
F (z,t) + / Ki1 (z,8) Fp(§,1)dE =0,0<t < x (45)

0
we calculate

Gy (o) = 2V 0K (ot (1) 1= Vpd—8) 0K (it (24~ 1)
TV ot 1++/p2d—1t) ot
nt(x)

+F; (x,t) + /Ku(%f)

6F0(€7t)
ot

G (:L’ t) . 2\/ t 82K11 CL’ ,u + 17\/ Qd*t 82K11 CL’ ,u (Qd—t))
YT ot 1++/p(2d—t) ot?

/m1 o T80 4 o, (46)

d¢ =0,

(’)t2

G (SL‘ t) L 2\/715 (i‘)Kll -’L',M t +1—\/T_t)8K11 (-’If,u+(2d—t))
T 1+ Ve(® 0z 1+ p@d—t) 9z
ut (@)
o o (et >%<<>ﬁ+(/Kum@%@w%
+Vp (@) (K11 (2,017 (2) +0) — Kyy (2,07 (z) — 0)] Fo(p™ (2),t) =0,
Con (o) = 2 PEn (@t () | 1= Vp(2d—1) 02Ky (@, p* (24— 1))

C1+4p () D 1+/p(2d—1) dx?

uwt(z)
O?F (x,t PK 0K
i) WS (e, e+ o @ ot (@), 2B L

Ox2 0x?
0

0K (x, 0Ky, (x,
+Vp (@) Fo(u™ (2) 1) [%;wi) le=p+ (@)+0 —% le=p+ ()0
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Vo @) Fo(u* dd K (2,17 (2)) +Vp (@)K (2, 1" (2)) W

+m [Kll ($7ﬂ7 1') + 0) — K11 (I,,U7 (;Zj) — O)] W

+FF0 dd [K11 (2,17 (2) +0) — Kiy (2,07 (2) — 0)] = 0. (47)

Using (34)) we can write the last equation as follows:

G (1) = =P g (ot (1) + S V2L D e (0t (20— 1)

1—1—\/7 1+m
i (@)
0? O?Fy(€,t
baeF 0400 [ Ko TR o (15)

0
Then using the formula we have

1 02 201 .. 1—+/p2d—t) 1
Kll( 2 ())+1+ (2d—t)p(t)

M@G(x, )= 1+\/78t2

+(w
xa—zK (z,pn" (2d = 1)) + F (z,t) /K :Ef )5
ozt » p 11
(49)
By integrating in parts we obtain
ut(z)
OF, (&,
/ Ky (,€) P20 g = [Kyy (a4 (2) +0) — Ky (2, 5 () — 0)] Oaf N
0
0 _ 0K11 (x,
i (0067 () 9B (6.0 eyt —Fo (o 0) D |
Ky (z,§) K11 (z,§)
+Fo (x,0) o le—o —Fo (z, 1t () o le=pt (@)—0
0K (.6) e
— x? x’
+ Fo (2,07 (2)) =57 lemum @40 + / e Fa(& e (50)
23 9%¢
0
Therefore ,
1—+/p2d—1t) 0
K —K 2
Gt (z,t) = F@ﬁ 11 (7, p (t))+l+mat2 11 (w,2d —t) +
1 62
,/ 8t2 zt)

0
== Fo (67 t) |€:H_(I)

+ [K11 (2,07 (2) = 0) — K1y (2,17 (2) +0)] 5
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) 0K, (z,
i (007 (0) 9P (6.0 et —Fo (o™ 0) T |
+Fp (2,0) W le=o —Fp (@, u™ () 6}(11623:,5) le=p+ ()0

Tz

w (@)
7] 0?
B (o @) PUED s [ PR R e o)

It follows from (45]), ([46), and (50), the identity
A
G (z,t) — p(2) Gyt (2, ) — [x + q(m)} G (z,t) = 0.

0

Using the identity acording to formulas @D .— ., we get
2O e (gt ) 4 o PCAD O aa )
s “ x, i z,2d —
1+ /p()0a? : 1++/p(2d—1) 6 H

_ _ 2
1—/p(2d—1) 0 K11(2dt)]

2
(@) 1+/p( f’%?K“(x“ (1)) + 1+/p(2d—t) 02
A 2 1—+/p2d—
_ [x+q(x)} WKH (. 1" (1)) + Hmml (2d—t)1
pt(z)

A
Kt (0,0) = () Kure (0.0) — | + 0 (0)] K11 00) | Foles ) =
0
(52)
By the Theorem 3 in the first section, the equation has only trivial solution
ie.,

A
Kiize (z,8) — p(x) K114 (3, 8) — LC +q (1:)] K (z,t)=0, 0<t<z. (53)
Now differentiating equation twice, we have

ut(z)
s (z,\) = s (2, \) + / (K1), (z,t)sin Xtdt + /p () K11 (z, pF (2)) sin Ap™ (2)
0

+Vp (@) [Kn (07 () +0) = Ki1 (2,17 (2) = 0)] sin A\~ ()

pt(2)

s" (z,\) = s (2, \) + / (K11),, (x,t) sin Xtdt
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+/p(z)sin \u™ () [;:Ku (1~ (:v))]

—+ \/p(ia:)sin )\/J_ (l‘) l:aaxKll (I,M_ (.’17) + O) ‘t:/t*(r)-‘ro

t=p~(x)

- %Kll (.T,M_ (LL') - 0) |t:N_(“")_O :|
FVE@s N (o) - (R (o 0)

+Vp(z)sinAu” (2) 3% (K (2,07 () +0) = Ki1 (2,07 (2) = 0)]
00 (@) Kt (2 * (2)) cos Mt ()
+ Ap (2) [K11 (2,07 () +0) — K1 (z, 0~ (2) — 0)] cos Au™ (z)

Lemma 3. For each function g(x) € Lo (0,7) the following relation holds:

[o@ e @iz => ( [ewsce mdt) (54)

0

Proof. Using the formulas , , @ of the previous section it is easy to transform

solution
xT

s (2, \) = so (2, ) + / p(2) s (1) 50 () dt (55)
0
and the main integral equation form the previous section to the form

x

wat) + F(o.0)+ [p(©w(w6 F et =0, (56)
0
where
2y/p(t) (2d —t)
w(x,t) = K (x, 1™ (2d —1)).
Solving the equation with respect to so(z, )\) we obtain
For x < d

x

so (z, A) =s(x,\) + /p (t) H (z,t) s (z, ) dt. (57)

0
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By the standart method (see [20]) it can be proved that

t

H (z,t) :F(x,t)+/p(£)w(t,§)F(x7§)d§,0§t§x.

(58)
0
Denote @ (\) = /p (t) g (t) ¢ (t,\) dt. Then using we have
0
Q= [p@1h(®)s (e de

0
where

h(t):g<t>+/p<5>g<s>w<t,f>ds.

By the similar way, using the formula we obtain

T

n)+ [p©n©H (€D (60)
t
Now according to equation we have

™

/p (t)h(t) F (x,t)dt

g(t)=

(61)
0
+ [ () g(t) [F (@,t)+ [ p (W (&) F (2,8) df] dt.
/ /
Consequently, by the formulas (56| and we obtain
[ewr@F@na= [pos0H@d- [p0s0W @i (©)
0 0

xr
From the Parseval equality we have

U U

/p (t) h? (t) dt + /p (t)p(x) h(t)h(x) F (x,t) dadt
0

0
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— Zai (/h (t)g(t)so (t,)\n)<ﬂ(t,/\n)dt) = ZQ(aLn)'
) n=0 n

n=0 "

Using we get

QO _ [ / [
<0l — o RE @) dt+ | p(t)g(t) () h(z) H (2,t) dz | dt
>t [ JRr [ 1% ]

t

—/p<x>h<x> {/pu)g(wwa,x)dx] d.
0

x

Finally, from and we get

K

Z% :/p(t)h2 (t)dt+/p(t)g(t) (g (1) —h (1)) dt

0

(e}

The lemma is proved. (I

Corollary 1. For arbitrary functions f,g € Lo (0,7), the following relation holds:

s s

[r@ f@a@ar=> = [foserifg@ser)d @)
0 n=0""9 0

Lemma 4. The following relations hold:

™

0,n # k
/s (t, A\g) s (t, M) dt = { an,ni A (64)
0
Proof. Let f(x) € W (0,7), consider the series
f (z) = chs (x,\n) s (65)
n=0
where
1
en=—|[ f(z)s(x,\,)dx. (66)

70
0

Using Lemma 1 and integrating by parts we calculate:

S (hf(O)—f’(0)+8(7r,An)f’(7r)—w(mkn)f(ﬂ)

= 2
Qn A,
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+ s -1 @) + gl i)
0
From the asymptotic formulas for the ¢ (z, A\) and A, in [3], we get
cn =0 (le> ,8(x, M) =0(1)
uniformly for « € [0,7]. Therefore the series converges absolutely and uni-
formly on [0, 7] . Using and we obtain

/ p (@) f (2)g () dx = / 0(8) S ns (2, An) dt = / g (0) £ (1) dt.

0 0 n=0 0

Since g () is arbitrary, we get
Fr@) = f2) = cns (@A) (67)
n=0

Now, for fix k > 0 and take f (x) = ¢ (x, \), then since

- 1
sz, M) = Zocnks (2, \n) s Cny, = a—n/s (2, \) s (z, Ay) d.
n= 0

Moreover, the system {sq (x, An)},,~o is minimal in Ly (0,7), (see theorem 2 of the
previous section), and consequently, in view of (42) the system {p(z,An)}, 5 is
also minimal in Ly (0, 7). Therefore ¢,, = d,, (dn, is a Kronecker symbol). The
lemma is proved. O

Now we can give the algorithm to construct the problem L (¢ (x)) using the
spectral data {\,, an}, as follows:

1- Use formulas and (9)), to construct the functions Fy(z,t) and F(x,t).

2- Construct the function K(z,t) as the unique solution of the main integral
equation.

3- Calculate the function ¢ (x) and coefficient A by the formulas in Theorem 1.
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