MALTEPE JOURNAL OF MATHEMATICS
ISSN:2667-7660, URL:HTTP:/ /DERGIPARK.ORG.TR/TR/PUB/MJM
VoLUME IIT ISSUE 2 (2021), PAGES 91-100. DoI: HTTPS://DOL.ORG/10.47087 /MIM.930045

THE CAUCHY PROBLEM OF A PERIODIC KAWAHARA
EQUATION IN ANALYTIC GEVREY SPACES

AISSA BOUKAROU*, KADDOUR GUERBATTI**

*LABORATOIRE DE MATHEMATIQUES ET SCIENCES APPLIQUEES UNIVERSITE DE
GHARDAIA, ALGERIE, ORCID ID: 0000-0002-8586-1058
**LABORATOIRE DE MATHEMATIQUES ET SCIENCES APPLIQUEES UNIVERSITE DE
GHARDAIA, ALGERIE, ORCID ID:: 0000-0003-4256-3760

ABSTRACT. The Cauchy problem for the Kawahara equation with data in
analytic Gevrey spaces on the circle is considered and its local well-posedness
in these spaces is proved. Using Bourgain-Gevrey type analytic spaces and
appropriate bilinear estimates, it is shown that local in time wellposedness
holds when the initial data belong to an analytic Gevrey spaces of order o.
Moreover, the solution is not necessarily G° in time. However, it belongs to
G®7 near zero for every x on the circle.

1. INTRODUCTION, RELATED RESULTS AND POSITION PROBLEM

The shallow water equations describes the flow below a pressure surface in a fluid.
They are PDEs of hyperbolic type (or parabolic if we consider viscous shear). For
z €T, t € R, we denote by u = u(z,t). When we write (L.1)), we mean the equation
number ¢ from the problem subjected with the initial data u(z,0) = ug(z).
We consider

{ Opu + addu + BOu + yO,u + pdy(u?) =0, (11)
u(z,0) = up(x) '
here the parameters o # 0, 5 and -y are real numbers and p is a complex number .
To outline our contributions, we will extend the results in [2] and [23] , where the
solution was obtained in X ; to the analytic Gevrey-Bourgain spaces X; 55 with
also regularity in time.

So, from the mathematical point of view, it is important to study the well-
posedness and time regularity for the shallow water equations which happens in
the water waves with surface tension, in which the Bond number takes on the crit-
ical value (See [3], [A], [6], [8]).

Recently, Y. Jia and Z. Huo [2] considered a Cauchy problems , the authors
obtained local well-posedness for data in H*(R) with s > —7/4 for d,u? .
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Motivated by all the above papers, we investigate the well-posedness of in
Analytic Gevry spaces to extend results in [23]. The second novelty located in the
study of Gevrey’s temporal regularity for the unique solution, inspired and moti-
vated by [3] and [5] on the temporal regularity of solutions to KdV-type equations
with analytical data of Gevrey.

We begin by presenting some ideas to get the well-posedness, we are working
mainly on the integral equivalent formulation of as

t
u=S(t)ug — / S(t — "o u?(t)adt, (1.2)
0
where the unit operator related to the corresponding linear equation is
S(t) _ f;le—it(a€5—l3§3+’vf)}‘w' (13)
Let us define the phase function as follows

$(€) = ag® — BE + €, (1.4)

We define the needed spaces beginning by the spaces of analytic Gevrey functions
that contain our initial data. For s € R, § > 0 and o > 1, let

G7%(T) = {f € LA(T): || flEmsecry = 2 M7 () [FR)? < oo} . (L15)
kEZ
where (-) = (14| -|?)Y/2.
For § = 0, the space G%%*(T) coincides with the standard Sobolev space H*(T).
We then define the analytic Gevrey -Bourgain spaces related to Kawahara equa-
tion. The completion of the Schwartz class S(T x R) is given by X, 55(T X
R)(resp.Ys5,5), for s,b € R, § > 0 and ¢ > 1, subjected to the norm

[ull 5,00 (TxR) = (Z/e”"“'”” Y% (1 + ¢(k)Y? | Uk, 7) |2 dT> . (16)

kEZ

Hu||yo)5,s,b(1r><]1§) = (Z (/ GOlk 7 (k)® <T+¢(k)>b | @k, T) | d7'> ) . (1.7)

kez
In addition, let

Zoosh = Xoss0 N Yo s5b-1/2

be the Banach space endowed with the norm

lull z, 5. 0rx®) = Ul x50 0mxR) T [Ully, 5.0 0 s/a(TxR)- (1.8)

For § = 0, the space Z, 556 = Xo5,6,5,6 1N Y 5,5,6—1/2 coincides with the standard
Bourgain type space Zsp = Xsp N Y5 p-1/2-

We organize this paper as follows. In Section 2, our main results regarding the
well-posedness (T heorem and regularity (Theorem in the analytic Gevrey-
Bourgain spaces for are stated. In Section 3, all Theorems by deriving the
bilinear estimates are proved in details.
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2. MAIN RESULTS

Theorem 2.1. Let s > 0,0 > 1,6 > 0 and uy € G7%*(T). Then for some

real number b > %, which is near enough to %, and a constant T > 0, such that

3
admits a unique local solution u € C ([0,T], G7%*(T)) N Zs5.,1 - Moreover,

given t € (0,T), the map uo — u(t) is Lipschitz continuous from G?%5(T) to
C ([0,T],G7%*(T)).

Our next goal is to study Gevrey’s temporal regularity of the unique solution
obtained in Theorem A periodic function f(z) is the Gevrey class of order o,
if there exists a constant C' > 0 such that

sup | &L f(z) |< (1) 1=0,1,2,....
zeT

Theorem 2.2. Let s >0, 0> 1,6 >0 and B=vy=p=a=1. Ifug € G73(T),
then the solution u € C ([0,T],G7%*(T)) given by Theorem belongs to the
Gevrey class G in time variable.

3. PROOF OF MAIN THEOREMS

We are going to prepare the prove of our main theorems, let us beginning by the
embedded result in the next lemma, which is useful for Theorem

Lemma 3.1. Let s € R, 0 > 1 and § > 0, we have

Zy 5,51 (T X R) = C ([0,7],G7**(T)) .

3.1. Existence of solution. Taking the Fourier transform with respect to x of
the Cauchy problems (|1.1)), after an ordinary calculation, we get

t
w = S(tuo — / St — ) D)t
0

we localize it ¢ by using a cut-off function, satisfying ¢ € C5°(R), with ¢» = 1 in
[—%, %] and suppy C [—1,1]. We consider the operator ®u given by
t
B(u) = 6O~ 6(t) | S(t - V)00 (3.1)
0
We now estimate the fist part in the right hand side of (3.1]).
Lemma 3.2. Let s e R, § >0 and o > 1, for some constant C > 0, we have
[¥()S(t)uollz, 5. ,(rxr) < C lluollge.s.s (), (32)
for all ug € G7%(T).
Proof. Define the operator A defined by

A" (k,t) = S5 (K, 1), (3.3)
for § = 0 can be found in Lemma 2.1 of [23] . These inequalities clearly remain
valid for § > 0, as one merely has to replace ug by Aug in these results. (I

We estimate the second part in right hand side of (3.1)).
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Lemma 3.3. Let s € R, § >0 and o > 1, then for some constant C > 0, we have

t
||¢(t)/0 S(t— t/)F(l‘vt/)dt/HZa,éys’%(’ﬂ‘x]R) <C|Flz, _ 3 (TxR)- (3.4)

5,5,

Proof. Define U = ¢ (t) fot S(t —t')F(x,t')dt’ and using the operator A.
¢
AUx(]g’t) _ Q/J(t) / (e—i(t—t’)¢>(k:)> eélkll/ng(k,t/)dtl,
0

— x

— () /0 (St Z0)(AF)] (k. ¢)dt'.
Thus,

1011z,

8,8

t
=l AU lz, o= 1) [ S =) AF @00z, o

Using Lemma 2.1. in [23], we have

(TxR)-

t
IIw(t)/ S(t—t")AF(x,t")dt'|| z_ , (rxr) < C|AF|lz, _, xxr) = C||Fllz,
0 2 ‘

1 1
2 58— 3

d

In order to treat the different nonlinear terms, we will see several lemmas. Here
the bilinear estimate is given in the next lemma.

Lemma 3.4. Ifs>0,letc>1,6>0. Then

| O (uruz) HZU,&Sﬁ%(TxR)g C |l u HZU,&SY%(’H‘XR)” U ||za,5st%(T><JR) ~ (3.5)

Proof. We observe, by considering the operator A in (3.3)), that

10 _ o
S s = (27) 260161 « Uy

_pll/o ~ 1/0
< (2m) 72 /Rz I w (k= n, 7 — p)e w3 (n, p)dndp  (3.6)

:Amz,
since 0 | k [V°< 8| k—n|Y7 46 |n|"?, Vo >1. Then

I 0x(uruz) Nz, , |y rxmy =l 0x(A(uru2)) Iz, _, rxm)

c,8,8,—

< Oz (Aug Aug) ||ZS’7%(’J1‘><R) .
Now, by using Lemma 2.3. of [23], there exists C' > 0 such that

|| 0z (Auy Aug) ||Zs‘7%(1er) <O Auy ”ZS:%(’EXR)H Aug ||ZSY%(’]1‘><]R)

=Cllulz, (TXR) -

55_;(T><]R)H U2 ||ZU
5% ,

59%

O

We are now ready to estimate all the terms in (3.1)) by using the bilinear estimates
in the above lemmas.
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Lemma 3.5. Let s >0, and o > 1, § > 0. Then, for all ug € G%%*(T), with some
constant C' > 0, we have

120z, = C (0 ey + 1w, ) e (3)
and
| ®(w) - ) |1z,
for all u,v € Z, 5, 1(T xXR)

Proof. To prove estimate (3.7]), we follow
| ®(u) ||Za’ 3 (TxR) < ”@ZJT(t)S(t)UOHZm

xRS Cllu-wv ||Za’6’5,%(’]l‘><]R)H u+v HZU,(;YS’%(’]Fx]R)a (3.8)

S, 575,%(TXR)

t
Hibr@) [ St - 1000200t |2, o
0 ]

< Clluo llgeaem +C 1 05w llz, ) (oxmy

< Clluo llgessem +C [ ull 501 (TXR) *
08,3

For the estimate (3.8]), we observe that

D(u) — P(v) = z/JT(t)/O St —t) (0,u® — 9,07 (z,t')dt,

where w = 9,u? — 9,v? is now given by
w = 0y (u? — v?) = 0.[(u+v)(u— )],
Thus, from the previous results, we obtain ([3.8)). O

We will show that the map ® is a contraction on the ball B(0, r) to B(0, 7). where

ug satisfies the smallness condition [|ug||ge.s.e(1) < 1gez and r = 45

6C

Lemma 3.6. Let s >0 and 0 > 1. Then, for all ug € G%%%(T), such that the map
® :B(0,r) — B(0,r) is a contraction, where B(0,r) is given by

BO,7) ={u € Z, 5,1 (T xR);[lulz,

(Txr) < T}

1
8,5,5

Proof. To prove Lemmd3.6] we need to use Lemma3.5]

This completes the prove of existence Theorem2.1]

3.2. Continuous dependence of the initial data. To prove continuous depen-
dence of the initial data in ZU,(;’S’%(']I‘ x R) we will prove the following.

Lemma 3.7. Let s >0 and 0 > 1, § > 0. Then for all ug,vo € G7%*(T), if u and
v are two solutions to corresponding to initial data ug and vg. We have
lw = vlle(o,r1,68:5 (1)) < 2C0C||uo — vollgess (). (3.9)

Proof. To prove Lemm#3.7| we need to use Lemm4d3.1]
(I

This completes the prove of Theorem
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3.3. Time regularity.

Lemma 3.8. (Proposition 3.1, [{] ) Let s > 0, and let § > 0, 0 > 1, u €
C ([O,T];G""S’S(T)) be the solution of . Then u € G? in x,Vt € [0,T], i.e.,
for some C > 0, we have

|0Lul < CH1N°,1€{0,1,..}, Vz €T, tel0,T]. (3.10)

In this section, we shall prove the time regularity of the solution as stated in
Theorem on the circle. The proof on the line is analogous.
Let us consider as in [3], for € > 0, the sequences

c(qh)?
= =0,1,2,... 3.11
mq (q+1)27(q 5 Ly 4y )a ( )
and
M, =e"my,e>0 and (¢=1,2,3,...), (3.12)

where ¢ will be chosen (see [I]) so that the next inequality holds

> (’;) mimy_; < mg. (3.13)

0<I<k

Removing the endpoints 0 and k in the left hand side of (3.13) and using the
sequence My, we obtain

Z <];> MiM,_; < Mk,VE > 0. (314)
0<i<k
Next, one can check that for any € > 0 the sequence M, satisfies the following
inequality

Mj < 6Mj+1, fO’/‘ j Z 2. (315)
Also, one can check that for a given C' > 1, there exists ¢y > 0 such that for any
0 < e < €9 we have

CItN < My, for j > 2. (3.16)
By the definition of My and My in (3.12)), we have for j = 1, that
9
M, = aeMsy, where a= 127
for some C' > 0. Also, we define the following constants
8C 4C?
My = % and M = max{2, — T} (3.17)

The next lemma is the main idea for the proof of Theorem

Lemma 3.9. Let u be the solution of satisfying (3.10), then there exists
€o > 0 such that for any 0 < € < €9 we have

070Lul < MM 55,5 € {0,1,2,...},1 € {0,1,2,...}, (3.18)
forallz €T, te€[0,T].

Proof. (Of Lemma [3.9))
We will prove (3.18)) by induction. Let j = 0, for [ = 0, it follows from (3.10]) and
the definition of M in (3.17) that

lul <C < MM,, VYxzeT, tel0,T].
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Similarly, for | = 1, we have
0,u| < C?* < MM, Yz €T, t €[0,T).

By (3.10)) and (3.16), for I > 2, there exists €y > 0 such that for any 0 < € < €y, we
have

0Lu] < CH(1Y)T < My < MMy, Yz €T, t € [0,T].
This completes the proof of (3.18) for j =0 and [ € {0,1,...}.

Next, we will assume that (3.18]) is true for 0 < ¢ < jand ! € {0,1,...} and we will
prove it for g =j+ 1 and [ € {0,1,...}.
We begin by noting that

0] 0ul = 107 0L(Bru)| < 10 O Pul + |0 O ul + |0 O ul + |07 9%, (0.

Using the induction hypotheses and the condition M > 2, we estimate the second
term 07 0LF%u, 0] 0L 3u and 07 0L u as follows

0] 0L P ul < MMy 555 = M72MPOFDTIM, 500,

1 (3.19)
< 1M2(J+1)+1Ml+5(j+1)7
and A
|5iaé+3u‘ < M2j+1Ml+3+5j — M72M2(j+1)+1Ml+5j+3)’
2 4 (3.20)
< ZM2(7+1)+1M1+5(3*+1)7
and
. 4 4 ,
00 | < MPIH M4 455 < %MQ(]+1)+1MI+5(j+1)' (3:21)

All this estimates are taken for the linear terms. For the nonlinear term (9,u?),
using Leibniz’s rule twice and the induction hypothesis, we have a different cases.
We need the next results.

Lemma 3.10. ([3]) Given n,k € {0,1,2,...} we have

n k m
n\ [k m
Z Z <p) <q> Lin—p)+5(k—q) Lp+5q < Z (T‘)Ler_r’ (3.22)

p=0 q=0 r=1

where Lj, 7 = 0,1,...,m positive real numbers with m = n + 5k

l j .
Jal+1(, 2 ZH Zj L1\ (5 ai—aqie1-p, (19999

PN () o
< )(p> MPTZDTMy s (g) M My g,

I+1 j .
, 1+1
= M20+D E E ( » )(J>Mz+1p+5(jq)Mp+5q'

p=04¢=0 P
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Next, using Lemma [3.10} with n =1+ 1,k = j, L; = Mj,m = 1 + 1+ 55, we obtain

I+1 7 .
I+1\/j
> ( » ) <p) M1 —pis5(i—q) Mpisq,

p=0¢=0

i m
g Z <r>Ler—r S (MO + E)Mma
r=1

= (Mo + €)M45;41,

then
0] 05 (u?)] < MPUHD (Mo + €)Myy541,

< M72MPETDFLEA (Mo + €)My 5(541),
< et (Mo + €)
4
Noting that in the last inequality we have used the fact that { + 55 + 1 > 2, since
we are assuming that either j # 0 or [ # 0.

MZ(j+1)+1Ml+5(j+1) )

1 1
Now, choosing e < ¢y = [ ——— < 1 to obtain
Be=0 ((Mo + 6))
1
4 4
E(My+e)<e(Mog+1D) < (Mpg+1)[ ————— | =1.
(Mo +0) < A0t +1) = 0o+ (G575 )
Hence,
, 1 ,
0705 (u?)] < ZM2(]+1)+1MZ+5(j+1)' (3.23)
Which completes the proof. ([l

Proof. (Of Theorem By Lemma we have
070Lu| < MPHIM, 55, §€{0,1,2,...}, 1€{0,1,2,...},

where
M — 617q C(q')g
! (g+1)

Applying this inequality for j € {1,2,...} and [ = 0 gives

5, ¢=1,2,....

Sy (1)1l

By < M0 = 25 1-5; e((

|07 ul 5j 4 € (5j +1)2’
2

<Mw(ﬁ)<wmv,
< LoLi((5)))°, (3:24)
< LoLd A% (1)),

<A

)
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M? :
where Ly = Mec, L = — since (55)! < A% (j!)° for A > 0 and Ag = maz{Lo, LA }.

We also have from (3.18) for [ = j = 0, that

lu| < MMy =M<, VzeT, teloT) (3.25)

8’
Setting C' = max{M%, Ap}, it follows from (3.24)) and (3.25)) that for j € {0,1,2, ...},

we have

|87u| < CIHL(N%7, Yz e, tel0,T).
Hence, u € G°? in t.
Which completes the proof of Theorem O
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