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Abstract

We characterize the map germs of corank at most 1 with A-codimension < 6 in terms of
certain invariants such as multiplicity and the number of cusps of map germs. On the
basis of this characterization we present an algorithm to classify the map germs of corank
at most 1 from (C2,0) to (C2,0) with A-codimension < 6 and also give its implementation
in the computer algebra system SINGULAR.
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1. Introduction

Singularities of map germs have been studied for a long time. There exist extensive
classification and recognition problems from the plane into the plane under A-equivalence
and X-equivalence. Gaffney [4] differentiated the term 'classification" and "recognition"
explicitly. According to him classification for map germs with respect to some equivalence
relation means to discover a list of germs and showing that all germs satisfying certain
conditions are equivalent to a germ in the list. Classification is a well understood term
and has been a subject of large number of investigation in the literature (cf. [4], [6], [7]).
Recognition means finding a criteria by using some useful approaches which describe that a
given map germ is equivalent to which map germ in the list. There are many classification
results for singularities of map germs, however there are not many studies on recognition
problem.

In the present paper we deal with recognition problem by studying A-classification of
map germs with codimension at most 6 given by Rieger [6]. Saji [8] gave a criteria for
these map germs of A-codimension < 3. Since Saji used only the Taylor coefficients of
the germs, so it can be applied directly for the recognition of lips, beaks, and swallow-
tails on explicitly parameterized maps. Using this criteria he studied the singularities of
conservation law about a time variable. Kabata [5] discussed the recognition problem for
map germs obtained in [6]. He gave two phased criteria; one is about geometric conditions
on specified jets for topological A-type in terms of intrinsic derivatives and the second is
about algebraic conditions on the Taylor coefficients of germs with each specified jet. A
characterization for the classifications given in [6] and [7] can be found in [1] and [2].
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The objective of this paper is to establish sequence of substantial propositions in an
algorithmic way, which enables us to determine the type of map germs given in Table 1 of
[6]. We use explicit numerical invariants which characterize all the types except type 8 and
type 9. We can distinguish them by codimension of the modular stratumf. Also we give
an implementation of this characterization in the computer algebra system SINGULAR.

The rest of the article is organized as follows. In Section 2 we recall some essential
definitions and numerical invariants that are used to characterize the map germs. In
Section 3 we give the characterization of the map germs from (C2,0) to (C2,0) with
A-codimension < 6, in terms of certain invariants. We also give the algorithm for the
characterization of the map germs. In Section 4, examples are obtained by using the
algorithms.

2. Preliminaries and some invariants

We shall denote by C the set of complex numbers and A(2,2) = y > C[lx,9]]*> b
the set of map germs from (C?,0) to (C2,0). Let A = Autc(C?, ) X Au tc(C? ,0) Then
we have a canonical action of A on A(2,2) defined by

A x A(2,2) — A(2,2)
such that
((p0), f) o fop™™

Definition 2.1. Let fi, fo € A(2,2). Then f; is said to be A-equivalent to fo if there
exist two diffeomorphisms, ¢ : (C?,0) — (C2,0) and 7 : (C2,0) — (C2,0) such that
Yo fi = fa o, denoted by fi ~4 fa.

Definition 2.2. Let f € A(2,2), we define the orbit map 6y : A — A(2,2) as 0¢(¢, 1)) =
¢ Lo foh, ¢ : Cllz,y]] = C[lx,y]] and ¢ : C[[x,y]] — C[[z,y]]. Exceptionally we have
0¢(id) = f. The orbit of f under the action of A is the image of 6, assume Ay := Im(0y).
The tangent space to the orbit at f, T4, s is defined as

of of
Tagg =< @Y >clleal] < gy 5, ~Cliwal T < f15f2 >clin g Cllf1, I,

Definition 2.3. Let f € A(2,2) and the tangent space Ty, y. The A-codimension at f is
defined as

cody(f) := dilrn(cjL

cody(f) exists with the restriction that f should be A-finite and has been implemented
in the computer algebra system SINGULAR (see library "classifyMapGerms.1lib").

Definition 2.4. Let f = (z,g(x,y)) be a map germ. Then multiplicity is denoted by
m(f) and defined as

Cllayl]
<x,9>

m(f) = dimc

Definition 2.5. Let f = (z, g(z,y)) be a map germ. Then the number of cusps is denoted
by ¢(f) and defined as

Cll, 9]l

c(f) = dimc
< Gy; Gyy >

fRieger used this term in [6] and [7]. It is simply a codimension of germ minus number of moduli if exists.
Codimension of a map germ can be computed by using library.classifyMapGerms.lib in SINGULAR
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3. Characterization of map germs (C?,0) — (C?,0)

In this section we give a characterization of map germs of corank < 1 and A-codimension
< 6 in terms of easy computable invariants.

Proposition 3.1. The map germs (C?,0) — (C2,0) of corank < 1 and A-codimension
(or codimension of the stratum in the presence of moduli) < 6 are given in Table 1.

Table 1
Type Normal form Conditions

1 (I’, y) —
2 (l’, y2) —
3 (l’, Ty + y3) —
4y, (z,y* + a*y) 2<k<5
2 (l‘, Ty + y4> —
6 (z, 2y +4° +y") -
7 (z,2y + ¢°)
8 (z, 2y +4° + 45 + )
9 (z,zy +° +47)
10 | (z,2y+y" +y” +ay™ + By

1111 (z,zy* +y* + %) 2<k<4
12 (x, 2y + y° +9) —
13 (z,zy% +y° + +17) -
15 (z,2y? + 5 + 97 + ay?) —
16 (z, 2%y +y" +¢°) -
17 (z, 2%y + %) -
18 (z, 2% + 2y + ay® + 4% + ByY") —
19 (x, 23y + ax?y? + y* + 239?) —

Proof. For a proof see [6]. O

Lemma 3.2. Let f(x,y) be a map germ from (C%0) to (C%,0) of corank < 1. Then
[ ~a (z,9(z,y)) for suitable g with g(x,0) = 0.

Proof. This is obvious. U

Let f(z,y) be a map germ from (C?,0) — (C2,0) of corank < 1 then one can use
Algorithm 1 to find a map germ of the form (x, g(x,y)) such that f ~y4 (x,g(z,y)).

Algorithm 1 Normal form of a map (normalMap)

Input: A map germ f(z,y) = (f1, f2) from (C2,0) — (C2,0) of corank < 1.
Output: A map germ of the form (z, g(x,y)) such that f ~4 (z,g(x,y)).

1: Permute the generators of f such that ord(f;) = 1.

2: Compute p =determinacy(f).

3: Compute a map 1t such that 1 (f1) = 2 mod < z,y >PT!.
4: Define g(I,y) = (91792) :jet((xa 77Z)(f2))7p)

5. return (g).

In the following example we have as input the map f(z,y) = (f1, f2) of corank < 1,
where
f1 =z + 2y + 2%y + 3xy? + 2292,
fo =t — 323y + 2° — 152y + 9023y? — 270223 + 4052y* — 243y°.
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ring R=0, (x,y),ds;

> poly fl=x+2y+x2y+3xy2+x2y2;

> poly £2=x4-3x3y+x5-15x4y+90x3y2-270x2y3+405xy4-243y5;

> ideal f=f1,f2;

If one wants to find the 6-jet of a map germ of the form (x, g(z,y)) A-equivalent to f, one
can use the following procedure:

normalMap(f,6);

[1]=x

[2]=27/8000x3y-27/800x2y2+y4-59049/1310720x5-32805/32768x4y-
18225/2048x3y2-10125/256x2y3-5625/64xy4-625/8y5+3375027/20480000000x6
-1336257/256000000x5y+91989/2560000x4y2+3609/16000x3y3-2799/1600x2y4
-617/100xy5-17/5y6

Thus,
2T 21 ., 4 50049 32805 , 18225 5, 10125 , ,
9@ Y) =500 Y 500" ¥ TV T Biom20” 32768 Y 20 Y ang ¢
5625, 625 5 8375027 o 1336257 5 . 01989
64 Y T 78 Y T 204800000007 256000000" ¢ T 2560000 Y
4 3609 33 2099 54 61T 5 176
16000° Y~ 1600" Y T 100" T 5 Y
i.e.,

f ~A (a:,g(x, y))

Proposition 3.3. Let f(z,y) be a map germ from (C2,0) — (C2,0) of corank at most
1. If m(f) > 7, then A-codimension (or codimension of the stratum in the presence of
moduli) > 6.

Proof. 1t is an immediate consequence of [6]. O

Now in the following sequence of propositions, we give a characterization of map germs
of corank < 1 and A-codimension < 6.

Proposition 3.4. Let f(x,y) be a map germ from (C?,0) — (C%,0). Then corank of f
is zero if and only if m(f) = 1. In this case f ~y4 (z,y).

Proof. The first part of the statement is obvious. To prove the second part, we assume
that f ~4 (z, > a;;2'y’). By using left coordinate changes Y =Y — a;0X" where

i+j>1
i > 0, we can transform (z, > a;jz'y’) into (z,a01y + > ai;x'y?). Em(f) =1
i+j>1 i+j>2
120,521

then agy # 0. We can take ag; = 1 and therefore

froa(@y+ > aia'y)).
i+j>2

The transformation y — y — (ar 02 + ag_112* 2y + ... + agxy*), k > 1 gives
f ~A (x’y)
]

Proposition 3.5. Let f(x,y) be a map germ from (C2,0) to (C%0) of corank 1 and
A-codimension < 6. If m(f) =2, then f is A-equivalent to (z,y?).

Proof. We may assume that f ~4 (z, Y. a;;z'y’). The left coordinate changes Y =
4521

Y — ani give f ~q (z, X aivjwiyj).
itj>1
120,5>1
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If m(f) =2, then ag; = 0 and ag2 # 0. We can take ag2 = 1 and therefore

frn @y +aizy+ > aiga'y).
i+j>3
120,521

Now if aj; = 0, then we have f ~y4 (z,9° + 3  a;;2'y/) and if a11 # 0, then we
s
20,721

have

a1 .o
fa (2 (y+ 7@2 + Z a; ;T"'Y’).
i+j>3
120,j>1

The transformation y — y — %5 gives
) o
fra(zy®+ > bijay)
i+j>3
120,521

Rieger’s classification implies that f ~4 (z,9?).

Proposition 3.6. Let f(z,y) be a map germ from (C2,0) to (C?,0) of corank 1 and A-
codimension < 6. If m(f) = 3, then f is A-equivalent to one of the germs given in Table
2.

Table 2

Type Normal form c(f)
3 (z, 2y + %) 1
4y, (x7y3+xky), 2<k<5

Proof. Since corank of f is 1 therefore we can assume f ~4 (z, > a;jz'y’). The left
i+j>1
coordinate changes Y = Y — a;0X" give f ~4 (z, ¥ aijz'y?). If m(f) = 3, then
i+5>1
120,j>1
coefficients ag,1 and ag2 are zero and ap3 must be non-zero. Then

2 2 3 »
[ ~a ( a2y + a2127y + a1 pxy” + ap3y” + Z aijz'y’).
i+j>4
120,521

(1) Now if ¢(f) =1 then a1 # 0. We have

[ (@, zy + CL2,1962y + a1 27y” + a0,3y3 + Z Gi,jifiyj)-
i+j>4
i>0,7>1
The transformation y — y — (ag 12y + a12y?), gives
f ~A (x,a:y + ay3 + Z bi’ja:iyj).
i+j>4
i>0,7>1

Rieger’s classification implies that f ~4 (z,zy + 9°).
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(2) If ¢(f) > 2, then a1 1 = 0 and therefore

2 2 3 »
fon (wa212%y + a1pzy® +aogy® + Y aiaty’).
P44
i>0,7>1

Now if ¢(f) = 2, then 3ag1a03 — aig # 0. The transformation y — y — 322z gives

3ao3
fr~a(z,9° + az’y + Z bi7j:ciyj).
i+j>4
120,521
Then from Rieger’s classification it follows that f ~4 (z,y> + 2%y).
If 3 <k <5 then 3as1a03 — a%z = 0 and the transformation y — y — 22z gives

3ao03
fra@y?+ > biga'y)).
i+j>4
120,521

By using the transformation

1 _ _ _ _ _
Y=y — = (bp127" F b3 Py b b 12y TR by TR 4 b gy Y,

3
we get
froa @y +825y+ D ejaty).
itj>k+2
120,5>1
It follows from the Rieger’s classification that f ~4 (x,y> 4+ 2¥y). O

Proposition 3.7. Let f(z,y) be a map germ from (C?,0) to (C?,0) of corank 1 and A-
codimension (or codimension of the stratum in the presence of moduli) < 6. If m(f) =4
then f is A-equivalent to one of the germs given in Table 3.

Table 3
Type Normal form c(f) | coda(f)
5 (z, 2y +y?h) 2 3
Hoprr | (wyxy? + oyt + o7 D), 2<k<4] 3 | k+2
16 (z, 2%y + y* + ¢°) 4 5
17 (z, 2%y + y?h) 4 6
19 (z, 23y + az®y? + y* + 23?) 6 7(61)

Proof. We may assume that f ~4 (z, > a;jz'y?). If m(f) = 4, then coefficients
i+>1
20,721

ap,1, 002,003 = 0, and ag 4 # 0. Then

2 2 3 2 9 3 4 i j
[ ~a (2 a1 12y + a2 27y + a1 22y” +az 127y +ag 227y + a1 32y° +ap ay” + E a; jx'y’).
i+7>5
i>0,7>1

(1) If ¢(f) = 2, then a;; # 0. We can take a;; = 1, then

2 2 3 2,2 3 4 o
[ ~a (@ oy + agnz®y + a120y” + az 1y + ag227y” + a1,37y° + aoay” + Z aijz'y’).
i+5>5
120,521

The transformation y — y — (ag 17y + a12y?) gives
fa (@ oy + b3 12’y + ooy + bisay® +boay' + D bija'y?).

i+j>5
120,521
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Now by using the transformation y — y — (b3 122y + ba 2xy? + b1 3y%), we get
froa@ay+oay'+ > cjaty)).
i+5>5
120,51

Rieger’s classification gives f ~y (z,zy + y*).

(2) If ¢(f) = 3, then a1 = 0 and a;2 # 0. We can take a; 2 = 1, then

froa(@ay +az®y+ > aiz'yl).

ij>4
120,j>1
The transformation y — y — 2“51’12:13 gives
2 i
fra@ay+ Y bija'y’).
i+j>4
120,j>1

By using the transformation

1 _ _ _ _
y—y— §(bk—1,1$k 2 pbpo0r By 4+ bog oy T 4 by 1), k> 4,

k )
we get f ~g (z,79% + coay® + 3 co4y?). Since A-codimension of f is < 6 therefore
i=5

1=
9 .
f~a (z,2y% + coay* + 3 coiy®). Moreover, co; # 0 for some odd i, otherwise f will not

1=5
be A-finite.
It is easy to see that cody(f) =4 < co5 # 0, codg(f) =5 co5 =0 and ¢o7 # 0 and
cody(f) =6 co5 =0,c0,7 =0 and cp9 # 0. Consequently Rieger’s classification implies
that f ~y (z,29% +y* +y? 1), 2 <k < 4.
(3) If ¢(f) =4, then a11 = a2 =0 and az; # 0. We can take ag; = 1, then
froa (2,2%y + azna®y + agpa®y® + a1 ey’ + aoay + > aijaty’).
1+752>5
i>0,5>1

The transformation y — y — (ag 17y + az2y?) gives

froa(@a®y+azy® + By + D bijaly’).

i+§>5
120,j>1
If « =0, then f ~q (z,2%y + Byt + 3 b;j2'y/) and if a # 0, then the transformation
725
iZEO{JZl

y—y— %x gives

fron @2y + Byt + ara’y + ax®y® + ) ciaty’).
i+j>5
i>0,5>1

Again by using the transformation y — y — ajzy we have

froa(@a®y+ Ba®y® + Byt + Y dijaly’).

i+5>5
120,521
Now the transformation y — y — B1y? gives, f ~a (z, 2%y + Byt + X e j2'y?). Fur-
i+7>5
20521

thermore, it follows from the Rieger’s classification if codq(f) = 6 then f ~,4 (z, 2%y +y*)
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and if cody(f) = 5 then f ~4 (z, 22y + y* + 7).

(4) Now if ¢(f) = 6, then a1 ;1 = a2 = a12 =0, and a3 1, a2 are not zero simultane-
ously, then

froa (@,2%y + a2y + arsey® +aoay® + Y aigay’).
i+5>5
i20,5>1
Then the transformation y — y — %337 gives
f~a (@, 2%y + boox?y® + by ay* + Z bijx'y’).
i+j>5
120,521

Moreover, A-codimension (or codimension of the stratum in the presence of moduli)
< 6 so,

f ~a(@, @3y + baox?y? + boay® + by 1ty + b3 22y + bo 32%y® + by azy® + bo 51°
+ Y bigr'y’)
i+5>6
12>0,5>1

with one of the coefficients of term of degree 5 must be non-zero.

Again by using the transformation y — y — by1xy we get

[ ~alz, Py + 02,2332342 + Co,4y4 + C4,1£B4y + 63,23332/2 + C2,3$2y3 + 01,4xy4 + Co,5y5

+ Z cijx'y?).
i+j>6
i>0,7>1

Now if A = —12c39 — 4cao?ea s + deapcia + (3 + 2c223)co 5 # 0, then it is an immediate
consequence of Proposition 3.2.3 : 1 [6] that

f~a (2,23 + az?y? + y* + 2°y?).
O

Proposition 3.8. Let f(z,y) be a map germ from (C?,0) to (C2,0) of corank 1 and A-
codimension (or codimension of the stratum in the presence of moduli) < 6. If m(f) =5,
then f is A-equivalent to one of the germs given in Table 4.

Table 4
Type Normal form c(f) | coda(f)
6 (z,zy +vy° +y7) 3 4
7 (z, 2y + 3°) 3 5
12 (z, 2y® + y° + 4% 4 5
13 (z, 2y + y° + +1°) 4 6
18 [ (m 2%y +ay® +ay® +4°+8y") | 6 | 8*(61)

The notations Tand * are used in [6] for the codimension of stratum and excluding
exception values of the moduli, respectively.
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Proof. We may assume that f ~4 (z, Y a;jz'y?). If m(f) = 5, then coefficients
5
ié&jzl

ao,1, ao,2, 0,3, ao,a = 0, and ag5 # 0. Then

falz,arpzy + azia’y + arowy® + as12’y + azpx’y® + arzay’ + agpaty + ag 22y’
+agsr?y + arazyt +aosy’ + Y aialy’).
i+7>6
i>0,j>1
(1) If ¢(f) = 3, then a; 1 # 0. We can take a;; = 1, then
foa(@, oy + ag1x®y + a10my® + azn 2’y + ag22’y® + a1 37y® + agixty + azpx’y’
+a238%y + arazyt +aosy’ + Y aiga'y?).
i+j>6
120,521
The transformation y — y — (agx2y* + ay gr1y*+1), k=1,2,3 gives
fon (@oay + bgaa®y? +bosy® + Y bigaty?).
i+j>6
120,521
Again by using the transformation y — y — b3,2m2y2 we get
froa@ay+esy’+ Y cja'yl).
i+>6
i>0,7>1
Now if A-codimension is 5, then f is of type (z, zy +1°) and if A-codimension is 4, then
yp yTy

f is of type (z,zy +v° +y").

(2) If ¢(f) =4, then a1 = 0 and a2 # 0 so. We can take aj 2 = 1, then
f~a(z,zy® + a2,13323/ + a371x3y + a2,21‘2y2 + CL1,33L’Z/3 + a471x4y + a3’2x3y2 + as 3%y
+ 01,4933/4 + a0,5y5 + Z ai,jxiyj)-
i+5>6
1>0,5>1
The transformation y — y — “3*x gives
f~a(@,zy? + b3 12y + booa®y? + by szy® + by1xty + b3 023y? + bosa?y + by axy® + bosy°
+ Z bi7j:ciyj).
i+5>6
120,5>1

Now the transformation for k£ > 3
y—y— %(bk—1,1$k_2 b0 By 4 by omy™ T 4 b1y )
transforms f into (z, xy? + co5° + ; co.iy"). Now if A-codimension is 5, then f is of type
(z, 2% + y° 4+ 4°) and if A-codimeris_ii)n is 6, then f is of type (z,zy% + y° + 3°).
(3) If ¢(f) =6, then a1 1 = a2 =0, and az; # 0. We can take ag; = 1, then
[ ~alz, %y + a3,1x3y + a2,2x2y2 + a1,333y3 + a4,1x4y + a3,2m3y2 + a2,3$2y + al,4ﬂfy4
taosy’+ Y aiz'yl).

i+j2>6
120,521
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The transformation y — y — (ak_msnk_?’y + CL}C_QVka_ZL +...+ agyk_gxyk_g + agvk_gyk_g)
gives
f o (z, 2%y + by szy® + by azy® + bosy® + > bija'y’).
i+5>6
120,521

Let j0f = (z, 2%y + xy® + b1,4xy4 + bo75y5 + b1,5xy5 + boﬁyﬁ). If by 4 = 0, then GO f =
(z, 22y + 2y3 + bo 5y + b157Y° + b 6y°) and if by 4 # 0, then it follows from Proposition
3.6(6) in [5], that

. 15bg,5b1,4
3Of ~a (@, 2%y + 2y’ + y° + (bos — - ——5)9°).
Bbos — 9
One can observe that cod(j%f) =8 & (b ¢ — 1;28::3194) # 0.

Now it is an immediate consequence of Proposition 3.6(6) in [5] that
foa (@aty + oy’ + oy’ + 4%+ By"),
and a # 0 otherwise cod(f) = 10. O

Proposition 3.9. Let f(z,y) be a map germ from (C2,0) to (C?,0) of corank 1 and A-
codimension (or codimension of the stratum in the presence of moduli) < 6. If m(f) =6
then f is A-equivalent to one of the germs given in Table 5.

Table 5
Type Normal form c(f) | coda(f)
8 [(way+y’+y +ay’) | 4 | 6(5%)
9 (z,zy +y° +¢°) 4 6
15 [(@ay’+y°+y"+ay’)[ 5 | 7(6%)

Proof. We may assume that f ~4 (z, > a;jz'y?). If m(f) = 6, then coefficients
i+j>1
120,5>1

ao,1,@0,2; @0,3, a0,4 = 0,a0,5, and age 7# 0. Then

f~a(@ arizy + a212”y + a1 0zy® + a3 12’y + az22’y’ + arzzy® + asaa’y
+ a3,2m3y2 + a2,33€2y + a1,4xy4 + a5,1x5y + a4,2x4y2 + a3,3a:3y3
+ a2,49323/4 + a1,5zcy5 + a0,63/6 + Z ai,j$iyj)-
i+j>7
120,5>1
(1) If ¢(f) =4, then a1 # 0 . We can take a;; = 1, then
f oz, oy + a212%y + a127y? + as12y + a2y + a1 37y + agizty + az 2y’
+ az32%y + a1avyt + a512°y + as oty + as 37y + as syt + aysry°
+aoey’+ Y aixy’).
it§>7
120,5>1
The transformation
y—y-— (a(k—2)2$k_3y2 + a(k—3)3$k_43/3 +.ot a2(k—2)$yk_2 + al(k—l)yk_l)
gives frg(z,zy+bogy® + > bija'y’).
iy
i>0,>1
Now if A-codimension is 6 and codimension of the stratum in the presence of moduli is
5 then f is of type (z,2y + v° + y® + ay®) and if A-codimension is 6, then f is of type
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(z,zy + 5 4+ ¢°).

(2) If ¢(f) =5, then a;1 =0 and a1 2 # 0 . We can take a2 = 1, then
froalz,zy® + a2,1fv2y + a3711‘3y + a2,2$2y2 + a1,3$y3 + a4,1554y + a3,2$3y2 + 02,33529
+ 01,4953/4 + a5,1~’65y + a4,2$4y2 + a373x3y3 + a274962y4 + al,5$y5 + a0,6y6
+ Z ai,jxiyj).
i+j2>7
120,521
The transformation y — y — %z gives
f~a(@,2y? + b3 1%y + bopa®y? + by szy® + ba1xty + bs 27y + bo 37y + by azy?
+ b5 1%y + by oaty® + b 323y + by ax?y* + by s2y® + boey® + Z bija'y’).
i+52>7
120,5>1

Now the transformation for &k > 4
1 _ _ _ _
y—y— §(bk—1,1$k 2 p b0t By 4 bogoxy T 4 by 1y TP

transforms f into (z,zy? + 3 co,y') since A-codimension of f is < 6 so,
i>6

£ (z,zy? + 60,6y6 + Z Co,z‘yi)-
i>7

Moreover, cq; # 0 for some odd 7, otherwise f will not be A-finite. Now if A-codimension
of the stratum in the presence of moduli is 6, then f is of type (z, 2y? +y5+y" +ay?). O
Proposition 3.10. Let f(x,y) be a map germ from (C%,0) to (C?,0) of corank 1 and
A-codimension < 6. If m(f) =7 and c(f) =5 , then f is A-equivalent to (x,zy + y* +
vy’ +ay'® + pyth).

Proof. We may assume that f ~4 (z, > a;;z'y’). The left coordinate changes Y =

i+j>1
Y —a;0X" give f~yg (x, > ai;x'y?).
721
i>0,j>1

If m(f) =7 then
fra(@oaizy+ > aia'y’),
i+5>3
120,521
with ap; = 0 for 1 <14 < 6 and ag7 # 0. Now if ¢(f) = 5, then a1 # 0. We can take
a1,1 = 1, then
fra(may+ D aia'y’).
i+j>3
120,521
The transformation

k=3, 2

y—=y— (ak—1,1$k_2y +ag_opr” Yy +... + a2,k—2517yk_2 + a1,k—1yk_1)

remove all the terms of degree k which are divisible by x at the level of k-jet, k > 2, and
it transforms f into (z,zy +y" + 3 bo.y').

i>8
Now if bgg = 0, then f~,(z,zy + y" + vy + ay'® + ﬁyn) with v = bgg, ¢ = bp,10 and
B = bp,11 and if by g # 0, then we can easily get

boy 9

bo,10 bo,11
froa@oy+y"+ 8+ =50 + ==y 0+ Syt ) = (2,9).
bo g bo,g bo g

) ) )
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1

Using the morphisms ¢! respectively 1 defined by ¢~ !(z) = = — %g and o (y) =

10

6> (%y)” respectively 1 (z) = :c—i—%y and ¥ (y) = y, then we obtain, for v # 0, f~4(z, zy+
v=1

y7+7y9+ay10+ﬂy11), v = d—%,a = c—%d—i—% and 8 = e—%c+d—2—74 and

_ boyg bo,10 bo,11

= i C= s and e = po, T since o Yoy + 9"+ vy + ay'® + By'l) = g. This can be
checked with SINGULAR as follows.

ring R=(0,c,d,e), (x,y),ds;

poly g=xy+y7+y8+d*y9+c*xylO+e*yll;

poly h=xy+y7+(d-7/12)*y9+(c-12xd/9+14/27)*y10+(e-3*c/2+d-7/24) *y11;

map phi_invers=R, x-1/6*g,y+1/6%xy2+1/36*y3+1/216*y4+1/1296*y5+
1/7776%y6+1/46656%y7+1/279936%y8+1/1679616%y9+1/10077696%y10;

jet(phi_invers(h),11);

xy+y7+y8+(d) *y9+(c) *xy10+(e) xy11

4. Singular examples

We have implemented Algorithm 2 in the computer algebra system Singular [3]. The
code can be downloaded from https://www.mathcity.org/files/ahsan/Proc-classifyPlane
Mapsl.txt. We give some examples.

ring r=0, (x,y),(c,ds);

In the first example we have as an input the map f(z,y) = (f1, f2), where

J1 =3z — 2y — xy,

fo =— 923 + 2122y — 162y + 4y° — 3zt + 1723y — 252%y% + 132> — 2y
— 14x3y2 + 141‘23/3 — 6acy4 + y5 + 25 — 6:c5y =+ 15x4y2 - 20:c3y3 + 15:1023/4 — 6xy5
+ 98 — 27 4+ 72y — 212592 + 352ty — 3523yt + 212%y° — TayS + 7.

425+ 6eaty

In SINGULAR this can be written as

ideal I=3x-2y-xy,-9x3+21x2y-16xy2+4y3-3x4+17x3y-25x2y2+13xy3-2y4-x5
+6x4y-14x3y2+14x2y3-6xy4+yb+x6-6x5y+15x4y2-20x3y3+15x2y4-6xy5
+y6-x7+7x6y-21x5y2+35x4y-35x3y4+21x2y5-Txy6+y7;

To compute the required type of map germs we use the procedure:

classifyPlaneMaps1(I);

and we obtain the output:

[1]=x
[2] =x2y+xy3+yb5+y6+y7

i.e.,

fron (@, 2?y +ay® +y° + 4% + 7).
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Algorithm 2 Plane to plane maps (classifyPlaneMaps1)

Input: A germ f(x,y) from the plane to the plane of corank < 1.
Output: (z,g(z,y)), the type or 0 if A-codimension of f is greater than 6.

1: Transform f into a germ A-equivalent to (x, g(z,y)) and g(x,0) = 0.
2: Compute cody(f), the codimension of f,m(f), the multiplicity of f and ¢(f), the
number of cusps of f.
if m(f) =1 then

return (z,y);
if m(f) =2 then

return (z,y?);
if m(f) =3 then

if ¢(f) =1 then

return (z,zy + y3);

10: if ¢(f) =k,2 <k <5 then
11: return (z,y> + z¥y);
12: if m(f) =4 then
13:  if ¢(f) =2 then

14: return (z,zy + y*);

15:  if ¢(f) =3 and codu(f) =k +2,2 <k <4 then
16: return (z,zy? + y* + y?+1);

17: if ¢(f) =4 then

18: if cod4(f) =5 then

19: return (z, 2%y + y* + 9°);

20: if cody(f) =6 then

21: return (z, 2%y + y*);

22:  if ¢(f) = 6 then

23: return (z, 2%y + ax?y? + y* + 239?);

24: if m(f) =5 then
25:  if ¢(f) = 3 then
26: if cod4(f) =4 then

27: return (z,zy +y° +97);

28: if cods(f) =5 then

29: return (x,zy + y°);

30: if ¢(f) =4 then

31: if cod4(f) =5 then

32: return (z,zy% +y° +¢%);

33: if cody(f) =6 then

34: return (z,2y% + y° +9°);

35:  if ¢(f) =6 then

36: return (z, 2%y + 2vy° + ay® + % + By");

37: if m(f) = 6 then
38:  if ¢(f) =4 and cody(f) = 6 then

39: Compute g = jet(g,9);

40: return (z,zy +3° + 3% + ay®) or (z, 2y + 1% +9%);
41: if ¢(f) =5 then

42: return (z,2y% + 5 + 97 + ay?);

43: if m(f) =7 and ¢(f) =5 then

44:  return (x,zy +y" +vy° + ay'® + Bytl);
45: else

46: return 0.
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In the second example we have as an input the map f(x,y) = (f1, f2), where
fi =z —ay,
fo=—a® 4+ zy + 2%y — xy? — '+ 720y — 2125y? + 3523 — 3523yt + 21220
— Ty 4+ 4" — 2% + 928y — 3627y? + 8425y% — 12625y* + 12621y — 843y® + 362%y”
— 921 4+ 9° + 210 — 102% + 4528y — 12027y + 21025y* — 252255 + 2102%¢°
— 1202397 + 452%y® — 10xy® + ' — 2 + 1120 — 5522 + 16525y — 33027y*
+ 46225y° — 4622°y5 + 3302%y7 — 16523y® + 552%¢° — 112y'0 + y'L.
In SINGULAR this can be written as
ideal I=x—-xy,-x2+xy+x2y-xy2-x7+7x6y-21x5y2+35x4y3-35x3y4+21x2y5-7Txy6+
y7-x9+9x8y-36x7y2+84x6y3-126x5y4+126x4y5-84x3y6+36x2y7-9xy8+y9
+x10-10x9y+45x8y2-120x7y3+210x6y4-252x5y5+210x4y6-120x3y7+45%2y8

-10xy9+y10-x11+11x10y-55x9y2+165x8y3-330x7y4+462x6y5-462x5y6+
330x4y7-165x3y8+55x2y9-11xy10+y11;

To compute the required type of map germs we use the procedure:
classifyPlaneMaps1(I);

and we obtain the output:
[1]1=x
[2] =xy+yT7+y9+y10+y11l

ie.,
fra@ay+y +y” + 90+ 4.
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