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ABSTRACT

In this paper we define the necessary and sufficient conditions for both the involute and evolute
of a given curve to be geodesic, asymptotic and curvature line on a parametric surface. Then, the
first and second fundamental forms of these surfaces are calculated. By using the Gaussian and
mean curvatures, the developability and minimality assumptions are drawn, as well. Moreover
we extended the idea to the ruled surfaces. Finally, we provide a set of examples to illustrate the

corresponding surfaces.
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1. Introduction and Preliminaries

In differential geometry, there are numerous studies covering the curve theory. Especially, researchers put

forth new aspects on curves by establishing some connections with the Frenet frames of the corresponding
points. These aspects are discussed with different frames in different spaces, as well such as Minkowski,
Galileo, Heisenberg and Dual space. Involute-evolute curves are the ones constituted by this manner and have
a great potential of use in industrial area especially for gear part designs. Up to now, much of work have been
done in the literature about these curves (see, [6], [7], [8], [9]).
The theory of surfaces, on the other hand, is another important subject in differential geometry. Researchers
before are always focused on some special curves such as geodesic or asymptotic on a given surface (see, [12],
[14], [17],[18]), however, for the first time Wang et al. (2004) approached the problem in reverse and proposed
the construction of a surface that has a given curve as a geodesic [16]. This approach appealed Li et al. (2011)
and they characterized the parametric forms of surfaces having any given curve as a line of curvature [10].
It was Bayram et al. (2012) who followed the same idea and constructed the parametric form of surfaces
with a common asymptotic curve [4]. There have been other studies characterizing surfaces on which a given
specific curve lies on as geodesic, asymptotic and line of curvature ([1], [2], [3], [5]). Motivated by these, we
present the necessary and sufficient conditions to formulate a family of surfaces having both the involute and
evolute curves as of each geodesic, asymptotic and curvature line. We established ruled surfaces, as well and
examined the developability and minimality conditions for these surfaces.
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Given a curve « in Euclidean space, E3, the Frenet vectors and curvatures at the point «a(s) are defined as
[11]:

a/(s) a/(s) x a(s)
T(s) =~ B(s) = —— 225 _ " N(s) = B(s) x T(s), (1.1)
=G PO e xare V=B X T
/ " ! 1 "
:Ilaxo;||7 T:<axa7a2>7 1.2)
[l [/ x|
T'=rkvN, N' = —xvT +7vB, B'=—1vN | ||| =v. (1.3)

Let avand § are defined to be two curves sharing the same domain. If the tangent of « at the point a(s) is passing
through the point §(s) and is perpendicular to the tangent of 5 at this point, then we name 3 as the involute
of a [13]. Now denote {T, N, B, k, 7} and {T41, N1, B1, k1, 71} as the Frenet apparatus of « and §3, respectively.
Hence we have the following relations:

B(s) =a(s) + A(s)T(s), ANs)=k—s, keR, (1.4)
T,=N, N, = %, By = %, (1.5)
o — (k2 + 72)(s) B (k1" = K'T)(8) (1.6)

k=s)n(s) T = 9)n(s)(s2 +72)(s)

On the other hand, the curve ~ is said to be the evolute of ¢, if it is traced out with the points of centers of
curvatures of « [13]. When denoted {15, N2, B2, k2, T2} as the Frenet apparatus of v, this time we have the
following relations

V(s) = als) + p(s)N(s) — p(s) tan (¢(s) + ¢) B(s), (1.7)
Ty = cos(p + ¢)N — sin(p + ¢) B, Ny = -T, By =sin(p + ¢)N + cos(¢ + ¢) B, (1.8)
B k3cos?(p + c) _ —k3sin(p + ¢)cos? (¢ + ¢) (19)

"2 s sin(e + ¢) — K’ cos(p +¢)’ 2T r sin(p + ¢) — K’ cos(p +¢)’ '

S

where p(s) + ¢ = /T(u)du, ceR.

0

Let o be a regular curve on the surface, £ = {(s,v). If the vector o’ is asymptotic vector of the surface, then
« is called as asymptotic curve, if it is always in a principal curvature direction then it is called as line of
curvature. Moreover, if the normal vector of the surface, n is parallel to the vector o, then « is known to be
geodesic on the surface [6]. On the other hand, for any constant number vy, if a(s) = £(s, vo), then this time «
is called as isoparametric. Now, if a curve is both geodesic (or asymptotic) and isoparametric, then it is named
as isogeodesic (or isoasymptotic) [16], [10], [4].

The first and the second fundamental forms of a surface are calculated by

I = Eds® + 2Fdsdv + Gdv?,

(1.10)
II = Lds?® + Mdsdv + Ndv?
and the Gaussian and the mean curvatures are formulated as
LN — M? 1EN —-2FM +GL
~ EG — F2’ 2 EG_F? (1.11)
where
E = <£Sv§s> aF = <£S;§U> 7G = <£1)a€v> I
(1.12)

L= <£ssvn> M = <£sv7n> ,N = <£vv7n> .
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If £(s,v) is a ruled surface then the parametric form can be written as
&(s,v) = afs) + vz(s) (1.13)

where « is known as generator and z as the director [15]. A ruled surface is developable iff det(a/,z,2') =0
[15].

2. Family of surfaces with a common involute-evolute curves

2.1. Family of surfaces with a common involute curve as geodesic, asymptotic and curvature line

Let (s, v) be a surface on which the involute curve, 3 lies. The parametric form of the surface can be written
as
5(87 ’U) = B(S) + x(s, U)Tl(s) + y(s, v)Nl(S) + Z(Sa U)Bl(s) (21)

where z(s,v), y(s,v), z(s, v) are differentiable marching scale functions.

Theorem 2.1. Let (3 be the involute of . 8 is isogeodesic on the surface £(s, v) iff

y(s, 0z(s,
x(s,v0) = y(s,v0) = 2(s,v9) = y(az v) . =0, Z(;U v) . # 0,
and is asymptotic iff
0z(s, Oy(s,
.13(5,1)0) = y(S,’Uo) = Z(S, 1}0) = Z(asv U) . = 0, 711(88’0 U) s 75 0.
Proof. Since 3 is parametric on the surface {(s, v), for a constant v = vy, we have
x (8,v0) =y (s,v0) = 2z (s,v0) = 0. (2.2)
On the other hand, we calculate the normal of the surface, n; as
0&(s,v 0&(s,v 0z(s,v oy(s,v
mi(s, ) = L0 H0) D)y ) g 23)

Now, if the curve 3 is defined to be geodesic on the surface, then from the geodesicity condition we have

dy(s,v)
ov

0z(s,v)
’ ov

£0.

V=v0 V=vo

Similarly, if 3 is characterized as asymptotic on the surface this time we write

dy(s,v)
ov

0z(s,v)
ov

:07

V=0

#0,

which clearly completes the proof. O

Theorem 2.2. Let alpha be a unit speed space curve and (3 be its involute. The curve 3 is a line of curvature on the

surface iff
x(s,v0) = y(s,v0) = z(s,v0) =0, 01(s) = —/Tlds,, (s) £0
8y(881; L = p1(s)sinb(s), 32(@5@, v)

V=v0

= —p1(s)cosbi(s).

V=v0

Proof. Let 1, is defined to be the orthogonal vector field of the surface. Therefore we can write

11(8) = cosB1(s)N1(s) + sin by (s)B1(s).

dergipark.org.tr/en/pub/iejg 162


https://dergipark.org.tr/en/pub/iejg

S. Senyurt, K. H. Ayvacit & D. Canli

where 0, = £(N1,m1). The necessary and sufficient condition for g to be a curvature line on the surface,
¢ = &(s,v) is two fold. First that 1, (s) || n1(s,vo) and second the surface defined as

D(s,v) = B(s) + tm(s)

must be developable. For n;(s) || n1(s,v9) we write,

dy(s, : 9z (s,
die = msn) ) =) eosti(s)
On the other hand, in order for ® = ®(s,v) to be developable, 0;(s) = — [ 71 (s O

Theorem 2.3. The first and second fundamental forms and the Gaussian and mean curvatures of the surface & = £(s,v)
having the involute curve 8 are given as

Oz O o> [02\%) , ,
I =ds? +28—dsd +<<8v> +(3v) +<3v> )dv,
0z, ox 0z 0z 0%y oy \” 0z\° Oy 0z
=g, ds +<_”“avav G050 (m) T\ 90 ) T o aso | B

0z 0% 0Oy oz 9
* <_ava%+ava2 )d“ !

2
02\28%y Oy 8z 8%z oz 8z _ 9z 9%y oy 2 92\ 2 dy 9%z
K1 (61}) a7y — K13y 30 870 K13y 30 8v858v+T1(8v) "’7'1((%) + v 9500

37+ (3

)

-5 o -2k 3 - S n(3) (%) + 5 )
—m %2 ((3)°+ (3" + (%))
H =

Proof. From the equations given in (1.12) we write,

2 2 2
E= <§S’£S> =1L G= <§v»€v> - <gz> + <gz> + (g’j> , F= <§sa§v> - %a

_ _ 0z _ 0207 Oy Oy 0%z
L= <€ss;€s X §v> = —Ki1 8’07 N = <€vv7€s X §v> - 8'0 82 + = av 021}
0xr 0z 0z 0%y dy 0z Oy 0%z
M = o X Go) = =150 50~ B0 Bsd0 ”1(3@) “l(av) 90 dso0
When substituted these relations in (1.10) and (1.11) we complete the proof. O
Corollary 2.1.

® In order for £ = £(s,v) having 3 as isogeodesic to be developable is that

Py _ (0 0z’
M2y "o " Mo )

e Inorder for £ = £(s,v) having (3 as isoasymptotic to be developable is that

T1 =0.
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Corollary 2.2.

* Inorder for £ = {(s,v) having [3 as isogeodesic to be minimal is that

Py o w0z ((02\" (02"
02%v Movor ™ Ov Ov '

* In order for & = &(s,v) having (3 as isoasymptotic to be minimal is that

Oz

== =0.

ov
2.2. Family of surfaces with a common evolute curve as geodesic, asymptotic and curvature line

Let ¢(s,v) be a surface possessing the evolute curve, v of the curve a. The parametric form of this surface is

given as
U(s,v) =v(s) + A1(s,v)T(s) + As(s,v)Na(s) + Az(s,v)Ba(s). (2.4)

Here we name Aq (s, v), As(s,v), As(s,v) as differentiable marching scale functions.

Theorem 2.4. The evolute curve, v of « is isogeodesic on the surface (s, v), iff

0As(s,v 0A3(s,v
Aq(s,v0) = Aa(s,v9) = Az(s,v0) = % . =0, % . # 0,
and is isoasymptotic on the surface (s, v), iff
0A3(s,v 0As(s,v
Al(SaUO) — A2(37U0) = AS(SaUO) = 33%) . = 0, % - 7& 0.
Proof. Since v is parametric on the surface ¢ (s, v), for a constant v = vy we get
Al (S,Uo) = AQ (S, UQ) = A3 (87’00) =0.
O
The normal of the surface denoted as n. is calculated as
_ 8w(svv) aw(&v) _ 8A3(S,’U) 8A2(57U)
masw) = T X Ty~ e |, PO T |, B
Now, if «y is geodesic on the surface we write,
0A5(s,v) OA3(s,v)
T N =0, T N 7 0.
On the other hand, if v is asymptotic, we get
0A3(s,v) 0A5(s,v)
oy, =0, v B 70

Theorem 2.5. Let v be the evolute of the unit speed curve a.. The curve v is a line of curvature on the surface iff

Aq(s,v0) = Az(s,v0) = As(s,v9) =0, 0O2(s) = —/TQ(S)CZS, pa(s) #0,

aAZ(SaU) 6A3(va)

50 = pa(s)sinba(s), 5 = —pu2(s)cosba(s).

V=79 V=10
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Proof. Let us define 7, to be the orthogonal vector field of the surface which + lies on it. Therefore, for
0y = L(Na,1m2), we can write
12(8) = cos 02(s)Na(s) + sin b5(s) Ba(s).

O

This time, the necessary and sufficient conditions for v to be a curvature line on the surface, ¢ = (s, v)
are that 7:(s) || n2(s,v9) and that the surface defined as I'(s,v) = ~y(s) + tn2(s) must be developable. For
n2(s) || n2(s, vo) we get,

0z(s,v)
v

= u1(s) sin b1 (s), = —pu1(s)cosb(s).

v=wg

On the other hand, in order for I' = I'(s, v) to be developable, we have 6, (s) = — [ 72(s)ds.

Theorem 2.6. The first, I and second, I1 fundamental forms and the Gaussian, K and mean, H curvatures of the surface
¥ = (s, v) having the involute curve ~y are given as

0Aq 0Aq 2 0As 2 0A3 2
) 2
I =ds +2avdsdv+<< 61}) +<8U> + B dv*,
2 2 2 2
II—ngaA?’dsQ + <K28A1 0A3 B 0A3 07 A, + (5‘A2> +TQ<6A3> + 0A5 0 A3> dsdu

ov ov Ov ov 0sOv i ov ov 0sOv

OA3 02Ny 0N, 024 2
<_ g0 9% | 9v % w”,

2
OA3\20%A, . 0N, OA3 0°Asz [ . 8A; 0Az _ OAz 8%A, 9As\ 2 8A5\2 | 9As 8%A4
HQ( ov ) 92v K275y "ov %0 K2 50 “ov Ov 0sOv +7—2( ov ) +7-2( ov ) + Ov 0s0v
- (8A2)2+ (8A3)2 ’
v ov
A5 92Ny | OD; 92A3  9dA; [ A1 0As  9A3 82A, OA5\2 OAs\2 | 0A, 9%As
Ov 02%v + Ov 02%v 2 ov K2 ov  Ov Ov 0sdv +7—2( ov ) +T2( ov ) + ov 0sdv

—ra ((%90)" + (%) + (%))
2 (57 + (3)))

Proof. By using (1.12) we first calculate the corresponding coefficients as,

A2 AN 2 AN 2 A
E:<§$’€S>:17 G—<€v7§v>—(aavl> +<8(9’U2> +<88’U3>, F:<§Sa€v>:%v

0A3 A3 0*Ay A 0*A5
—2 N= =
90 <£vva£5 X 51)) ov 02%v v 0%v’

OA, OAs 0Nz 92N, <8A2>2+ <8A3)2 0Ny 02 As
022 -

H =

L= <£ssa£s X §U> = —Rh2

M= (Eov s X Eo) = —H2 ov ov v Dsdv BRE v v v dsdv’

Substituting these coefficients in (1.10) and (1.11) completes the proof. O
Corollary 2.3.

® [n order for ¢ = (s, v) possessing -y as isogeodesic to be developable is that

2 0%v 2 ov I ov

920, _( dA, 8A3>2

e In order for ¢ = (s, v) possessing ~y as isoasymptotic to be developable is that

T2 =0.
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Corollary 2.4.

e In order for ¢ = (s, v) possessing -y as isogeodesic to be minimal is that

Py, O0OA; _ oA\ [(945)
0%v oy ae v v '
* In order for 1 = 4(s,v) possessing -y as isoasymptotic to be minimal is that

1A
ov

=0.

2.3. Family of ruled surfaces with a common involute curve as geodesic and asymptotic

The parametric form of a ruled surface having the involute curve, 3 as the basis can be written by following
£(s,v) = B(s) + (v = vo) R(s). (2.5)
By referring (2.1) and (2.5), we have
@ (5,0) T1(s) + y(s,0) N1 (s) + 2(5,0)B1(v = v9))R(s)- (2.6)
Now, the inner product of the (2.6) with 7}, N; and B results
z(s,v) = (v—v9) (R, Th), y(s,v) = (v—29)(R,N1), 2(s,v)=(v—wy)(R,By). (2.7)

By taking into account the theorem 2.1 in this last relation (2.7), we define the family of ruled surfaces with a
common geodesic involute curve as

igr(s,v) = B(s) + (v — o) (x(s)T1(s) + 2(s)Bi(s)) , z(s) # 0, (2.8)
and with a common asymptotic involute curve as
Eiar(5,0) = B(5) + (v —vo) (2(5)T1(s) + y(s)Ni(s)), (2.9)

respectively.

Corollary 2.5. The conditions for a ruled surface with a common involute curve as "geodesic” and "asymptotic” to be

i(s) _ () and y(s) = 0, respectively.

Ki(s) — 2(s)
Corollary 2.6. For all ruled surfaces with a common involute curve as asymptotic specify tangent ruled surfaces, and
the striction curve of these ruled surfaces is the involute curve, j.

developable are that

2.4. Family of ruled surfaces with a common evolute curve as geodesic and asymptotic
Similarly, a ruled surface having the evolute curve, v as the basis can be parameterized by following
¥(s,v) = 7(s) + (v —vo) R(s). (2.10)
By referring (2.4) and (2.10), we have
Ay (5,v) Ta(s) + Aa(s,v)Na(s) + As(s,v)Ba(s) = (v—vo)R(s). (2.11)
Now, the inner product of the (2.11) with 75, N, and B, results
Ai(s,v) = (v—w0) (R, T2), Aa(s,v) = (v—wo) (R, Na), As(s,v) = (v—1o)(R,Ba). (2.12)

By the theorem 2.4 and this last relation (2.12), we form the family of ruled surfaces with a common involute
curve as geodesic as

Yigr(s,v) = 7(s) + (v = vo) (f(5)T2(s) + h(s) Ba(s)) ;h(s) # 0, (2.13)
and as asymptotic as
Yiar(s,0) = 7(8) + (v = vo) (f(5)T2(5) + g(s)Na(s)) (2.14)

respectively.
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Corollary 2.7. The conditions for a ruled surface with a common evolute curve as "geodesic” and "asymptotic” to be
ras) _ f(s)
ra(s)  h(s)

Corollary 2.8. For all ruled surfaces with a common evolute curve as asymptotic specify tangent ruled surfaces, and the
striction curve of these ruled surfaces is the evolute curve, .

developable are that and g(s) = 0, respectively.

1
Example 2.1. Let us take the unit speed curve a(s) = —(—cos s, —sin s, s) lying on the surface

V2

1
C(s,v) = —\@(— cos s, —sin s, s + v). For k=c=2, the involute and the evolute curves of « are given as
2 2 2 2
B(s) = —icoss + £(2 — s)sins, —£ sins — £(2 —s)coss, V2],
2 2 2 2
2 2 2 2
~v(s) = £coss—&—sinstan £s—+—2 , isins—cosstan £5—1—2 ,
2 2 2 2
2 2
gs—tan <\2f(9+2> >,
respectively.

Note that throughout the examples, we have defined different surfaces by manipulating the marching scale
functions with respect to the conditions defined in the paper. Moreover, in the following figures, we have fixed
the colors for the curves «, § and v with yellow, red and blue, respectively. For the surfaces, ¢, { and ¢ we have
assigned green, purple and orange in respective order for the sake of simplicity, as well. The range of surface
parameters, s and v are also fixedas —7 < s <7, -1 <ov <1

(i) By choosing the marching scale functions as
z(s,v) = sv = A1(s,0), y(s,v) =0v? = As(s,v), 2(s,v) =sinv = As(s,v) ve vg =0

we calculate the parametric form for the surface with a common geodesic involute curve as

—g (ssins — 2sin s + cos s) + svcos s — v? sin s,
€1g(s,0) = g (scoss — 2coss — sins) + svsins + v2cos s, )
V2 +sinv

and for the surface with a common geodesic evolute curve as
(@ cos s + tan (gs + 2) sin s + sv <cosscos (?s + 2) + 72 sin s sin (?s + 2))
—gzﬂ sin s + sin v (cos ssin (@s + 2) — g sin s cos (@s + 2)) ,

Pig(s,v) = (% sin s — tan (%8 + 2) cos s + sv (sinscos (%s + 2) — g €oS s sin (%s + 2))

—|—72v2 cos § + sinwv (Sinssin (%s + 2> + %cosscos <§5 + 2)) ,

Y25 _ tan (@s + 2) — gsvsin (@3 + 2) — glﬂ + g sin v cos (@s + 2)
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(a) Surface with a common isogeodesic involute curve, &1 4 (b) Surface with a common isogeodesic evolute curve, 114

Figure 1. Surfaces having the curves as isogeodesic

(ii) For ruled surfaces, when chosen the marching scale functions as
x(s) =s=f(s), 2(s) = §? = h(s) ve vg =0,

the fallowing parametric forms are obtained for the surfaces with a common isogeodesic involute and
isogeodesic evolute curves

2 2
—gssins + svcoss+V2sins — - cos s,
E1gr(8,v) = ;
2 2
%scoss—l—svsins —V2coss — gsins7 V2 4 vs?
2
—st\/isinscos (?5 + 2) + vsx/isinssin (%s + 2) cos (?s + 2)
2
+2vs2 cos s sin (%s + 2) cos (@s + 2) + 2vs cos s cos (%s + 2)
—i—ﬁcosscos (?5 + 2) + 2sin ssin (@s + 2) ,
2
1 v82v/2 cos s cos (?s + 2) — vS$vV2cos ssin (@s + 2) cos (@5 + 2)
Yigr(s,0) = ————— :
2603(—3 + 2) 2
2 +2vs?sin ssin (gs + 2) cos (@s + 2) + 2ussin s cos (@s + 2)
++/2sin s cos (?s + 2) — 2cos ssin (%s + 2) ,
2
v82v/2 cos <§s + 2) — vsv/2sin (gs + 2) cos (@s + 2)
++/2s cos (?s + 2) — 2sin (@s + 2)
respectively.
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(a) Ruled surface with a common isogeodesic involute curve, &1 4 (b) Ruled surface with a common isogeodesic evolute curve, 414,

Figure 2. Ruled surfaces having the curves as isogeodesic

(iii) The following set of functions given by

x(s,v) = sv = Aq(s,v),
y(s,v) = sinv = Ay(s,v),

2(s,v) = v* = Az(s,v) and vy = 0,

provide the parametric forms of surfaces with asymptotic involute and evolute curves as

(ssins — 2sin s + cos s) + svcos s — sinvsin s,

2
610,(571)):
V2 . . . 2
7(scoss—2coss—sms)—|—svsms+smvcoss,\/§+v
and
2 2 2 2 2
—— cos s +sin stan £s~l—2 + sv | cos s cos £34—2 +£sinssin £5+2
2 2 2 2 2
2 2 2 2
—isinvsins%—v2 cos s sin £s—|—2 —isinscos \/—_84-2 ,
2 2 2 2
2 2 2 2 2
V1a(8,0) = gsins—cosstan gs—i—Z) + sv (sinscos <\/7_s—|—2> - %cosssin <\/7_s+2>>
2

2 2 2
—|—§ sinwvcos s + v? (sinssin (%_8—1—2) + gcosscos (%s—i—?)) ,

2 2 2 2 2 2 2
£s — tan <§s + 2) — %sv sin (gs + 2) — £ sinv + §v2 cos <%s + 2)

2 2
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N

f N
NSNS oS o
R —_——

(a) Surface with a common isoasymptotic involute curve, 14 (b) Surface with a common isoasymptotic evolute curve, ¥14

Figure 3. Surfaces having the curves as isoasymptotic

(iv) This time, by choosing the scale functions as z(s) = s = f(s), y(s) = s*> = g(s) ve vg = 0 we can form the
ruled surfaces with common isoasymptotic involute curve and isoasymptotic evolute curve as

glar(sa U) =
and
1
Viar(s,0) = ————
2cos (*/755 + 2)
respectively.

2

2 2
—7ssins+svcoss+\/§sins— \/7_0055—5 vsin s,

2 2
7scoss+svsins— V2coss — %sins-l-s%coss, V2

2 2 2
vsx/ﬁsinssin (%5 + 2) cos <\/7_s + 2) — vszﬁsinscos (%s + 2>

2
2 2 2
+2vs cos s cos (\/7_3 + 2) + /2 cos s cos (%s + 2) + 2sin ssin (\/7_3 + 2) ,

2 2 2
—vsV 2 cos ssin (%s + 2) cos (\/7_5 + 2) + v52v/2 cos s cos <§s + 2)
2
2 2 2
—2vssin s cos <%s + 2) +V/2sin s cos (gs + 2) — 2cos ssin <%s + 2) ,
2 2 2
—vsV2sin (%5—1—2) cos <\/7_s+2> — vs°v/2 cos (%s—i—Q)

+v/2s cos (?s + 2) — 2sin (‘/gs + 2)
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(a) Ruled surface with a common isoasymptotic involute curve, £14r (b) Ruled surface with a common isoasymptotic evolute curve, 114

Figure 4. Ruled surfaces having the curves as isoasymptotic

(v) When we pick the marching scale functions as z(s) = s = f(s), y(s) =0 = g(s) ve vg =0 we can form
developable ruled surfaces with a common isoasymptotic involute and evolute curves by following:

2 2
—\/T_ssins—l—svcoss—i—\/ésins— %_coss—i—ﬁsins,

gda'r(sav) =
2 2
\/T_SCOSS + svsins — V2coss — \/T_Sins, V2
and
2
2 2 2
vsV2sin ssin <\/7_5 + 2> cos <§8 + 2> + 25V cos S cos <§s + 2>
2 2
+v/2 cos s cos (§s+2> + 2sin s sin <\/7_8+2) ,
2
2 2 2
—v8V 2 cos ssin <\/7—s + 2) cos <§s + 2> + 2svsin s cos <\/7—s + 2>
1
Vdar(8,V) = ——F———
2005(‘/7534-2)

2 2
+1/2sin s cos (%_s + 2> — 2cos ssin <§s + 2) ,

2 2
V8V 2 cos s sin <§s + 2> cos (%8 + 2)

+1/25 cos (?s + 2) — 2sin <gs + 2)
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(a) Developable ruled surface with a common isoasymptotic

involute curve, €44,

curve, Ygar

(b) Developable ruled surface with a common isoasymptotic evolute

Figure 5. Developable ruled surfaces having the curves as isoasymptotic

(vi) With the following marching scale functions

x(s,v) = sv,
Aq(s,v) = sv,

/lelv

y(s,v) = vsin (\/Lﬁ =, z(s,v) = —vcos (%) ,
Az(s,v) = vsin —\%s , As(s,v) = —vcos —%s) ,
0i(s) = 5, m2=1,  Ga(s)=—5s.  w=0,

we derive the parametric form of surfaces with a common involute and evolute curve as of each curvature

line like below

—%\/5 (sin(s) s — 2sin (s) + cos (s)) + svcos (s) — vsin <%\/§> sin (s),

Eals,v) = —%ﬁ(—cos(s)s—i—sin(s)+2€os(s))+svsin(s)+vsin<%\/§>cos(s), ,

VZeos(s) sin (Y32 +2) V2sin (s)
\/§C;S (s) + tan <g + 2) sin (s) + sv | cos (s) cos (g n 2) . in ( 3 2) in (s
vsin (72) V2sin (s) V2 V2s cos (@ + 2) V2sin (s)
B —vceos <—> sin (— + 2) cos (s) — ,
2 2 2 2
i in (22 +2) V2
Yei(s,v) = % — tan <g + 2) cos (s) + sv | sin (s) cos (@ N 2) _sin < 3 2) cos ()
sin (%9°) V2 cos ( cos (Y22 +2) v/2cos (s)
vsn () >_(¢_§> an (L2 2) o+ (4 +2) Vi)
2 2 2 9
V2s V2s svsin (\/258 + 2) V2 wsin (VTE) V2  wcos (72) cos (\/253 n 2) V2
ot <T 2) - 5 - - 5
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(a) Surface with a common involute curve ascurvature line, £.; (b) Surface with a common evolute curve ascurvature line, v;

Figure 6. Surfaces having the curves as curvature line
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