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ABSTRACT. In this paper, by using some classical Mulholland type inequal-
ity, Berezin symbols and reproducing kernel technique, we prove the power
inequalities for the Berezin number ber(A) for some self-adjoint operators A
on H(§2). Namely, some Mulholland type inequality for reproducing kernel
Hilbert space operators are established. By applying this inequality, we prove
that (ber(A))™ < Ciber(A™) for any positive operator A on H ().

1. INTRODUCTION

1 1
Ifp>1 -+ = =1, a,,b, > 0 satisfy 0 < Z—ap < 400 and 0 < Z b
p q

then the Mulholland’s inequality [13}20] is given by
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where the constants and are the best possible.
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The integral analogues of (1) and (2) are as follows:

1/p 7/ oo 1/q

]Off:v(yln xy wdy < sing;/p) ]Ofpix)dx /gqy(y)dy , (3)
/ 1/ ey ) Lm(w/p} /fp dz.

Inequalities (1) and (3) are called the Mulholland’s inequality and Mulholland’s
integral inequality, respectively (see [13,[20]). Some generalizations of these type
inequalities are given in [5,8{11}/12}/141[29].

Denote by F (£2) the set of all complex valued functions on some set Q. A
reproducing kernel Hilbert space (RKHS for short) on the set 2 is a Hilbert space
H C F(Q) with a function ky : QxQ — H, which is called the reproducing kernel
enjoying the reproducing property ky := k (., \) € H for all A € Q and

) = (£ kx)y

holds for all A € Q and all f € H (see |1123]).
Let k) = H%H be the normalized reproducing kernel of the space H. For any

bounded linear operator A on H, the Berezin symbol of A is the function A defined
by (see [4])

AN = <AEA,@A>H (A eQ).

Recall that the Berezin set and the Berezin number for an operator A € B(H(f2))
were introduced in [15[16] as follows:

Ber(A) := Range(A) = {ﬁ()\) T € Q} (Berezin set).

ber(A) := sup H/Nl()\)‘ tA€E Q} (Berezin number).

Clearly, Ber(A) C W(A) := {(Az,z) : |||, =1} (numerical range) and ber(A) <
w(A) := sup {|{(Az,z)| : ||z]|,, = 1} (numerical radius). More information about
numerical range and numerical radius can be found in [64(7}/9,/18,19L/21].

Using the Hardy-Hilbert type inequalities and some well-known inequalities,
some important results about the Berezin number inequalities were obtained in
23,10, 22124 28].

In the present paper, by using inequalities (1), (2) and some ideas of paper |17],
we will estimate Berezin number (which is a new numerical value of the bounded
linear operators on RKHS) of operators acting in the reproducing kernel Hilbert
spaces.
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2. MULHOLLAND TYPE INEQUALITIES AND BEREZIN NUMBER OF SOME
OPERATORS

In the following result, we prove an analog of inequality (1) for some self-adjoint
operators on a RKHS H = H(Q).
1 1
Theorem 1. Letp > 1 and —+— = 1. Let f, g be two continuous functions defined
p q
on an interval A C (0,4+00) and f,g > 0. Then the following is true:

e~ —_—~ e~ e~~~

8/ (A)g(A)N) + f(C)g(C)(€) | FANg(B)(1) + F(B)(1)g(A)(N)

32In4 * 6In6 (4)
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for all self-adjoint operators A, B,C € B(H(Q2)) with spectra contained in A and
for all p, A\, € € Q.

Proof. Let ag,as,aq,bs,bs, by be positive scalars. Then using inequality (1), we
have

8asbs + agby  asbs + asbs  asbs + agbs asbs asbs + aybs

32In4 61n6 8In8 9In9 12In12 (5)
p p p\ /P /14 q a\ 1/a
™ ay ag o ay b by b
<—|2+2+2 24344 :
sin(ﬂ/p)<2+3+4> <2+3+4

Let z,y,z € A. By the hypothyses of the theorem f(x) > 0, g(z) > 0 for all z € A.
If we pU-t a2 = f(l'), az = f(y)a Ay = f(Z)a b2 = g(‘r)a b3 = g(y>7 b4 = g(Z) in (5)a
then we have

8f(w)g(z) + f (2) g (2) n f(@)gy) + fly)g(x)

32In4 61n6 (6)
f@)g(x)+ f(2)glx)  faly)  fwg(z)+ f(2)g(y)
+ 8In8 t 9mo 121n 12

T (@) P PN () ety g ()Y
sin(7r/p)< 2 + 3 + 4 ) (2 + 3 + 4 )

for all z,y,z € A. Let A be a self-adjoint operator. Then, by using functional
calculus and inequality (6), we get

8f(A)g(A) + f(2)g(2) n f(A)g(y) + f(y)g(A)
321n4 6Iln6
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N f(A)g (2) + f (2) g(A) n fWaly) | fy)g(2)+ f(2)g(y)
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8In8 9In9 * 12In12
T (A ) PN () gy | gt ()
sin(w/p)( 2 + 3 - 4 ) ( 2 + 3 + 4 ) ’

and therefore, we have that

8 (F()gknT) + £ (g (2)  (F(kFr) 9) + F() (g(Ar, T )
32In4 + 61n6
L U@k E) o)+ 1) (s R b)) | o (e)

+ [ (2) 9(y)
8In8 t 9mo 12In12

w ) ) PO (A | ') L gt (@) -
< (2 20 Y (1 0 ) ),

3
for all A € Q and any y,z € A.

Using the functional calculus once more to the self-adjoint operators B and C,
we get

8(F(A)g( kT + F(C)g(C)  (F(AknFr) g(B) + £(B) (9(A)kn,Fr)

32In4 * 61ln6
(7)
(F)Rx T )9 (C) + 1 (O (g ME0E)  1(BYg(B)  F(B)g(C)+ 1 (C) g(B)
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n A B O\ (9A) | gl B) | g (O
sin(ﬂ/p)<2+3+4><2+3+4>()\)'
Hence, we have from (7) that
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for all self-adjoint operators A, B,C € B(H(2)) and for all A, u, & € Q. This proves
the theorem. (]
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Corollary 1. (ber (f (A)))* < Ciber (f (A)Q) for any self-adjoint operator A €
B(H(Q)) with spectrum contained in A; in particular,
(ber (A))* < Cyber (A?),
2.904r7
sin (/)

Proof. Indeed, for C = B = A, g = f and £ = p = A, we have from inequality (4)
that

where Cy = ( — 0.678) .

92(A)(\) Q[J’/(X)(A)}2 2[?(7)@)}2 A 2[?(?4/)@)}2
32In4 6ln6 | 88 18In3 12In12

12 silfz;/p) P,

or equivalently

4logg e+ 3logg e + 2logs e\ 17— 2
: 3 28) [Faw]
12
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—~—— 2
for all A € Q. Since [ f(A)(/\)} > 0 and f(A)2(\) > 0, we have that

o FO0]” < (e 0™ sy Py

for all A € Q. This obviously implies that
2.9047
b A))? —
in particular, for f(x) = z, we have that

ber(A)? < (m

- 0.678) ber(f2(A));

- 0.678) ber(A?).
O

Our more general result is the following theorem which gives a sharper estimate
than Corollary 1.

1 1
Theorem 2. Letp > 1 and — + — = 1. Let f be a continuous function defined on

p q
an interval AC (0,4+00) and f > 0. Let A : H(Q2)—=H(Q) be a positive operator on
a RKHS H(Y) with spectrum contained in A . Then there exists a constant Cp > 1
such that

[ber(f(A)))" < Crber(f(A));
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P
in particular, ber(A)P < Ciber(AP), where C1, = 1.73 {W] .
sin (7/p)

Proof. Let as, as, as be positive numbers. Then using (2), we have that
1 a9 as ay )p 1 ( as as ay )p
2(21n4+31n6+41n8 +3 21n6+31n9+4ln12 (8)
i 1 ( ao i as n ay )p
4\2In8  3Inl12 4Inl6

() (%),
sin (7/p) 2 3 4

Let x,y,z €A . Since f(z) > 0 for all x €A, by putting as = f(z),as = f(y) and
ag = f(2) in (8), we have

LOf) , fly)  fRN 1 f) |, fly) | fz)
2(21n4+3ln6+41n8) +3(21n6+3ln9+4ln12> ©)
L(f=) , fly) , fz)

+4(21n8+3ln12+41n16)

< <Sm gf/p))” (fpz(:v) N fp§y> N fﬂ}z)) .

So, by using the same functional calculus arguments as in the proof of Theorem 1,
finally we get from (9) that

1<<f<A>@A,EA> ($(B)F, ) <f(C)Ez,Ef>)p

2 21n4 + 3In6 41n8

1<<f<A>zA,zA> (F(B)hus o) <f<c>&,%§>>’”

t3 26 ' 3mo | 412
A PR ~ o~ p
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3 28 3Wmiz | 4mmi6

(m/p
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and hence

1(?@4’)@) f”<§><u>+f<5><§>>p
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3\ 26 3In9 41n 12
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1 <m<x>+%<u>+m<g>>p

4\ 2ms 312 | 4lnl6
T\ (AN | B W) | (0 )
<sin(7r/p))< 2 * 3 * 4 >

for all positive operators A, B, C' which spectrum contained in A and all A, u, £ € Q.
Now by replacing C'= B = A and £ = p = A, we have from the latter equality that

1291og, e + 321logs e + 1921logs e + 96log, e | [+ p 13 T P
Pt P ot LR (W] < 33 |t OO

—_~—

for all A € 2. Since fP(A)(A\) > 0 for all A € Q and for all p > 1, the last inequality
shows that

sup []7(\14/)(/\)}17 < 1.73 {_ﬂ-)rsup [J%()\)}

AeQ sin(7/p) ] xeq
for all A € Q and p > 1. This implies that

[ber(f(A))]P < 1.73 l:bln(ﬂ'/p)] ber(fP(A)),
in particular,

[ber(A)P < 1.73 ng;/p)] ber(AP).

This proves the theorem. ([
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