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Abstract

In this study, based on the continuous transformations of Lie groups, the exact analytic solutions of the
laser heating carbon nanotubes formulated by using the classical heat conduction equation with various
physical properties were constructed. These solutions are the type of group invariant solutions. The
constructed solutions have expanded and enriched the solution forms of this new model existing in the
literature. With the help of the Maple package program, 3D, density, and contour graphs were drawn
for the special values of the parameters in the solutions, and the physical structures of the solutions
obtained in this way were also observed. The solutions obtained can be used in the explanation of
physical phenomena occurring in cancer investigations.
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1. Introduction

It is well known that the evolution differential equations (EDEs) mathematically model many physical phe-
nomena that occur in nature. Many analytical and numerical solution techniques such as Hirota bilinear method,
Backlund transformations, Darboux transformations, Painleve property, variational iteration method, tanh method,
invariant subspace method, Lie symmetry groups etc. have been developed over time to solve those equations
[1-14]. Among the methods listed above, the Lie symmetry groups method is an effective approach in obtaining
exact solutions (special group invariant solutions) of the considered differential equations (systems), regardless of
the order, degree and linearity types [14, 15].

Carbon nanotubes (CNTs) have an important place in nanomaterials science due to their mechanical, electrical,
optical and magnetic properties. CNTs have effective applications in the field of medicine, drug distribution,
and contrast agents. One of the physical applications that these EDEs address is cancer disease. We know from
experimental studies that CNTs are promising nanomaterials for warming agents in photothermal therapy (PTT)
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and contrast agents in photoacoustic (PA) imaging. In the experiments, the temperature of the agents used in both
PTT and PA imaging during laser irradiation was examined in the tissue. It is also known from experimental studies
that cancer cells can be destroyed by increasing the temperature in the tissue (with the help of the agents in PTT) to
41-47 ° C. Thus, cancer cells become hyperthermic and suffer significant damage [16].

When we look at the studies in the literature, in the study [17], the heat analysis of multi-walled CNTs during
pulsed laser heating was investigated using the finite element method (FEM) for the classical heat conduction
equation. The dynamics of pulsed nanosecond laser heating process was simulated by the solution of the heat
conduction equation. In addition, the FEM is applied to compute the temperature profiles as a function of depth z
and time ¢ in the sample (multi-walled CNT) [18]. Also, in the literature optical soliton-like solutions for the system
of ring-cavity fiber laser using carbon nanotubes for passive mode locking have also been studied [19]. In [20], the
authors investigated more information on the system of carbon nanotubes conveying fluid by using Lie symmetry
groups.

In this study, we examine the temperature profiles using the Lie symmetry groups method and obtain analytical
solutions, based on the classical heat conduction equation that explains the laser-heated CNT model previously
discussed in the study [16]. In the study [16], the authors considered the temperature function as dependent only
on the radial variable and treated the model as a simple ordinary differential equation (ODE). Besides, we will try
to obtain the conservation laws of the model.

The study is organized as follows: The laser heated governing model discussed in Section 2 is presented. The
solution of the model will be explored in Section 3. Section 4 is devoted to the conservation laws of the model
through the multiplier method. The results and remarks are presented in Section 5.

2. Governing equation

We will examine the CNT, which is exposed to laser heating and has a cylindrical structure. Here we will
assume that there are cancerous tissues around the CNT. Besides, it will be assumed that the length of the CNT
is greater than its radius, and the temperature T is 37 degrees at a unit distance b from the center. Considering
the above-mentioned assumptions, CNTs exposed to laser heating can be formulated with the heat conduction
equation given below:

1
kikouy = kS;(Iuac)x + f(ﬁC,t), 0<zx<a, (21)

where & is the density of CNT, k is the concentration of CNT, k3 is the thermal conductivity of CNTs and u(z, t)
and f(z,t) denote the temperature function and source term respectively, where x is the distance measured from
the center of the cylinder and ¢ is the time variable. In our work we will assume that f(x,t) is a constant let say
f (in fact, we learn from [16] that based on the physical meaning of f(x,t), its mathematical formulation is in the
form of f(z,t) = (1 — R)Ipa where R denotes reflectivity, I, is the laser intensity, « is optical absorption coefficient
of CNTs) (see, [16] for further details).

3. Lie point symmetries of Eq.(2.1)

Now consider the continuous Lie transformations with one small parameter given below:

T = a+pg(ta,u)+ 0w,
t = t4pr(tzu)+0(w?
a = u+pnt,z,u)+0(u)?. (3.1)

In this case, the Lie point symmetry generator of Eq. (2.1) associated with (3.1) is generated by the vector field of the
form

X = (e u) O 4 € () 4 () 2

ot O ou’ 6.2
where 7, ¢ and 1) depend on only ¢, z and u. Applying the second prolongation pr(® X
0 0
(2)X - X t Y T T )
pr T et g T G (33)

to Eq. (2.1), i,
1
p’]"(Q)X kle’U,t — kd;(xux)z — f |k1k2ut:k3%(muz)z+f = O, (34)
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we find that the coefficient functions &(x, ¢, u), 7(z, t, u) and n(z, t, v) must satisfy the following linearized symmetry
condition

1 1
klk’gnt + kgﬁuxf - kg;ﬁz — k‘377m6 = 0, (35)

where 7, 7", and 1** are the extended coefficients of pr(® X. In a simplified form these coefficients can be written
in the following format:

77t = D —uDi§ — ug Dy,
na: - Dxn - urDr§ - utDrcT7
N = D25 —uyD2¢ — usDIT — 2Upyp Dp€ — gt Dy, (3.6)

where D,, D; are the total derivatives with respect to = and ¢, respectively and are given as follows:

Do = 2wl v tu
® T ae " n T, T
d 9 9 9
Dy = = tups +Ugr s — U b (37)

ot ou Ouy, oy

Here, we would like to point out that, for a differential equation (or system) of order n, the coefficient functions of
pr(™ (X) prolongation is given as the follows:

ne . =Di i i) = Uiy, Di (€7), s > 1. (3.8)

If we write the prolonged coefficients (3.6) in the linearized invariance condition (3.5) and equal the coefficients of
the derivatives of u with respect to x to zero, we arrive at the following linear over-determined partial differential
equation system:

Nuw = 07
Tttklkg.%‘
New = ———5 >
4ks
_ xkokine — fan, + fam — ksng
Nxx kgl‘ )
- T
ntu - 2 )
Tu = 07
7. = 0,
e = 0,
XT,
¢ = Tt (3.9)

If the above over-determined system of equations is solved for &(z, t), 7(¢) and n(z, t, u), the following useful and
important Lie vector fields are obtained (in fact, 6 dimensional Lie vector algebras are obtained but some trivial
vector fields are omitted). Hence, the point symmetry generators admitted by the heat equation (2.1) are given by

0 $2 Ifgt 0
X = L4 ()9
8t+(4 +k‘1k2) 8’[1,7
0 x 0 1'2 kgt 0
Y = t—+—-—— 2 =
8t+28x+<4 +k‘1k2> ou’
1’2 kgt 8
Z <u+4+ k1k2>8u. (3.10)

Consider the infinitesimal generator Y in (3.10). The corresponding one-parameter Lie group of point transforma-
tions is obtained by solving the initial value problem for the first order system of ODEs,
dz* z*

AN (3.11)
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dt*
=t* 12
=t (3.12)

du* (2%) kst*
_ 1
e 1k (3.13)

with u* = u, 2* = z,t* =t ate = 0. This yields

5
" =X (x,t,u;e) = Czexp (§> , (3.14)
t* =T (x,t,u;e) = Coexp (¢), (3.15)
2
u* =U(x,t,u;e) = G + Gk exp (g) + C1. (3.16)
4 kiko

Now we find the invariant solutions u(z, t) of the model (2.1).

4. Exact solutions

The group invariant solutions of the laser heating CNTs formulated by using the classical heat conduction
equation with various physical properties are constructed with the help of the invariant form method, direct
substitution method, A\-symmetry reductions and first integrals.

4.1 Invariant form method
The required invariant surface condition [10, 15]  — {uy — Tu, = 0 for X vector field becomes

Z‘Q k?gt
-+
4 kike

). @)

Uy = (
The corresponding characteristic equations of Eq. (2.1) are given by

dr_di___du

=== (4.2)
g k
0 1 T4
We yield two invariants of X by solving above the characteristic equations:
k‘gtz 1'2
= =u— ——t. 4.
S T *3)
Hence, the solution of the invariant surface condition (4.1) is represented by the invariant form
k‘gtz $2
_ L= 4.4
u— g Tt = (). (44
or y
kgt x
= t) = Z ¢t 4.5

in terms of the similarity variable (one of the invariants) ¢ = x. Plugging of (4.5) into the classical heat conduction
equation (2.1) leads to ¢(¢) satisfying the reduced ODE which converts Eq.(2.1) to the second-order variable
coefficient ODE

k 1
ksd/'(C) + 2¢/(Q) = FhikaC® + £ = 0. (4.6)
Thus, the invariant solution of PDE (2.1), resulting from its invariance under X, is presented by
k3t2 .582 1 .Z‘4k1]€2 1 332
= = —t+ — - —— 1 4.7
u=Ot) = Tt e e 1 @+ O *7)

where C; and C; are arbitrary constants.

At this point, we also note that if {u, + 7u; — 7 = 0 invariant surface condition is used for the Z Lie vector field,

then it is readily seen that u = —£° — s

group invariant solution is obtained.
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4.2 Direct substitution method
In this alternative way [10, 15], we first express the invariant surface condition in a solved form u; (we consider
the case of Y Lie vector field):
22 k
T 3

U=yt T ok

After plugging (4.8) into heat equation (2.1), we obtain the following ODE with ¢ playing the role of a parameter:

(4.8)

1 T x?
k3uzw+(k}3; +k1k2%)ux — (Eklk’g—Fk’g) +f:0. (49)

The general solution of the parametric ODE (4.9) is given by

1, 2ftin(z) 1 e
e P Ly Y 5 16
v=gt Tk, 2 AWEIL =5

)+ B(t), (4.10)

where A(t) and B(t) are arbitrary functions. Substitution of (4.10) into the invariant surface condition (4.8) yields

1‘2/{31]€2

- A@Ei(1
(Ei,

)k‘lk’g + QB/(t)klkg — 4fln(x) —2f —2k3 =0, (411)
where the exponential integrals, Ei(a, z), are defined for 0 < R(z) by
Fi(a,z) = / e AR dk;. (4.12)
1

We now find the one-parameter (¢) family of solutions u = ©(z, t; €), resulting from the invariance of the model
equation (2.1) under the point symmetry X, obtained from any solution u(z, t) that is not of the form (4.7). Let

& =X (z,t,u;e) = C3exp (g) , (4.13)
t =T (x,t,u;e) = Cyexp (e), (4.14)
o= 0(,1). (4.15)
Then
u=(z,t;e) = U (&4, —¢) = C;’j’&@(cg exp (5) . Crexp (2)). (4.16)
kiko

4.3 A\-Symmetry Reductions and First Integrals Using Lie Symmetry
In this case, the Lie point symmetry generators of Eq.(4.6) are generated by the vector field of the form (see,
[21, 22])

=£(¢, <l5) + (¢, ¢) (4.17)
a¢ 9¢’
where ¢ and 1) depend on ¢ and ¢. Applying the second prolongation pr(?V
0 0
@y = ¢ ¢¢
r OV =X+ns—+nt5—, 418
g oo T G @19
to Eq. (4.6), i.e,
k 1
PV (kg (Q) 4 L) - Jhakat? + 1) ~0, @19)
¢ 4 ¢ (C)=— ¢>’<<<>+k1k2<2_4

we get that the coefficient functions £ (¢, ¢) and 71 (¢, ¢) should fulfill the following linearized symmetry equation

£( ggsbg k:ﬂczc) kc + k3n®S =0, (4.20)
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where 7¢ and 7°¢ are the coefficients of pr(?)V. In a simplified form these coefficients can be written in the following
format:

1 = Den— ¢cDek,
N = DZn—¢cDZE —20¢c Dk, (4.21)
where D is the total derivatives with respect to ¢ and is given as follows:
0 5} 5}
De=—+¢c7+bcci— + oo (4.22)
¢ aC <8¢ ¢¢ D

If we write the prolonged coefficients (4.21) in the linearized invariance condition (4.20) and equal the coefficients of
the derivatives of ¢ with respect to ¢ to zero, we arrive at the following linear over-determined PDE system:

N6 = 0,
Ng.pc = 0,
£ = 0,
€0 = (g, + 284
?,¢ 24— ?
b, = —3C* kikaly +12FCPE4 4 8ka(Png ¢ + 4CkaEc — 4kae
¢,¢ 4C2k3 )
_ —k1kaCPng + 2C3 k1 koo + 2k kobe + 4fCng — 8fCEc — ks (4.23)
n¢.¢ 4Cks : ’

If the above over-determined system of equations is solved for £ (¢, ¢) and 7 ({, ¢), the following useful and
important Lie vector fields are obtained (in fact, 6 dimensional Lie vector algebras are obtained). Hence, the point
symmetry generators admitted by the equation (4.6) are given by

W= o
Bo= g
S G SRR
Vi = (16CIn() - 8¢)kakaka -+ (K nc)
= k%’f& — 8k1ky fC*In(C) + Af ki kaC? + 8 ln(C))a%- (4.24)

Now we use the relationship between Lie point symmetries and A-symmetries to get A-symmetries of Equation
(4.6). Let us consider X3. Then we have

§ = 4ks(, (4.25)

g = -SlhbCrSh @26)
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and the characteristic function of V3
Q = n—=E&

2/ 112
- CERMMCESN

and the total derivative operator

_9 . 9 0 _ 0 0 [ ¢ Rk [ 0
Dc—a<+¢ga¢+¢gga¢c— + ¢¢ +< + )

a¢ ¢ ¢ dky ks ) 0¢¢’
0 .
The symmetry v = % is the A-symmetry when
\ = D¢ (Q) _ Ch1ka(—3ks + 4Q)
Q (%kik3 — 8Cf — 16k3¢¢

In this stage, we wish to calculate a first integral from \. Plugging Eq. (4.29) into
we + )\W¢C =0,

we obtain
Ckika(—3ka +4Q)

YT 2o k2 — 8CS — 16ksoe

Integrating the characteristic equation of (4.31)

w¢< =0.

dp _ (CPkik3 — 8¢S — 16ksdc) doe
L Chika(—3ks +4C)

we deduce a special solution

—CPpckiks® — 4G Phika + 3Chkiks® + 8Coc f + 8¢Zks

Secondly, calculating function D[w], one can get

Ow ow e kikoC® f\ Ow

D] = XXy (_% _ L)

] ac*‘“aN( ¢ T s oo
1

- 46k2k3—35k2k4

4§2k1k2(—3k2+4g)2k3(C 1y = 3Ky

—32C° flykg + 8C* fhiko® — 64C3 pekikakz +12¢3 flyko®
+36C2 k1 ko ks + 128¢3 2 + 512¢2 ¢ fhz — 96¢2 f2 ks

+512C¢2ks” — 288C o fhoks — 288¢Zkaks”)

1
T 4Cks (—3ky + 4C) kg (k1*ka?C" = 8FkikaC® — 4C7 fhiky?

+64C k1 koks + 64Cwhkikoks — 360k ko®ks — 36wk ko?ks + 32¢ f?)

= F((o,w).

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)
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Next, calculating the first-order partial differential equation
F1*ho Ct — 8fkukaC® — AP fhks® + 64Cokikaks 1
+64Cwki koks — 360k ko’ ks — 36wk ko’ks + 32¢ f2 w
4Cks (—Sk‘g + 4() k1ko

Ge+ oGy — =0,

and solving the corresponding characteristic equation, we get a special solution

3
G (¢, b¢,w) = C7(15k12k23§4+1344¢<<2k1k2k3—945¢<Ck1k22k3
420k, koks

—140 fh1kaC® — 84 C flrka® 4+ 1680 (—C ¢o¢ + ¢) C krkaks

1260 (—C d¢ + ¢) k1ka’ks + 1680wk koks — 1260wk ko’kz 4 840 ¢ £2).

Finally, substituting (4.33) into (4.39), we get the first integral

2 15¢ k1% ke® — 140¢* fy ko — 3360 (k1 kaks — 84C3 floy ko
—105¢¢(k1ka ks + 840¢2 f2 + 33600 fks( + 3360¢2ks

I =
420k, ko

We get the invariant solution of Eq. (4.6) by integrating Eq. (4.40) as follows

_[PQ
6(0)= [ g dé + O,

where

P(() = 336C%kiks +105¢%k1ks” — 3360

ig\/ —21Ck1ks (—53T6¢3k1 ks + 6240(2k1 ko — 525Ck1ka” 4+ 17920 — 20160 fk2).

Similarly, we get the invariant solution of Eq. (2.1) by using Eq. (4.5) as follows

kst?  x? P (x)
t) = —1 d C
u(z,t) 2k1k2+ 1 +/6720k:3 xz+ Ch,

where

P(z) = 3362%kiky + 10522k ky? — 3360 fz

j:x\/ —21akiky (—537623k1 ko + 624022k ke — 5252k, ko® + 17920 fz — 20160 fk2).

5. Conservation laws of Eq.(2.1)

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

In order to produce conserved vectors, we perform multiplier approach [14], [23] depend upon on the famous
result that the Euler-Lagrange operator annihilates a total divergence. Firstly, if (7", 7%) is a conserved vector

related with a conservation law, then
D,T" + D, T* = 0,

(5.1)

on the solutions of Eq. (2.1). Furthermore, if there exists a nontrivial differential function A, defined a multiplier
or characteristic function such that E,, (AG) = 0, then AG is a total divergence, i.e., AG = D,T* + D, T* for some
(conserved) vector (T, T%) and E, is the respective Euler-Lagrange operator. Thus, knowledge of each multiplier
A(z,t,u, u,) leads to conserved vectors computed by a homotopy operator [14, 15, 23]. For Eq. (2.1), we obtain the

multipliers, A;, A, that are given by

zJo (V/—c1)
Ay (2ot uug, wy) = 07—

e kik2

(5.2)
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Figure 1. Three-dimensional plots of the solution (4.7) setting all arbitrary parameters to unity.
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Fig;ure 2. Contour plots of the solution (4.7) setting all arbitrary i)ararr{eters to unity.

-2

Y; —
AQ(.’L‘,t,U,U/w,U/t) = %; (53)

e kik2

where ]y and Y are the first and second kind Bessel functions, respectively. Thus, corresponding to the above
multipliers we have the following conservation laws of Eq. (2.1):

T — l —f (CQU + 1’04 + Cgt-f- 013) Ut — qum (010 + %) k3 (5 4)
f +(—uC’3+C'103:2+(—2C5t—C14)x+C'11t3+C'9t2+08t+01)f ’ '

Tt:l f(Cou+2Cs+ Cst+ Ci3) ug + (Ca f + 2k12ks (Cro + S2)) u (5.5)

f +(Cra? 4+ (Cot+ Cis) a4 Cot> + Crat + C1a) f ' .

6. Conclusion

In this study, laser heated CNT equation used in cancer research has been discussed and Lie group analysis has
been applied in detail. In this sense, group-invariant solutions i.e, Egs. (4.7), (4.10) and (4.43) were obtained. The
accuracy of the solutions obtained has been tested and verified in Maple program. The obtained analytical solutions
have been established for the first time in the literature and can be used in experimental research for cancer studies.
It may also be useful in the production of suitable carbon nanotubes that can be used in later stages. Besides, local
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-10
: 0 ] 2

Figﬁre 3. Density plots of the solution (4.7) setting all arbitrary i)araméters to unity.

-10 -10)
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-

Figure 4. Three-dimensional plots of the solution (4.43) setting all arbitrary parameters to unity.
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Figt_ue 5. Contour plots of the solution (4.43) setting all arbitrar}; pararﬁeters to unity.
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Figﬁre 6. Density plots of the solution (4.43) setting all arbitrar}; paraﬁeters to unity.
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conservation laws of the model were obtained. In addition, an open problem for the model is the y-symmetry
concept [24], which is a new type of symmetry, and these open questions will be addressed in future studies.
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