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and o, B, v, 8 are positive constants. Also we obtain the closed form of the solutions of
some special cases of this equation.

1. Introduction
This paper deals with the solution behaviour of the difference equation

BsnSn-—a

Sppl = Osy + ——
s " YSn—a + 85;175 ’

n=0,1,.. (1.1)
where the initial conditions s_s, s_4, s_3, s_2, S_1, 8o, are arbitrary positive real numbers and o, B, ¥, § are positive constants. Also we
obtain the form of solution of some special cases of this equation.

Various biological systems naturally leads to their study by means of a discrete variable. Appropriate examples include population dynamics
and medicine. Some fundamental models of biological phenomena, including harvesting of fish, a single species population model, ventilation
volume and blood CO2 levels, the production of red blood cells, a simple epidemics model, and a model of waves of disease that can be
analyzed by difference equations are shown in [1]. Newly, there has been interest in so-called dynamical diseases, which correspond to
physiological disorders for which a generally stable control system becomes unstable. One of the first papers on this subject was that of
Mackey and Glass [2]. In which they investigated a first-order difference-delay equation that models the concentration of blood-level CO2.
They also discussed models of a second class of diseases associated with the production of red cells, white cells, and platelets in the bone
marrow. The dynamical characteristics of population system have been modeled, among others by differential equations in the case of
species with overlapping generations and by difference equations in the case of species with non-overlapping generations. In process, one
can developed a discrete model directly from observations and experiments. Periodically, for numerical purposes, one wants to propose
a finite-difference scheme to numerically solved a given differential equation model, especially when the differential equation cannot be
solved explicitly. For a given differential equation, a difference equation approximation would be most acceptable if the solution of the
difference equation is the same as the differential equation at the discrete points [3]. But unless we can explicitly solve both equations, it
is impossible to satisfy this requirements. Most of the time, it is fascinating that a differential equation, when extracted from a difference
equation, marmalade the dynamical features of the corresponding continuous-time model such as equilibria, their local and global stability
characteristics, and bifurcation behaviors. If alike discrete models can be derived from continuous time models, and it will preserve the
considered realities, such discrete-time models can be called ‘dynamically consistent’ with the continuous-time models.
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The study of oscillatory and asymptotic stability properties of solution behavior of difference equations is extremely advantageous in the
behavior of various biological system and other applications. This is because difference equations are relevant models for expressing
situations where the variable is assumed to take only a discrete set of values and they appear frequently in the formulation and analysis of
discrete time systems, in the study of biological systems, the study of deterministic chaos, the numerical integration of differential equations
by finite difference schemes and so on. Difference equations are good models for describing situations where population growth is not
continuous but seasonal with overlapping generations. “For example, the difference equation

o)

r(1
Opy1 = [( k
h+1 = Wpe

has been expressed to model different animal populations.
The generalized Beverton-Holt stock recruitment model has been investigated in [4, 5].
Bz,

Il =Aip+ ———————.
ntl " 14Czy_1 + Dz,

Several other researchers have studied the behavior of the solution of difference equations for example in [6] E. M. Elsayed investigated the
solution of the following non-linear difference equation.

bw?
Wptl = awp +

Wy +dw,_1

Elabbasy et al. [7] studied the boundedness, global stability, periodicity character and gave the solution of some special cases of the difference
equation.

Aynfl +Byn—i

Yn+1 = .
" Qyn—| +BYn7k

Keratas et al. [8] gave the solution of the following difference equation

£n75

bpy1 = —7—77—.
i 1 +£n—2£n75

Elabbasy et al. [9] investigated the global stability, periodicity character and gave the solution of some special cases of the difference equation
Xpil = aXp—Xn—k
mt bxp—p+CXn—g

Yalcinkaya et al. [10] has studied the following difference equation

Xpp1 = O+ xn;m
xn
Saleh et. al. [11] study the solution of difference
Yntl =A+ e .
Yn—k

Elsayed et al. [12] studied the global behavior of rational recursive sequence

- b+ CXn—s
nt1 = aXp_| + d+ex,;
As a matter of fact, numerous papers negotiate with the problem of solving nonlinear difference equations in any way possible, see, for
instance [4]-[6], [13]-[18]. The long-term behavior and solutions of rational difference equations of order greater than one has been
extensively studied during the last decade. For example, various results about periodicity, boundedness, stability, and closed form solution of
the second-order rational difference equations have been investigated see [12]-[15], [19]-[25]. Other related work on rational difference
equations see in refs. [26]-[28].
Here, we recall some basic definitions and some theorems that we need in the sequel.

2. Basic definitions

Let I be some interval of real numbers and let

F: I o,
be a continuously differentiable function. Then for every set of initial conditions s_g, S_¢1,..., So € I, the difference equation
Snat1 = F(Sn,Sn_1,-sSn—k), n=0,1,..., 2.1
has a unique solution {s,}__,.
A point s € [ is called an equilibrium point of 2.1 if
5=F(5,5,...,5).

That is, s, =5 for n > 0, is a solution of 2.1 or equivalently s is a fixed point of F.
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Definition 2.1. (Periodicity) A Sequence {s,};__, is said to be periodic with period p if spyp = sy for all n > —k.

Definition 2.2. (Fibonacci Sequence). The sequence {Fy}m_, ={1,2,3,5,8,13,...} i.e. Fy=Fy_1+Fp2>0,F,=0,F_ =1 is
called Fibonacci Sequence.

Definition 2.3. (Stability) (i) The equilibrium point s of Eq.(1.2) is locally stable if for every € > 0, there exists § > 0 such that for all
Sy S—ft1s---55—1,50 € I with

|s—k =S|+ [s—k1 =53]+ ...+ [s0 = 5| < 8,
we have
|s, —5| <& forall n>—k.

(ii) The equilibrium point s of 2.1 is locally asymptotically stable if s is locally stable solution of Eq.(1.2) and there exists y > 0, such that
forall s_j,s_yi1,...,5-1, So € [ with

Is—k =5+ |51 =5+ +|s0 =5 <7,
we have

lim s, =5.
n—yoo

(iii) The equilibrium point s of 2.1 is global attractor if for all s_y,S_y+1,...,5—1, So € I, we have
lim s, =s5.

n—oo

(iv) The equilibrium point s of 2.1 is globally asymptotically stable if s is locally stable, and s is also a global attractor of 2.1.
(v) The equilibrium point's of 2.1 is unstable if s is not locally stable.
(vi) The linearized equation of 2.1 about the equilibrium s is the linear difference equation

k QF(5,5,...,5)
Yn+1 = Z TYnﬂ*
i=0 n—i

Theorem 2.4. [2] Assume that p,q € Rand k € {0,1,2,...}. Then
pl+lal <1,
is a sufficient condition for the asymptotic stability of the difference equation
Spt1 +PSn+qsp—r =0, n=0,1,....
Remark 2.5. Theorem 2.4 can be easily extended to a general linear equation of the form
Sprk + P1Spak—1+ o+ Prsn =0, n=0,1,... 2.2)

where py, p2,...,px € Rand k € {1,2,...}. Then 2.2 is asymptotically stable provided that

k
Y Ipil < 1.
i=1
Consider the following equation

Sn+1 :g(sn, Sp—1,8n—2)- 2.3)
The following theorem will be useful for the proof of our results in this paper.

Theorem 2.6. [1] Let [, B] be an interval of real numbers and assume that

g: (o, B = [, B],

is a continuous function satisfying the following properties:

(a) g(x,y,z) is non-decreasing in x and y € [, B] for each fixed z € [, B].and g(x,y,z) is non-increasing in z € [, ] for each fixed
xandy € |a, B]

(b) If (A, 1) € [a, B] x [a, B] is a solution of the system

p=g(u, u, &)  and A=gA, A, p),

then u=A,
and 2.3 has a unique equilibrium’s € [o, B] and every solution of 2.3 converges t0'5.”
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3. Main results

3.1. Local stability of the equilibrium point of equation 1.1

This section elaborates the equilibrium point is local stable. Following relation shows the equilibrium points of 1.1
Bs*
Ys+ 85

s=as+

or

F(1—a)(y+6) = B3>

If (1—a)(y+90)# B, then the unique equilibrium point is 5 = 0
Let f:(0,00)3 — (0,00) be a continuously differentiable function defined by

Bén
mM+dw’

Then the linearized equation of 1.1 about 5 is

Vgt — (a+ (mﬁivsw)) Vit ((yﬁi“;’a’)z) Vo1t (%) Y2 =0. (G2)

f(En,0)=al+

Therefore at 5= 0

Theorem 3.1. The equilibrium point 5= 0 of (1) is locally asymptotically stable if B(y+38) < (y+8)%(1 —a), o<l

Proof. It is follows by Theorem A that 3.2 is asymptotically stable if

o+ e |* e am|*|oar <!
or
o+ % <1
and so
B(y+38) < (v+6)°(1-a).
Which completes the proof. O

3.2. Global attractivity of the equilibrium point of equation 1.1

This section investigate the global attractivity character of solutions of 1.1.

Theorem 3.2. The equilibrium points of 1.1 is global attractor. if
y(l-a)#p

Buv
+ 6w

then we can

Proof. Let o, B are real numbers and assume that g : [a, 3]> — [e, B], be a function defined by g(u,v,w) = au -+

easily see that the function g(u,v,w) is increasing in u,v and decreasing in w.
Suppose that (A, ) is a solution of the system

p=g(p, pn, A) and A=g(A,A, p).

Then from 1.1 we see that

_ Bu? _ BA?
ufocu—i—w“rs” lia/’H_y)LJrSu’
Therefore,
_ B _ B2’
pl—o)= e AMl—a)= e
or
Bu?=y(1—o)u?>+8(1—a)ud  andBA* =y(1—o)A*>+5(1 —a)ul,
subtracting
Y1-o)(u? =A%) =B’ -2%),  y(1-a)#B.
Thus

U=A.
It follows by the Theorem B that X is a global attractor of 1.1 and then the proof is complete. O
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4. Boundedness of solutions of 1.1

In this section we study the boundedness of solution of 1.1.

Theorem 4.1. Every solution of 1.1 is bounded if

B
a+—)<l1.
( y)
Proof. Let {511};0:75 be a solution of 1.1. It follows from 1.1 that O
Bsnsp—a BsnSn—4 B
=asp+—————<os+——=(a+—
s o Ysn-4a+06Sy-5 o VSn—4 ( Y Jon

Then
Spt1 < 8y, foralln >0
Then the sub-sequence {s5,_1 5, {S51—2} e 50 1557—3 } e 55 1S5n—4 }pe 5, and {s5,_4}__5 are decreasing and so are bounded from
above by M = max {s_s, s_4, 5_3, S_2, S_1, S0}
Example 4.2. Let ¢ =0.03,8 =0.6, y=0.8,6 =0.0land o = 0.3,  =0.06, y=0.7 6 =0.01 Then 1.1 in this case will be
0.65,5,_4

—0.035y 4 ——nSnd 4.1
Snt1 St 085, 4+0.015, 5 @.D

0.06s;,5,,_4
=03 _ 4.2
Sntl Sn ¥ 0.7s,_440.1s,_5 4.2)
with initial condition for 4.1 s_5=9,s_4=4,5s 3=17,5s_p =1, s_1 =10, sog = 8. The plot for solution of s, is shown in (Figure 4.1)
andfor4.2 s_s=52,5 4=23,5 3=12,5_,=0.07, s_; =0.2, s9 = 0.01. The plot for solution of s, is shown in (Figure 4.2.)

plot of 1= 0.035n+((0.63nsn_4)/(0.85n_4+ 0.O1sn_5))
1 O T T T

30 40 50

Figure 4.1: Shows Bounded Solution of 4.1
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plot of S 1= 0.Ssn+((0.063nsn_4)/(0.7sn_4+ 0.1sn_5))
6 T T T

0 Il L L L
0 10 20 30 40 50

n-itteration

Figure 4.2: Shows Bounded Solution of 4.2

5. Some special cases of 1.1
5.1. First equation
Here we will find the closed form expression of solution of special case of 1.1

SnSn—4
= —_— =0,1,... 5.1
Sp+1 =Sn+ S+ Sn_s n 5.1)

where the initial conditions s_s, s_4, S_3, S_2, S_1, So are arbitrary positive real numbers.

Theorem 5.1. Let {s,};>__s be a solution of 5.1. Then forn=0,1,2,....

S5, = X

e (f2i+3€+f2i+28) (f2;+3P +f2i+28> (f2i+3l+f2i+2p) (f2i+30+f2i+21> (f25+3%+f2i+20)

0 \S2i2€+ f2i+1€ ) \ f2ir2P + f2i+1€ ) \ f2ir2l + f2iv1P ) \ f2i+20 + faiv1l ) \ faiv27e+ f2i+10

S5n+1 = X

d <f2i+3£+f2i+28) <f2i+1P +f2i8) <f2i+ll+f2ip) (f2i+10+f2il) (f2i+1%+f2;0>

0 \S2i+2€+ f2ir1€ ) \ f2ip + f2i-1€ ) \ fait + f2i-1P ) \ f2i0 + fai-11 Sl + fri-10

o (f2i+38+f2i+2€> (f2i+3p +f2i+2€) (f2i+1l+fzip> (f2i+10+fzil> <f2i+1%+f2i0)

Ssn42 = ¥
" fri2€+ frir1€ ) \ faiv2Pp + faiv1€) \ 2it + f2ic1P ) \ f2i0 + fai-1t Nl + i1k

i=0

S5n+3 = X

u <f2i+38+f2i+28) <f2i+3P +f2i+28) <f2i+31+f2i+2p) <f2i+10+f2il) (f2i+1%+f2i0>

0 \J2i+2€+ f2ir1€ ) \ f2it2P + f2ir1€ ) \ f2ival + f2iv1P ) \ f2i0 + fai11 ) \ f2ix+ f2i-10

u (f2i+33+f2i+28> (f2i+3P +f2i+28> (f2i+3l+f2i+2p> (f2i+30+f2i+21> (f2i+1%+f2i0>

S5n+4 = X%
frir2€+ frir1€ ) \ friv2Pp + friv1€ ) \ friv2l + f2iv1P ) \ f2ix20 + friv1l ) \ faix+ fric10

i=0

where s_s =€, 5 4=€,53=p,S2=1,51=0,5=x, {fulm; =11,1,2,3,5,8,13,....... Y fai=fo=1



Journal of Mathematical Sciences and Modelling 95

Proof. For n = 0 result holds. Now suppose that n > 0 and that our assumption holds forn—1, n—2. That s,

S5 = %"72 (f2i+38+f2i+28) (f2i+3P +f2i+28) (f2i+3l+f2i+2p) (f2i+30+f2i+2l) (f2i+1%+f21 >
" fir2€+ friv1€ ) \ faiv2P + faiv1€ ) \ f2it2l + f2iv1P ) \ f2i420 + faiv1l ) \ f2ixc+ fri10

= (f2i+3€ +f2i+2£) (f2i+3P +f2i+2€) (f2i+3l +f2i+2p) (f2i+30'+f2i+21) <f2i+3%+f2i+20)
SSn 5— 4 9
fir2€+ friv1€) \ f2ir2P + 2iv1€ ) \ faiv2l + f2iv1P ) \ f2ir20 + faiv1t ) \ f2iv2e+ f2i110

s 4_%1—[ (f2z+38+f21+28) (fzmp +f2i€) <f2i+ll+f2ip) (f2i+10+f2,

(f2i+1%+f21
frir2€+ Hriv1€ ) \ faip + f2ic1€ ) \ fait + fric1p ) \ f2i0 + fai1t

hirn+ fri 10

Div17+ fo

)
(fz,%+fz, 10)
(f2i+1%+f21 )
(i)

s _%H <f2;+3€+f21+28) <f2i+3P+f2i+28) <f2i+ll+f21

(f2i+l o+ fo
S2it2€+ faiv1€ ) \ f2iv2P + fait1€ ) \ f2il + fai-1P

)
fai0 + faie 11)
)
)

S5y 0= %"71 <f2i+3£+f2i+28) (f2i+3p +f2i+28) <f21+3l +f21+2p) (f2i+16+f21

Nip2€+ friv1€ ) \ faiv2P + f2ir1€ ) \ f2it2l + f2iv1P ) \ f2i0 + faic1l ) \ f2ie+ f2i-10

Dy + fri0
hirn+ fri10

S2i+30 + faital
P20+ friv1t

S5 = %H <f21+38+f21+28) (f2i+3P +f2i+28) <f2i+3l+f2i+2p)
" S2it2€ + foiv1€ ) \ fair2P + f2i+1€ ) \ f2iv2l + f2it1P

Now, we see from 5.1 that
S5nS5n—4

Ss5p4] =S5+ —————
S5p—4 + 85,5

%n71 (f2i+3€+f2i+2€) (f2i+3P +f2i+2€) (f2i+3l+f2i+2p) (f2i+30+f2i+2l) (f2i+3l+f2i+20>
Nir2€+ friv1€ ) \ f2ir2P + f2i+1€ ) \ S2it2l + f2iv1P ) \ f2i420 + f2iv1l ) \ f2iv27¢+ f2is10

%nﬁ] o3&+ frii2€ Lir3p+fri2€ \ [ friraltfrivap Sfrir30+foiial frir3xt frinC «
=0 Sfrir2€tfair1€ fiv2p+hais1q ) \ friv2l+foiv1p frit20+fritil frirast frir10
%nﬁl foir3€t+hin€ \ [ fair1P+1iE Lirit+fip \ ( fair10+foil vt fri0
=0 friv2€+faiv1€ faip+hai-1€ fail+fai1p fric+ficit hirntfhioio

%nﬁl <fzt+3€+f2i+2£> (fé[+3p+féi+28) <f2i—31+f2i+2p> (f2i+30'+f2i+zl) <f2i+3%+f2i+26)
i

frir2€+faiv1€ ) \ fair2PtSaiv1€ friraltfaiv1p fair20+ fairit Jaivas+ faiv1k

—2 . . . . .
+%nH foiv3€t frira€ Lrir3ptfri2€ \ [ friraltfrivap Jair30+ ol Srivazt fri20
frir2€tfhivi€ ) \ firap+hairi€ ) \ fairal+foiv1p frir20+foirit ) \ 2+ foiv1 O

(= (f2i+38+f2i+26) (f2i+3P +f2i+28) (f2i+3l+.f2i+2p) (f2i+36+.f2i+2l) (f2i+3%+f2i+20)
0 \N2it2€+ f2ip1€ ) \ faiy2P + f2ir1€ ) \ fait2l + f2it1P ) \ f2it20 + f2iv1l ) \ faiv22c+ f2ir10

—1 . . . . . .
%nn Lir3€tfin€ \ [ foir3Ptfoir2€ \ ( fair3ltfoir2p frir30+ friral Soir3x+ 1420\ ([ fant1E+fon€
frir2€+fris1€ ) \ foir2p+foiv1€ ) \ fairal+foir1p frit20+fait1l frivaxtfri10 ) \ fan€+fon-1€

Sons18+fon€E
(fzn§]+fzn 21€> +1

i=!

%'ﬁ <f2i+3€+f2i+28) <f2i+3P +f2i+28> <f2i+3l+f2i+2p> <f2i+30+f2i+2p> <f2i+3%+f2i+26>

im0 \S2i+2€ + f2ir1€ ) \ f2ir2p + f2i+1€ ) \ foiyal + f2it1P ) \ f2i+20 + f2it1l ) \ faiv2c+ f2it10

n—1
JSair3€+fri2€ Driv3pt+hrin€ i3t tfrivap foir30+ oot o3t frin0
%iI:_IO <f2i+2£+f2[+l£ foiv2Ptfaiv1€ ) \ fair2l+fai1p ) \ fois20+fairil ) \ faiv2setfai1© (f20€ + fan-1€)

S 1€+ fon€ + fon€+ fon—1€
:%"71 (f2i+3€+f2i+2€) (f2i+3p +f2i+28) (f2i+37-+f2i+2p) (f2i+30'+f2i+2l> (f2i+3%+f2i+20) (1+ Sont1€+ fon€ )

friv2€+ friv1€ ) \ f2iv2P + f2iv1€ ) \ Soiv2l + f2iv1P ) \ 2ir20 + f2iv1l ) \ faiv2x+ faiv10 Son2€+ fant1€

Thus,

S 7%H(f21+38+f21+28) (f2i+1p+f2i€) (f2i+1l+f2ip) (f2i+10'+f2il) (f2i+1%+f2i6)
" Nir2€+ friv1€ ) \ f2iP + faic1€ ) \ fait + f2im1P ) \ J2i0 + faic1l ) \ f2ix+ fri-10

Again, it follows from equation 5.1 that,

S5n+255n—2

S5p43 = Ssp+2 + m
n— n—
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B < (f2i+38+f2i+28) (f2i+3P +f2i+2€> (f2i+ll+f2ip) <f2i+10+f2il (fzi+1%+f2i0)

im0 \S2i+2€ + f2ir1€ ) \ f2iv2P + f2i+1€ ) \ it + f2i-1P ) \ J2i0 + fai-11 ) \ f2ire+ fai-1O

%ﬁ (f2;+3€+fzi+2€> (f2i+3P+f2i+2€> (.f2i+11+.f2iP> (f2i+10'+f2fl)
fir Jrir2€+ 1€ frir2p+faiv1€ ) \ fait+faic1p S0+ faic1l

(f2f+1%+f2f0‘>) «
%nﬁl (f2i+3€+fzf+z£> <f2i+3p+fzi+2€) <fzt+3l+fzi+2p> (f2i+10'+f2il) (f2i+1%+f2f0>
0 frir2€+fain1€ ) \ frir2Pt+fain1€ ) \ frir2l+foin1P ) \ f2iO+faicil ) \ fairetfaic10

frirtfri10

%nI—_Il Jfrir3€+frir€ Driv3pt+hri2€ L3t frivap hit10+hit Dit17+hHio
=0 Sfrir2€+fair1€ ) \ frir2Pt+fain1€ ) \ frir2l+foir1P ) \ f2iO+faimil ) \ fairetfais10

+ %nﬁl (fzi+38+fzi+2£) (.f2i+3p+.f2i—2€) (fz;‘ﬂHfziP) <f2i+|<7+f2il (fzi+|%+f2i5>
=0 Sriv2€+fair1 € JfaivaPtfaiv1 € hrit+fri-1p hic+ it firtfi1o
T <f2i+3€ +f2i+28) <f2i+3P +f2i+28) <f2i+1 l +f2ip) <f2i+1 c +f2il) (f2i+l %+f2i6)
im0 \S2i+2€ + f2ir1€ ) \ f2i+2P + f2i+1€ ) \ f2il + f2i-1p ) \ f2i0 + fai—11 ) \ f2irc+ fai-1O
> l—nI (fzi>3€+fzuz£) (f2/+3p+f2i+2€) <f2,+1l+f2/P) (fzn 10+fzil) (fzu 1%+f2i6) (f2n+1l+fznp)
=0 frir2€+faiv1€ ) \ frir2PtSair1€ filttfip fri0+faicit fairtfrio10 ) \ fanl+fono1P
Sons1t+fup
(f'z,,z+f'zn4p) +1

s - Kf2i+38+f2i+28) (f2i+3P +f2i+2€) (f2i+1l+f2ip) (f2i+10+f2il> (f2i+1%+f2i0) (H— Sons11+ fanp )}
friv2€+ faiv1€) \ faiv2P + faiv1€) \ fait + f2ic1P ) \ 20 + fri1l ) \ f2ir+ f2i10 Sanr1t+ faup + fanl + fon—-1P

& Kfzi+38+f2i+2€) (f2i+3P+f2i+2€) (f2i+1l+f2ip) (f2i+10+f2il) (f2i+1%+f2i6) (H— Sons11+ fanp )}

i=0

im0 L\ J2i12€ + f2i+1€ ) \ f2i42P + f2i+1€ ) \ f2it + f2i-1P ) \ J2i0 + fai-11 ) \ faire+ f2i-10 Sont2l+ foant1P
Therefore
503 = 52 u (f2i+38+f2i+28) <f2i+3P +f2i+28> (f2i+3l+f2i+2p> (f2i+l(7+f2il) <f2i+1%+f2i0)
" =0 \J2i+2€ + f2ir1€ ) \ fait2p + f2it1€ ) \ faital + f2i1P ) \ J2i0 + faim1l ) \ f2ie+ faim1 O

Other relations can be done similarly. So, the proof is completed.

O

Example 5.2. To confirm the result in this case we consider numerical example. Let oo =1, B =1, y =1, § = 1. Then 1.1 in this case will be

SnSn—4
Spp] =Sp+ —m—— 5.2
n+1 n Sua -+ S5 (5.2)
with initial condition s_s=2,5_4=28,5s_3=5,5_0=3, s_1 =1, 59 =6. The plot for solution of sy, is shown in Figure 5.1.)
< 10° plot of S 1= sn+((snsn_4)/(sn_4+sn_5))
18 T T
16f -
14+
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=
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n-itteration

Figure 5.1: Shows Unbounded Solution of 5.2
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5.2. Second equation

In this section we solve the specific form of the 1.1

SnSn—4
Spt1 :sn—Q—#7 n=0,1,... (5.3)
n—4 — Sp—5

where the initial conditions s_s, s_4, S_3, S_2, S_1, S are arbitrary positive real numbers.

Theorem 5.3. Let {s,};__s be a solution of 5.3. Then forn=0,1,2,....

S5n =

n (fi+3<7—fi+1w) <fi+3P—fi+1C7> <fi+3”—fi+lp) <fi+3k—fi+1r> (fi+319—fi+1k>

o \Ji+10— fii10 ) \ fix1p — fi-10 ) \ fix1r—fic1p ) \fir1ik— ficir ) \ fir19 — fi-1k

267(1))”71 (fi+40—fi+2w) (fi+3P—fi+10) (fi+3r—fi+lp) (fi+3k_fi+1”) (fi+319—fi+1k)

K =9 (="
w1 = 0(=5 M\ fino—fio ) \finp—fisio) \firir—fiip ) \Sivitk—fioir ) \ fir1© — fio1k

Ssniz = 0 (29-2) (Zp—o)'ﬁ (fi+40'—fi+2w) (fi+4P —fi+20) (fi+3"—fi+lp) (fi+3k—fi+1r) (fi+319—fi+1k)
" OTOINPTO LG\ fir20 — fio fir2p — fic firir—ficip ) \fivtk—ficir ) \ fir1® = fiak )’

1

o\ (20-p\ T ( fira0 — i i+4P — Ji ivar — fi 3k — fi 30— fiik
55n+3:19(2§%$)(%)(2r_;)[!)(f+46 f+2(0) (f+4P f+20) (f+4r f+2P) (f+3 f+1") (f+3 fir1 )7

Jir20 — fi® Jivop — fio Jivar—fip firtk—fioir ) \ fir1® — fi1k

n—1
_ a(20-0\ (20-0\ (2r—p)\ [ 2%k—r Jira® — fir2®\ [ fixap — fix20 \ [ fixar — fir2P \ [ Sivak — fixar\ [ fir3® — finik
SS”“””"—“)("—“)("P)("—f)-H( fi+20 — fio )( fis2p — fi0 )( fivar—fip )( fivok— fir )(fz#lﬂ*fiflk)’

i=0

where s_5=0,5_4=0,53=p,52=rs_1=k so=0, {fu}> {1,1,2,3,5,8,13,....... Y, fai=fo=1

m=1 —
Proof. Same as the Theorem 5.1 and is omitted. O

Example 5.4. We will confirm our result by considering some numerical examples. Assume s_5=1,s_ 4=3,5 3=2,5 =9, 5 | =
6, so =7 (see Figure 5.2) and s_5=13,s_4 =12, s 3=18, s_» =16, s_1 =15, 59 = 10 (see behavior of solution of 5.3 Figure 5.3).

36 plot of Spai= sn+((snsn_4)/( Sp_a~ sn_5))
0.5 T T

_4 L L L L
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n—itteration

Figure 5.2
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< 102 plot of S sn+((snsn_4)/( S, 4~ Sn—S))
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Figure 5.3
5.3. Third equation
In this section we deal with the specific form of the 1.1
SnSn—4
=5y — — =0,1,... 5.4
Sn+1 = Sn St +5y_s n (5.4)

where the initial conditions s_s, s_4, s_3, S_2, §_1, o are arbitrary positive real numbers.

Theorem 5.5. Let{s,}__sbe a solution of 5.4. Then forn=0,1,2,....

o — lkrpqt
ne (fug + far1t) (fup + fuo1@) (fur + fa1p) (fuk =+ fuiar) (fnl+fn+1k)7

s _ lkrpqt
T Gt @+ forat) b+ fus19) Unr + Fus1 ) Uk + St 7) (ol + fs k)

_ lkrpqt
S 1 a+ ura) U1 P+ Fus2@) Unr + Fus1 2) Uik + fup17) Ul + 1K)

lkrpgt
fn+IQ+fn+2t) (fn+1p+fn+ZQ) (fn+1r+fn+2p) (fnk+fn+lr) (fnl + foy1k) ’

S5n+3 = (

Lkrpqt
o190+ fav2t) (For1 P + fus2q) (a1 7+ fusa D) (frgrk + fogar) (ful + fug1k) .

Where s_s=t,s_4=q,s3=p,so=rs_1=k so=1, {fuln_,=1{1,1,2,3,58,13,...... Y fo=1.

S5n+4 = (

Proof. For n =0, the result holds. Now suppose that n > 0 and that our supposition holds for n — 1, n —2. That is

s _ lkrpgt
M8 ura+ fat) G+ 15@) Fno1 7+ fu2) Fntk+ far) (ool + fr1k)’

lkrpqt
fnfl‘Z“‘fnt) (fnflp‘i'frﬂ) (fnflr“‘fnp) (fnflk'i‘fnr) (fnfll“’fnk) ’

S5p—5 = (

lkrpgt
fnq+fn71t) (fnl’+fn+lq) (fnr+fn+lp) (fnk+fn+1r) (fi1l+frt+1k)7

S5n—4 = (
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lkrpgt
Ia@+ fas1t) (fap + fas1@) (17 =+ fap) (fark+ far) (fa—1l + fuk)’

s5n73 = (

lkrpqt
fnq+fn+1t) (fnl""fthLIQ) (fur + fus1p) (fnflk'i‘fn") (fnfll"'fnk) ’

S5pn—2 = (

s _ lkrpqt
T aq+ Fuirt) Fap + fri1 @) Far + Fu12) k¥ fuiar) il + k)’

Now, from equation 5.1, we see that,

54, = 55,1 — =155
T Ssuss+Ssu—s
lkrpqt
(fnq+fn+1t) (ftlp+fn+IQ) (fn'"+fn+1p) (fnk+fn+1r) (fnfll‘f‘fnk)

Lkrpqt

(fng+ frr1t) (fap + fur1@) (fur + fov1p) (fuk 4 fur17) (fa1l 4 fuk)
lkrpqt

(fn—17+fnt) (fn—lp+fnq) (fn—lr+fnp) (ﬁl—lk+fnr) (fn—ll+fnk)
lkrpqt >

(fa1g+ fut) (fac1P+ [0@) (fae17+ fup) (fam 1k + fur) (fa—11 + fuk)

lkrpqgt
(fn71q+fnt) (fu—1P+ faq) (fnfl""'fnp) (fnflk‘i‘fnr) (fn72l +fn71k)
lkrpqgt

(fnq+fn+ll) (fnp+fn+IQ) (ﬁlr+fn+lp) (fnk+fn+l") (fnfll + fuk)

lkrpgt ( 1 )
(fn‘I‘l'fnJrl[) (fnp+fn+1q) (f"lr+ﬁ‘l+1p) (fnk+fn+1r) (fnfll+fnk) Jn—1l+ fnk

1 1
TN (fnle+fn71k>}

lkrpgt
(fnq+fn+ll) (fnp+fn+IQ) (fnr+ﬁ1+lp) (fnk+fn+lr) (fnfll‘ank)

lkrpqt

((fn£1+fn+1t) (fuP + fni19) (fnr + fui1P) (fnk + fui17) (-1l + fuk)
fnfll+fnk+fn72l+f}1flk

) (fn721 +fn71k)

_ lkrpqt (] _ fn72l+fn71k)
(fnq + fot1t) (fup + fus19) (far + fas1P) (fuk + fri17) (fa—11 + fuk) Jnl+ a1k

_ lkrpgt fo—t1l+ fuk

B (fuq + fus1t) (fap + fa19) (far + fus1p) (fak + fra17) (fao1l+ fuk) (fnl+ﬁ1+1k)

Therefore,

o — lkrpqt
n (fn‘]“’fnJrlt) (fnp+fn+1‘1) (fnr+fn+1p) (fnk+fn+1r) (fnl+fn+lk)

Now, from equation 5.4

Ssuid =  S$ui3— S5n+355n—1
" s S5p—1+S5n-2
lkrpqt

(far19+ fag2t) (fas1 P+ fus2q) (fre17 + frv2p) (fak =+ fug17) (fal + frg1k)

( lkrpqt ) o
(fn+lq+fn+2t) (fn+lp+fn+2q) (fn?]{lr+fn+2p) (fnk+fn+lr) (fnl"‘fl1+lk)
rpqt
(ﬁ1q+fn+lt) (fnp+fn+1q) (fnr+fn+1p) (fnk+fn+1r) (fnfll"‘fnk)

lkrpgt
|: (fuq + fus1t) (fap + fa19) (far =+ fus1p) (fak + fag1r) (fam1l + fuk)
n lkrpqt

(

fn‘]‘l’fnJrlt) (fnp+fn+1‘I) (fnr+fn+lp) (fnflk“’fnr) (fnfll+fnk)
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lkrpqt 1
((fn+lq+fn+2t) (fos12 + fui2q) (frs17 + frg2p) (fuk =+ fag17) (fnl+fn+1k)) (fnkJrfn-Hr)

1 1
+ =
Sok+ for fn71k+fnr}

_ lkrpgt l: _ Jn1k+ fur :l
(fut1q+ far2t) (fa1P+ fur2q) (fur17 + for2p) (fuk + fu17) (fal + fut1k) (fa—tk+ fur) + (fuk + fus1r)
B lkrpqt { _ famtk+ far }
(frr19+ farat) (fas 10 + fui2@) (fa 17+ fag2p) (fuk =+ fur1r) (ful + fur1k) o1k =+ furar
Therefore,
s _ lkrpqt
T Gurra+ Furat) Gni1p+ Fui2a) Fairr =+ fuiap) Gtk + fuiar) fad + fo1k)
Remaining relations can be found similarly. Hence, the proof is completed. O

Example 5.6. Assume s _s=1,5s_4=3,5_3=06,5_0=35,s_1 =2, 59 ="7. (Figure 5.4, shows behavior of solution of 5.4)

plot of S sn—((snsn_4)/( S, 4t Sn—S))

7 T T

0 5 10 15 20
n-—itteration

Figure 5.4: Shows behavior of Solution of 5.4

5.4. Fourth equation

In this section we deal with the specific form of the 1.1

SnSn—4
Sl =S — ————, n=0,1,... (5.5)
Sn—4 = Sp—5

where the initial conditions s_s, s_4, s_3, S_3, s_1, o are arbitrary non-zero real numbers with s _5 # s_47# s_3%# §_o# S_1 # 0.

Theorem 5.7. Let {s,};>__sbe a solution of 5.2. Then every solution of it is periodic with period 24. Moreover, {s,};.__s takes the form

¢ kol o tql tgpl tgprl tqprkl —tprkl
2P S T g Tl Taap) Nk’ T-aa-pp-nrRED’ G p)p-riREI1)’
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or,
$24p—5 = I, $24n—4 =,
$24n-3 = P, $24n—2 =1,
s2un—1 =k, $24n =1,
_ tl _ tql
$24n+1 - l*k’ $24n+2 = (l‘fq) (q*p) )
tqpl tqprl
$24p43 = ) S24n+4 = )
" (t—q)(g—p)(p—r) " =g (g—p) (p—1) (r—k)
tqprkl —tprkl
$24p45 = ) $24n+6 = )
" (t—=q)(qg—p)(p—r)(r—k)(k=1) " (g=p) (p—r) (r=k)(k=1)
s _ trkl s _ —tkl
2T = A =R k=1)’ Wt = 0 (k—1)
tl
S24nt9 = *—1) $24n+10 = —1,
$24n+11 =  —4, $24n4+12 = —P;
$2unt13 = T $24n+14 = —k,
—tl
S2uny1s = —1, $24n+16 = m7
; —tql ; —tqpl
824n+17 = T N7 o\ $24n+18 = p
" (t—a)(g—p) T =) q—p)(p—r)
s —tgqprl s —tqprkl
24n+19 = ) 24n+20 = )
" (t—a)(g—p)(p—r)(r—k) T (=) (q—p) (p—r) (r=H)(k—1)
tprkl —trkl
$24n4+21 = ) $24n+22 = )
" (g—p)(p—r)(r—k)(k—1) T (p=r) (r—k)(k—1)
s _ tkl s ol
24n+23 = (I‘—k)(k— l) y 24n+24 — (k— l) .
where s s=t,5 4=¢q,S3=p,s_o=1,5_1=k,s0=1
Proof. The proof is left to the reader. O

Example 5.8. Assume s_5=2,5s 4=17,5s 3=15 5 ,=14, s 1 =19, so = 11. (See Figure 5.5 for the periodic behavior of 5.5)
ands_s=—-2,5_4=17,5_3=155s_o=-8,5_1 =19, so = 1. (See Figure 5.6)

plot of X 1= xn—((xnxn_4)/( X 4~ Xn—s))
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Figure 5.5: Shows periodic solution of 5.5
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plot of X 1= xn—((xnxn_4)/( X 4~ Xn—s))
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Figure 5.6: Shows periodic solution of 5.5

6. Conclusion

In This paper we studied global stability, boundedness and the solutions of some special cases of equation 1.1. In Section 3 we proved when
B(y+38) < (y+8)*(1—a), 1.1 has local stability. We proved in the same section that the unique equilibrium of equation 1.1 is globally

asymptotically stable if y(1 — ) # . In Section 4 we showed that the solution of equation 1.1 is bounded if (o + g) < 1. In Section 5, we
obtained the expression and closed form solution of four special cases of equation 1.1 and gave numerical examples of each of the case, with
different initial values.
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