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On the Economic Content of the Gini Coefficienlt]
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Abstract

This paper argues that the canonical assignmentlmadhich is widely
used in the study of wage determination, providesinal links to the stan-
dardized tools of inequality analysis, such asltbeenz curve and the Gini
coefficient. | show that an intuitive formula fdre Gini coefficient of earn-
ings can be derived using a standard assignmen¢lm®dch a model is use-
ful in understanding the potential sources of emgiinequality, since it for-
mulates the Gini coefficient as a function of thepérsion of worker skills,
the distribution of firm productivities, and theestgth of complementarities
in production between capital and labor. The Goefticient increases with
the dispersion of skills, the dispersion of produdtes, and the labor share.
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1. Introduction

This paper provides an economic interpretatiorhef®&ini coefficient in a
formal setting. Using the general framework devetbfpy Tumen (2011),
which builds on Sattinger's assignment model witlo-sided heterogeneity
[see Sattinger (1979, 1993)], a Gini coefficienttlee distribution of earnings
is derived. Formulating the Gini coefficient withénich an assignment model
serves two purposes. First, it allows us to thiflearnings inequality as a
byproduct of the optimal allocation of workers agdirms. This is yet an-
other affirmation of equity and efficiency beindfdient concepts. Second, it
allows us to analyze earnings inequality by sepératharacterizing the con-
tribution of each economic parameter. The Gini ficeht is formulated as a
combination of the following element§) distribution of skills across work-
ers (supply of skills)(ii) distribution of productive capital across firms{d
mand for skills),(iii) characteristics of the production technology thath
firm uses, andiv) properties of the mechanism ensuring an optinsduece
allocation in the economy.

I conclude that the interactions between an ine@aglative supply of
skills and an increased relative demand for skiflange the Gini coefficient
for the distribution of earnings. The directiontbe change depends on the
shape and the curvature of the earnings functienbd& specific, when the
earnings function is convex and increasing in skillas suggested by the em-
pirical evidence — the model generates two keyanimage results: an in-
creased relative demand for skills raises the Gaafficient, as does an in-
creased relative supply of skills.

The proposition that interactions between the dehfan skills — which
has often been associated with the skill-biaseldnieal-change hypothesis —
and the supply of skills determine the degree ohiags inequality is the
subject of many papers, including Katz and Murph99@), Juhn, Murphy,
and Pierce (1993), and Card and Lemieux (26(Ej)nilar to the majority of
the papers in this literature, this paper makediptiens about the co-
evolution of earnings inequality and the demand smpply conditions for
workers of different skill categories. It differsofn its predecessors in that it
presents the source of earnings inequality as ahimgf technology that opti-
mally assigns workers to firms in a top-down stuuet(i.e., with positively

1 There is a strand of literature, the “revisionistsho argue that earnings inequality is an
episodic event [see Lee (1999), Card and DiNard®Z®, and Lemieux (2006)]. Autor,
Katz, and Kearney (2008) and Dustmann, Ludsteolt, Zachoenberg (2009) reconcile these
two views.
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assortative matching). | show that the Gini coefi¢ is directly computable
within such a framework.

The main contribution of this paper can be sumnedrias follows. The
canonical assignment model provides a simple fraonevior analyzing the
effect of inequalities among workers’ and firmsilgies on the formation of
wages. | show that this framework has a naturéldirwith easy closed-form
formulas — to the universally accepted measuremearjuality, such as the
Lorenz curve and the Gini coefficient. This may moye our understanding of
earnings inequality, as it provides us with a sirtplol to explicitly formulate
the Gini coefficient as a function of the inequalit workers' skills, inequal-
ity in firms' productive capacities, and the stridgngf complementarities be-
tween capital and labor in an economy. With theho@tl have developed, it
is possible to independently analyze the effea ofiange in the dispersion of
skills, the distribution of productivities, or tlstrength of complementarities
on the Gini coefficient. The link to the Gini coefént is particularly impor-
tant, since the time-series evolution of Gini cimédhts (for incomes) is read-
ily available for many countries. Putting the datad this method together,
one can use the actual evolution of the Gini coeffit to arrive at useful re-
sults on the evolution of the sub-components ohiags inequality, which
may have valuable as well as practical policy icgtions.

The paper is organized as follows. Section 2 dggetbe model. Section 3
presents the main results, derives the Gini cdefftc and relates the main
results to various literatures. Section 4 is thectgsion.

2. The Model

There are two factors of production: capital arubta Firms differ in the
amount of productive capital they have. Workergediin the amount of skills
they own. Letr be the capital endowment of each firm @dbe the cumula-

tive density of firms with respect to capital. Sanly, let x be the level of
worker skills andG.. be the cumulative density of workers with resptect

skills.2 Both densities are monotone, strictly increasgumtinuous, and have
positive support. There are no consumer preferernidaesre is a one-to-one
match between workers and employers. ¢.t, x) be the output produced

by a typee firm employing a typer worker. The production functiop(c, x)
is twice continuously differentiable i and x, with g, > 0, g, = 0,

2 For analytical tractability, we assume that thedpiive capacity of a firm and the skills of
a worker are both univariate (rather than beingtirditensional vectors).
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q.. = 0, andg.. < 0. The output is homogeneous across firms. The aggre
gate output is the sum of the production from eaetich. The efficient as-
signment of workers across firms is the one thaximiaes this aggregate
output.

Each types firm maximizes profits by choosing the skill lewelit em-

ploys. That is, giveir each firm solves the problem
max, [q(r:, x:] - W[I]], (2.1)

where w(x) is the earnings function. The first-order conditigs
w'(x) = g, (c, x). Notice that the magnitude @f'(x) depends orr. This
defines a relationship(x) — the sorting rule — which is discussed below. The
second-order condition ... (¢, x) —w''(x) = 0. Differentiating the first-
order condition with respect wyields

40 (6%) = =w"(€) = 4. (). (2.2)

The right-hand side of Equation (2.2) is positiyetbe second-order con-
dition. Therefore, the left-hand side must alsopbesitive. Forj—; =0 (e,

b

positive sorting) to be the optimal solution, thendition q... = 0 must be

satisfied. In other words, to match the best warkeith the best firms, we
need to assume complementarity between skills apiat. This is consistent
with the famous assortative-matching theorem ptesehby Becker (1973).
To capture this, | use the Cobb-Douglas form

glc,x) = "7, (2.3)
wheren = 03

Positively assortative matching features a solutiowhich the top work-
ers are matched with the top firms. To be precise,

N, [T g.(di=N, [T g.()dj, (24)

whereN, = 0 andN_ = 0 are measures of workers and firrgs, andg,

are the probability densities of workers and firmespectively. To get a pre-
liminary impression, suppose for the moment th&# of the workers are

3 | assume constant returns to scale for algebraipliiity.
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above the skill levef. Positive sorting implies thaz% of the firms must
have productivity greater tham(x). Following Sattinger (1979), and for

practical purposes that will soon become obviowssume that both workers
and firms are Pareto distributed with densities

9.(x) = (e —Dx™"* and g.(c) = —1)c77, (2.5)

respectively, wherer, = 2 andy. = 2 (to ensure finite variances). Em-
pirical and theoretical justifications to use Pardistributions to represent the
distributions of worker skills and firm productiyiire provided by Simon and
Bonini (1958), Adelman (1958), Axtell (2001), Lutm (2007), Helpman,
Itskhoki, and Redding (2010), and Tumen (2011). éow,, k € {c, x},

means that the dispersion of the distribution dhdrefore, the inequality is
higher. Solving out the sorting equation (2.4) gdimese densities gives

Ya—1

c(x) = Gretxret (2.6)

wheref = N_/N.. | assumef € (0,1}, which means that the number of
workers is always greater than the number of firfitse sorting rule (2.6)
defines a relationship betweenandx. Obviously,¢'(x) = 0. How fastec
increases witlx depends on the number of firms relative to the lemof
workers, and the distributional properties of woskand firms.

A positive reservation valugy.,., arises in this problem, since all firms op-
erate, and there are some unemployed workers d@esth0,1). If x* is the

skill level of the marginal worker, then the compre¢ labor market forces
would require thaw (x*) = w,..

When the assumed functional forms and the sortiley (2.6) are plugged
into the first-order condition, three objects aiangd down: the earnings
function, the reservation value, and the distributdf earnings. Below | pro-
vide formulas for these three objeéfﬁhe first object, the earnings function, is

i}
|:1—;~i|:lﬂ:"c_'—
1+

wi(x) = P+ w (2.7)

4 To focus on the contribution of the paper, | ditegfive the final formulas, which | have
derived by closely following the steps in Sattingaenodel. These calculations are well
known and are made explicit in Sattinger (1979,313td Tumen (2011).
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where

— o YxTVe
@ =n—F (2.8)
characterizes the shape and the curvature of ttminga function. When
skills are less dispersed than capital, ¥e.;- ¥. = 0, the earnings function

is convex in skills(¢ = 0) and is concave otherwiddn other words, when

there are more firms than workers on the right thié high demand for top
skills produces convexity. On the other hand, wttere are more workers
than firms on the right talil, i.ey, — ¥. == 0, the higher supply of top-quality
workers generates concavity. In what follows, Ilhadsume that the earnings
function is convex in skills. The CEO-pay literatudocuments that small
changes in skills result in large compensatingedéfitials at the top of the
earnings distribution [see Gabaix and Landier (2008 Tervio (2008)?.
Moreover, Piketty and Saez (2003) find that thegamers have experienced
enormous gains over the last three decades. Thasénsights justify the
convexity assumption.

The second object, the reservation value, is

i} i+

w, = (;_:] §re—1 iovs, (2.9)

Note that Equation (2.7) is derived under the aggiom of constant returns to scale (CRS)
technology. Deviating from this assumption does ctange the principles of the solution

we develop, but it does change the results quatidgt To demonstrate this point, kpt= 0
denote the capital share aid> 0 denote the labor share in the production techryolog
With CRS,¥ =1 — 7. Let's say that we deviate from this assumpticoh ramse} arbitrar-
ily, which means thaff + ¥ = 1. A convex earnings function implies that there m@re

firms on the right tail than workers. Deviating ffitiche CRS assumption by increasing the
importance of skills will reinforce the degree afmwexity in this example. Similarly, the
casen + ¥ = 1, with decrease¢, would weaken the degree of convexity. Analogaus a
guments can be developed for the effed).of

Measurement of poses a challenge to the empirical implementatibthe assignment
model. But it is possible to develop methods tHatwafor the derivation of an empirical
distribution resembling the underlying ability dibtition. For example, Tervio (2008) uses
an assignment model to study the determinants @ @&y. He uses the contribution that
CEOs make to total economic surplus, compareddbdhtheir theoretical lowest-type re-
placements in the sample. He argues that the winigrbility distribution can be inferred
from the joint distribution of CEO pay and marketue.
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Finally, the probability distribution of earnings this economy is

X

¥x—1

Flw) = Fx_l[ = ] (w—w,) 0 5% (2.10)

1+ |:1+m:'lg:_]'f

Notice that, due to the Pareto assumptions fodigteibutions of skills and
productivities, the earnings distribution is alsd the Pareto form
Flw) = (y, — 1) A" w v where the scale parameter is

=" (2.11)
(1+@)di-Te

and the shape parameter is

— Fx—1
Y =1+ 1te (2.12)
The shape and scale parameters of the earningibudtigtn are functions
of the (structural) parameters, and, as a resathirgs inequality changes
when these parameters are altered. The propogitesented in the next sec-
tion builds on this phenomenon.

3. Lorenz Curve and the Gini Coefficient

The Lorenz curve and the Gini coefficient are reltyrassociated with the
Pareto distribution. LeF be the Pareto cumulative density of earnings. Ap-

plying the general formulation [see Aaberge (2087 Cowell (2009)], the
Lorenz curve, denoted will is

L(F)= 1— (1—F]1'*-'_?, (3.1)
and the Gini coefficien) = G = 1, is

1
2(yy—1-1

G=1-2[ L(F)dF= (3.2)

Clearly, the Gini coefficient is an increasing ftioo of the earnings dis-
persion. Earnings dispersion is a function of thobjects: dispersion of skills
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(v, ), dispersion of capité(ly. ), and the share paramefgr). The effects of
these three parameters@rcan be analyzed separatély.

Proposition 1:

G increases when

(i) skills become more dispersed, ij2.,decreases;

(ii) capital becomes more dispersed, ¥e decreases; and
(i) labor share increases, ip.decreases.

Proof: Differentiating Equation (3.2) only with respeot® andy.. (tak-
ing into account thay, affectsy,. andg), | obtain the following expression:

ds . [ 1 ¥r—1 7 ]
dy, G2 )

ar,  6*lite  (1+@)Fy-1
diz . . . .
| need to show that‘; = 0. The question is whether the term in brackets

on the RHS is positive or negative. Simple algsiekls

1 =
LR R 1.
= 1+ yo—1 =

Thus, everything comes down to whethes less than or greater than 1. It
is less than 1 obviously, which directly impliessantlji}rE =X 0. This completes
part(i). For part(ii), | get

dE _ 2n yy—1 [ 1 }rx—}-'c]

dy, - G2 14p)% ly—1 (y—102]

" This result is not specific to the Pareto assumptibcan be extended to alternative settings.
For example, the log-normal distribution, whictsfihto the assignment model [Sattinger
(1993)], also has a Lorenz curve counterpard; &= [ anda, = [ are the standard devia-

tions of the (log-normal) distributions of capitahd skills, respectively, then the earnings

equation in this setting — the counterpart of Emumat(2.7) — can be formulated as
v:.-—'i—'r'-:x

wix) =Cx Tx +w,, where { is a positive constant. Obviously, earnings

{w — w,) will be log-normally distributed. It is well-knowthat the log-normal distribution

also has a closed-form Lorenz curve counterpam [Sewell (2009)]. Other functional
forms are also possible. But the Pareto and logaabdistributions are the most frequently
used distributions in the study of inequality.
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The sign off would be positive if the expression in bracketsfmRHS
c

were negative. This would be possible onlyyif << ¥, which is ruled out by
the convexity assumption. This completes igrt For partiii) , | get:

di 2 vyl va¥
— = ___—”_f = |:|,
dn G (1+@)” yo—1

as requiredll

Part(i) says that as the skills dispersion grows, firmast$taving access to
a larger set of skilled workers. This enlargesdheings horizon, and earn-
ings inequality then widens. This is consistenhwite stylized fact that, over
the last few decades, American society has facdattetomy in schooling
achievement as the high-school graduation ratdatias (after correcting for
the GED holders) while college enroliment amonghkéghool graduates has
risen. This points to a higher dispersion of skilithe society [Heckman and
Masterov (2007)]. In partii), given the distribution of skills, a rise in the
dispersion of productive capital makes the skilleatkers scarce relative to
the number of highly productive businesses. Theemental cost of buying
an extra unit of skill becomes more expensive. &luge, earnings inequality
climbs. This story is in line with the skill-biaseéechnical-change hypothesis
in that a steady movement upward in the demandKitis has contributed to
greater earnings inequality. In péit) , the marginal product of labor goes up
in tandem with the labor share. Under convexityyibg one more unit of
skill becomes costlier, and inequality surges.

This analysis is useful because it provides an mapb source of identifi-
cation. The Gini coefficient has already been dated in many studiesThe
earnings-inequality literature estimates the degfdeequality using data on
the demand and supply of skills. The approach dgesl in this paper opens
up a new research direction in the study of eamiingquality. Using this
model, one can input the Gini coefficient and answegious questions related
to sorting (i.e., the sign and the strength ofisgjtas well as the sources of
inequality (i.e., whether the evolution of the disiition of skills or of the
distribution of productivities drives the changes inequality). Next, we
summarize the data regarding the evolution of egminequality and its un-
derlying factors in the United States.

8 For example, for the United States, see KopczuézSand Song (2010) and calculations by
the United States Census Bureau. Gini coefficistinates are available for many coun-
tries.
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4. Data and Empirical Implications

In this section, | summarize the findings in thievant literatures regard-
ing the recent trends in the Gini coefficient ahd three variables ¥, ¥.,
and 1 —that | analyze in Proposition 1. To ensure initegf the discussion,
| focus on the case of the United States.

Figure 1. Gini Coefficient — Trends in US Earningdnequality
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The earnings inequality in the United States hapldyed a significant
upward trend over the last 40 years. Figure (1lisploe time-series evolution
of the annual Gini coefficient estimates (from 19672010) provided by the
United States Census Bureau. There is a strikigigsteady increase in earn-
ings inequality as the Gini coefficient rises fr@39 in 1967 to around 0.47
in 2010. Proposition 1 shows that, within the framek of the assignment
model, such a rise in the Gini coefficient can iordde from three sources: an
increase in the dispersion of worker skills, arréase in the distribution of
firm productivities, and an increase in labor share
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Figure 2. Dispersion of Skills — Trends in the Edud#onal Composition of
the US Workforce
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Source: Heckman and Masterov (2007).

Figure (2) summarizes the trends in the educatiomalposition of the US
workforce using the CPS data. Clearly, the fractwdércollege- (and above)
educated workers has risen relative to the fraatfidmgh-school- (and below)
educated workers. The figure makes clear a dissicctleration in the disper-
sion of education in the workforce (under the agstion that education re-
sembles skills). According to Proposition 1, Figu(g) and (2) are consistent
with each other in that earnings inequality ismisparallel to the rise in the
dispersion of skills.

Two distinct literatures clearly document that thepersion of firm pro-
ductivity has become more pronounced over thedlastears. First, the SBTC
literature argues that technological improvemerasehboosted firms' pro-
ductive capacities, which in turn created strongnaied for high-skill workers
[see, for example, Katz and Murphy (1992)]. Tecbgadal progress has led
to a greater proportion of highly productive firmssembling a fatter right tail
(and greater dispersion) for the productivity dimttion. Second, the literature
on decomposing TFP growth into firm-level produittes documents the
jump in the dispersion of firm productivities withithe US manufacturing
sector [Dunne, Foster, Haltiwanger, and Troske 42p7)0vera|l, these stud-
ies show that, consistent with the predictions mfpBsition 1, higher disper-

°® See Faggio, Salvanes, and Van Reenen (2010) fallgdavidence from the UK data.
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sion of firm productivity causes more demand fahhskill workers, which is
a major source of the increased earnings inequality

The model's predictions regarding the link betwésdor share and earn-
ings inequality are inconsistent with the factseThodel predicts that an in-
creased labor share would contribute to more peewatarnings inequality.
However, empirical evidence supports declining fapooductivity, rather
than increasing, over the past 30 years in the OEQitries [Azmat, Man-
ning, and Van Reenen (2011) and Glyn (2009)]. Bst,Figure %1) clearly
documents, earnings inequality has been worseniagtbis periool.

From the perspective of Proposition 1, greateratsipn of both worker
skills and firm productivities contributes positiyeto earnings inequality,
while a lower labor share contributes negativelittahus, | conclude that
the positive contributions coming from the skillsgersion and the produc-
tivity dispersion outweigh the negative effect cogiirom the labor share.

5. Concluding Remarks

This paper establishes explicit links between thiteeatures: the assign-
ment literature, the earnings-inequality literajuaed the literature on the
statistical theory of inequality. | have shown thas possible to attribute rich
economic content to the Lorenz curve and the Gasffecient. The model
reveals that interactions between the dispersioskils, the distribution of
productive capital, and input shares determinedtfgree of earnings inequal-
ity. The major contribution is that these interan, which uncover the con-
nections between economic forces affecting earnimgguality and statistical
measurement of inequality, can be directly obsemveer the Lorenz curve
and the Gini coefficient. This framework can thiesused to identify the fac-
tors that contribute to movements in inequalityal#o provides a decomposi-
tion theory for the sources of economic inequality.

10" Note that the convexity assumption is responsiteHis result. It is assumed that concavity
will result in the prediction that labor share aatnings inequality will move in opposite di-
rections, which is consistent with the facts, this is at the expense of producing adverse
results from other predictions of the model.
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