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Abstract

In this article, we deal with the inverse problem of identifying the unknown source of the time-fractional
diffusion equation in a cylinder equation by A fractional Landweber method. This problem is ill-posed.
Therefore, the regularization is required. The main result of this article is the error between the sought
solution and its regularized under the selection of a priori parameter choice rule.
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1. Introduction

According to the history of mathematical research, it has been found that the standard diffusion equation
has been used to represent the particle motion Gaussian process. To describe anomalous diffusion phenomena,
the classical derivative will be replaced with a non-integer derivative. Therefore, it leads to great applications
of differential equations with non-integer derivatives. Fractional derivatives and fractional calculus was
also considered by many scientists because of applications in potential theory, physics, electrochemistry,
viscoelasticity, biomedicine, control theory, and signal processing, see e.g. [I, 2] and the references therein.
Nigmatullin [3] first applied the fractional diffusion equation to describe diffusion in a medium shaped
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fractal. Metzler and Klafter [4] gave a proof that a fractional diffusion equation is possible governs a non-
Markovian propagation process that has a memory. Among many different interesting topics about the
fractional diffusion equation, some types of inverse problems in this genre attract the community interested
in research. T. Wei and her group [5] 6] [7, 8] investigated some regularization methods for homogeneous
backward problem. Y. Hang and his coauthors [9] used fractional Landweber method for solving backward
time-fractional diffusion problem. The diffusion process inverse source problem is intended to detect the
source function of the physical field from some indirect measurement (such as last time information or
boundary measurement). As we all know, the problem of determining the source function has attracted a
lot of mathematicians interested in research because of its applications in practice. Some interesting works
on this topic can be found in some previous paper, for example [10]-[38]. In general, the inverse source
problem is often ill-posed in the sense of Hadamard. In this work, we focus on the following equation in an
axis-symmetric cylinder

( 98 2 2
86155 (rzt):% %%—i—%—i—@(t)f(rz)
u(r, z,0) = a(r, 2), 0 <r < Ry,
u(Rp, z,t) = u(0,2,t) =0, 0<t,0<2< Ly (1.1)
u(r,0,t) = u(r, Lo,t) =0, 0<t,0<r <Ry
}% u(r, z,t) bounded , 0<t<T,
u is finite t>0,0<r <Ry 0<z< Ly,

0
where the Caputo fractional derivative — is defined as follows:

otP

¢
1 ur(r, z,T)
D’ t) = 2 1 1.2
futrst) = s | HemRdn 0<p <1 (12)
0
a. and @, and satisfy
lae — allr2) + |Pe — @l (o,r) <€ (1.3)
with the following condition on the final time data
T
Oru(r,z,T) +92/u7‘ztdt—g(rz) (1.4)
0

The main purpose of this paper is to apply a fractional Landweber method to regularized our inverse source
problem. We will demonstrate that the regularized solution will converge on the sought solution. There
are two challenges that we need to overcome. The first difficulty is that the problem is considered in the
domain of axis-symmetric cylinder making the assessment techniques complicated. The second difficulty is
the presence of integral conditions that make estimates of errors cumbersome. It can be said that our result
is one of the first results about the source function for the problem —.

The outline of the paper is given as follows: In Section 2, we give some preliminary theoretical results.
[ll-posed analysis and conditional stability are obtained in Section 3. In Section 4, we propose the Fractional
Landweber regularization method and give a convergence estimate under an a-priori regularization parameter
choice rule.
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2. Statement of the problem

We introduced the Lesbesgue space associated with the measure rdr, i.e

LE(Q) = {y : © — R measurable /V2(7', 2)rdrdz < oo}, (2.5)

which is a Hilbert space with the scalar product <U,V>T = / u(r, 2)v(r, z)rdrdz, and norm is given by
Q

2
vl z2(0) = < / VA (r, z)rdrdz) - Throughout this paper, for the convenience of writing,

Definition 2.1. (See [19]) For any constant v and r € R, the Mittag-Leffler function is defined as:

E»y7a(22) = jz(:) m, A C, (26)

where v > 0 and o € R are arbitrary constant.

Lemma 2.1. [12] Assuming that 0 < By < 1 < 1, then there exist constants C1 and Co depending only on
B, B1 such that

Cl 1 CQ 1
[ — <
r1-8)1—=z" Ea(2)

< — > 0. .
“T(1—2)1-2’ 220 2.7)

Lemma 2.2. [13] For A\, > A1 > 0, then there exists constant Cs and Cy4 depending only on 3,T, A\11 such
that

Cg C4

12 S EBai(=Ama?) < 55

J J
Proof. This proof can be found in [13]. O
Lemma 2.3. Let C5,C¢ > 0 satisfy C5 < |®(t)] < Cg, Vt € [0,T], let choose € € (0, %), by denoting

8(65,06) =Cg + %, we get % < "I’e(t)‘ < 3(65,06).

Proof. This proof can be found at [14]. O

Lemma 2.4. [13] For Ay, > 0, 8> 0, and positive integer j € N, we have:

d d _
@(tEﬁa(—Amntﬁ)) = Bg1(—Amnt”), @(Eﬁ,l(—Amnt’B)) = —Amnt” ' Eg g(—At7). (2.8)
Lemma 2.5. For any 0 < B < 1, Eg1(—t?) is completely monotonic, see [| with Apn(B,7) = (t —

)P B 5( — Amn(t — 7)9), we get

T

a) Aim (1 —Eg1(— /\11T5)> < /Amn(B,T — 7)dr < A:m’ (2.9)
0
T

b) /\Zn(1 — Ega(— /\11T/3)> < / (/t.Amn(ﬂ,t—T)dT)dt < )\:n. (2.10)
0 0

Proof. Please see the proof in [20]. O
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3. Ill-posed analysis and conditional stability

Theorem 3.1. The solution of problem (L.1)) represented by the formula (3.20)).
Proof. The solution of problem (|1.1)) is as follows:

—+00

)= 3 (somnbn A} (Gor) o ()

m,n=1 0
t

+ Z fmn/t—’rﬂ 1E55( )\mn(t—’]’)ﬁ) (1 )dT)Jo(g%OT) sin (%Zz) (3.11)

m,n=1 0
whereby
_(Sm)? (2 _
)\mn—(RO)+< >,mn 12 ., 00,
Ro Lo
mr
Jmn = L0R2J2 ) //Jo —7‘ sin Lo )f('r,z)rdrdz,
Ro Lo
Uomn = T a3y R0J1 ) //Jo sm Lo )u(r,z)rdrdz. (3.12)

where Jy(z) and J;(z) denote the Oth order and 1st order Bessel function, and ¢, are the sequence of solution
of the equation Jy(z) = 0 which satisfy

O<G << <Cn<-n, hin Cm = 0. (3.13)

Defining

wm(z) = ]%Jféwjo(;n; ) en(2) = \/Zsm (727; ) Ui (7, 2) = win (1) €n(2). (3.14)

then it is easy to check that the eigenfunctions {¥,, »(r, z) }m > [rom an orthonormal basis in L%(9). Using
the eigenfunctions W,, ,,(r, 2) as a basic, formula (3.11)) can be written for a shorter as follows

t
Ut it (1) = g it Bt (= Amnt®) + Frntpt (/(t — 1) Eg g(—Amn(t — T)B)‘I’(T)dT)- (3.15)
0

T
From the fact that Oyu(r, z,T) + 62 /u(r, z,t)dt = g(r, z), we find that
0

+00 T oo
00 Y tan(T) U1, 2) + 0 / (3 o) nlr. ) )t = Z I (7, 2)- (3.16)
m,n=1 0 m,n=1 m,n=1
From (3.16)), we deduce that
T
Gt it = 01U0,mtnt Ba 1 (= AmnT%) + 01 frntt /(T = 7) " Eg (= An(T — 7)") @(7)dr
0

T

t
+ 02U it / Eg1 (= Amnt?®)dt + 02 ftnt / < (t — 7)1 Ep g (— A (t — T))<1>(T)d7>dt. (3.17)
0 0 0
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This implies that
T
It mt = 010 it Ba 1 (—XmnTP) + O2ug it /Eﬁ,l(_)\mntﬂ)dt
0
T
+ 01 frnini / (T — 1) Eg g (= Aun (T — 7)°)®(7)d7
0
T ot
4 0atiar [ ([P Bag(-Amn(t = 1)°)0(r)dr) . (3.18)
0 0

For a shorter, by denoting (t — 7)1 Eg g(—Aun(t — 7)?)®(7) = Apn(B,t — 7,®). From (3.17), the latter

equality implies that

T
It mt = 01%0 it Ba 1 (= AmnT?) = 02t i i / Eg1(—Amnt”)dt
0

Smtnt = T

T t
Hl/Amn(B,T d7-+92/ /Amn(ﬁ,tT, <I))d7')dt
0 0

0

The mild solution is given by

T
oy Imint = 010 it Ep,1 (= AmnT?) — 2t it / Eg1(=Amnt”)dt
(o]
0

flr,z) = Z - a— Uy n(r, 2).

m,n=1
0 Ay (B, T — 7,P)d 0 Apn (B, t — 7, ®)dT ) dt
1/ T T+ 2/(0/ T 7‘)

0 0

3.1. The ill-posedness and stability of problem (|1.1))
Theorem 3.2. The inverse source problem (1.1)) is ill-posed.

Proof. A linear operator P : L2(Q) — L2(2) as follows.

Ro Lo
P = [ [ U050 20 = t6r.2),
0 0
where
T
01, 2) = Gt mt — 010 mint Ba1 (= AmnT”) — O211g it /E,B,l(_)\mntﬁ)dta
0
and

T

m,n=1

U(r 2) = [91 /T A (B, T — 7, ®)dr + 05 / /t Amn(B,t — T,@)dr)dt] Uy (1, 2).
0 0

0

(3.19)

(3.20)

(3.21)

(3.22)



Bui Dai Nghia, et.al., Adv. Theory Nonlinear Anal. Appl. 5 (2021), 3514361 356

Due to 4(r,z) = £(z,r), we know P is self-adjoint operator. Next, we are going to prove its compactness.
Defining the finite rank operators Py y as follows

m,n=1

T t
Pri 1) [91 [ Amnl5.7 = 7 0)dr 4.6, / [ A3t = 7,011 )t . ) o)
0 0
From Py nf and Pf, using the inequality (a + b)? < 2(a?® 4 b?), a,b > 0, we have:

“+00

| Prnf — Ping(Q) < Z

mn=M+1,N+1

01Cs GQCGT
Moo Do

[ ) [

+o00

220t +2¢2(0:1)°) > S )

mmn=M+1,N+1

12303 + 203(6:7)° | || |[72(0 (3.23)

<

M
1

=

<
— \2
)‘MN

in the sense of operator norm in L(L?(2); L2(Q))) as M, N — co. Also,
P is a compact operator. Next, the SVDs for the linear self-adjoint compact operator P are

T T t
VO92(8,8) =01 | Au(B.T —7,8)dr + 0 A (B, — 7,®)d7 ) dt. (3.24)
10/ T T 2({(! T T>

and corresponding eigenvectors is W, , which is known as an orthonormal basis in L2(2). Corresponding
eigenvectors is W,,, which is known as an orthonormal basis in L2(€)). From 7 the inverse source
problem we introduced above can be formulated as an operator equation P f(r,z) = =Z(r, z) and by Kirsch
[30]. Assume that wug .+ ,+ = 0 and g,,+ ,+ is noised data by and Gt it WE have estimate

2t = bt ] e
f _ fe 2 _ min ) _ mi,n i . (325)
H HL%(Q) m;1 |V’?T%:767,2 (57 @)‘2 mgl ‘Vfr%:ff (/87 (I))‘Z

By the Lemma [2.3] and the Lemma 2.5 we know that

1 . Apn

: (3.26)
IVI22(8,0)° ~ [61Cs + 62C6T)°

From ([3.25)) and ([3.26)), therefore in the computation of (3.25)), the small data error can be amplified arbi-

trarily much by the factor ‘Vfﬁ”zQ (8, @)‘_2 which increase without bound, so recovering the source f(r,z)
from a measured data g¢(r, z) is ill-posed. Hence, regularization for this article needs to be considered. [J

3.2. Conditional stability of source term f
Theorem 3.3. If HfHsz @ <M for M s the positive constant, then we get

7] i defined in @),
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Proof. From (3.20)), applying the Holder inequality, we know

- 2 2
gy = 3 Ko ma] Pl a7
L2(Q

m,n=1 ‘Vel ” /Ba )l
SR =
g, ¥ m,n J J
S y g7 m,n >
<mzn:l ‘V91’02 Bv )‘2j+2) <mzn:1’
) ) 7
< o 91l 75 (c) (3.27)
<m;1 Vi)
and this inequality leads to
2 291792 T C —2j = A4J Hf||2 EJ(Q) 393
HfHL% ‘ ﬁv ’ 5)| Z mn‘<f £J>‘ |ZG1,92 BTC)‘QJ ( . )
m,n=1 s L,L5
Combining (3.27)) and (3.28)), we get
2
M
%HHﬁ@) (3.29)
12‘91’92 (8,T,C5)| 7+
whereby
2047 (8,T,C5) = [01C5 (1 = Ega(-AuT?)) + 26T (1 = Bgo(~AuT?) . (3.30)
O
4. A Fractional Landweber Method and convergence rate
In the section, we show the fractional Landweber regularization solution for problem ([1.1)
~+00 2\ v(e)1b
. 01 + 0T |7\ 0V ) Wn(r,2) 1
POz = S P_(1_W1A2> }< &é L o5<bsl (31
m,n=1 mn (ﬁ’ )
and measured data
+00 2\ v(e)7b
c 01 + 6T K Eeylpmn \Ijmn(r Z) 1
Oz = ¥ P(1”1A2> }< %Jw R 5 <bL (4.32)

m,n=1

where b € (3,1] is called the fractional parameter, and [y(e)] > 1 is a regularization parameter, and n €
by 2
<O, ($> > In the case b = 1, it is the classical Landweber method. In the proof section, we need

01 + 0T
the following lemmas:

Lemma 4.1. For0 <A <1,¢>0, ne€N, let r,(A\) := (1 — \)", we get:
rn(AAC < Oe(n+1)7° (4.33)

1, 0<e<l,

Whereﬁcz{ “ s



Bui Dai Nghia, et.al., Adv. Theory Nonlinear Anal. Appl. 5 (2021), 3514361 358

Proof. This Lemma 4.1 can be found in [9). O

1 A 2 01 + 627\ °
Lemma 4.2. For 3 < b< 1,y > 1, choosing n € (O, (91+1;2T> ) then 0 < 7]<1;\L112> <1, by

01 + o7\
denoting z = 17<1:\’—2> , we have the following estimates
11
1
o) [1-(1=27"(5)7% <niy2,
AN S\s _s
b 1—2)7(=)2 < (=)~ 2. 4.34
) A=2(0)F < (5) (4.54)
Proof. The proof can be found in [9]. O

Lemma 4.3. Let £ be given by (3.22) depends on g and ug functions. Similarly, in a similar way we can
find the function definition with the couple (ge,u(),e) are observed data by (g,up) as follows <€6,\I/m7n> =

T
<gev \I’m,n> - <u0767m,na \I"m,n> (QlEﬁ,l(_)\mnTv) + 92 / Eﬂ,l(_)\mntﬁ)dt>;
0

o CiT\?
denoting Cz = 2+ 2| 01C4 + 92)\— then
11

Proof. Using the inequality (a + b)? < 2a% + 2b%,Va,b > 0, see the Lemma it gives

14 = €112

+o0 T 2
= Z <ge -9 \I’m,n> - <UO e —up, ¥ ><91Eﬁ ( )\mnT / dT)
m,n=1 0 L2(Q)

+o0 +oo 9
<2 > [{g—9 Upn)|” + 2 > H<uo,e — up, \Ifm,n>(elc4 + HQ/EBJ( — )\mntﬁ)dt)‘
m,n=1 0

i L3(Q)
CiT

< 2[lge = gll72(q) + 2lluo,c — uol 720 (9104 + 92T1> < CF. (4.35)

4.1. An a priori parameter choice rule

Theorem 4.1. Suppose that f is given by (3.20) m Let fV(E)’l7 1s the its approrimation, assume that conditions

‘L
||f||H2] < M and (L.3) hold. By choosing y(€) = (%)JH, then
|£29% = £l so(qy is of order it (4.36)
Proof. Using the triangle inequality, we get
[T Fllzage) < [T fV(E%bHL%(Q) + [~ Fll 220y (4.37)

We divide the proof into two steps: We receive Hfg(e)’b — fV(E)’bHLQ(Q) as follows:
O, z) = PO, 2)
00 b
0 02112\ (€) e, Vi n)VYmn(s - LWonn )Y,
_Z[l_(l_n‘1+2‘)7}<< n) ()_< n) ()) (4.38)

Amn Virh (5, 9,) Vit (3, @)

m,n=1
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From (4.38)), we received

+00 b
01 + 62T 12\ (o) <£e -4, \Ijmn>\Ijmn(7)
L S I (O e D s
LA(@) m%; ( o 1) Vol (8, @)
400 b
01 + 05T 12\ (e) <€7 \I'm,n>‘11m,n(’a ) <€7 \I’m,n>‘ljm,n('7 )
> [1_ (1 _”‘W‘ ) ] < viarge)  vilpe) ) (439)
m,n=1 m,n y e m,n )
01 + 05T |7
From (4.39), to be able to use inequality in Lemma [4.2] we added quantities | ————| , one has
1b _ b S~ | Voo (8, @ = @) (6 Ymn) Y )
[ f42 = o HL2(Q) = Z 01,0 01,02
M= e VIR e,) VI8, 0)

N i‘f [1 B (1 B n‘elj 92T‘2>v(6)r 0 +92T‘_1
m,n=1 mn

)\mn

91 + 02T /\m,n‘<€e - g: \I/m,n>\pm,n<'a )|
. )\mn ‘ £(91, 927 )\117 ﬁa T) ’ (440)
whereby
,C((gh 02, A1, ﬁ,T) = 91(1 — E571(—)\11Tﬁ)) -+ 92T(1 — EIB72(_>\11T5)).
Using the Lemma {4.3] we can know that
+oo
v(€),b _ pv(€),b 11 (01 + 92T) HEE B g”L%(Q) % ‘<€’ €n>|
[nz PO 3y < @ g S 1 ; VI 5.9)
L1 C7((91 +92T>6 2¢
DO g g ) + (@) o (4.41)
Next, we give
+oo 2 2
Vb 2 L ‘91 + 92T’2 Y] (0, W) |
Hf fHLg(Q) mgl _1 [1 <1 n 4>\mn ) } ‘V%,’QQ (3, @)‘2
+oo 2
01 + 02T |2\ v(e)b 9 2
< 3 [0 O )]
too 2[v(e)]
_ 01+ 65T |2 —2j 2 42
< mgl 1 n‘iAmn ‘ ] A;2 M2, (4.42)
Because of the Lemma [2.5] we know
Vit (8) - 2 ~2j
1 m,n . —2j —1 )
A, < C(0r. 00 01, B.T) this leads to A7 < ‘(91 + 0T )M\, ’5(91,92,)\11757T)‘ (4.43)

From (4.42) and (4.43), we have

01 + 0T 2

)\mn

7792 = ey < €600 02 0 8.0 Y |1

m,n=1

2] 2[v(e)] ‘ 0 + 05T

Amn

< ‘E(Gl,ﬁg,All,ﬁ,T)}2j/\/l2<2];7)j[7(e)]_j. (4.44)
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Hence, it gives

Hf’Y(E)J) - fHL%(Q) S ’£(61,927A117BaT”_jM (2‘7777)5[7(6)]_% (445)

Combining (4.41]) to (4.45)), it can be seen

Z
1 C (91 -+ 92T)6 2¢
()b _ < 0 S
1929 = iz < BT 25,5, 55y * (@)W s
2
SV AL ]
+ L6102, 01,8, 7) [T M(5-) (e 2 (4.46)
n
By choosing [y(€)] by
.L
v(e) = [(M)”l], (4.47)
€
We receive Z; can be bounded as follows:
IR C7(91+92T)77% 2T o g )
Z) < €t M+ Zy VB, T,C AT ’“ . 4.48
< (Zodrys + 2o 2t e . a1 (1.48)
Similarly, from (4.45)) and (4.47), Zo can be bounded as follows:
. ) ]
25 < T MFHT (\5(91,92,A11,5,T)\J (2777> 2>. (4.49)

Finally, combining (4.48)) to (4.49)), the convergent rate can be established as follow

; . N
Hﬁ@tﬂm®sa%M$Qu%%Am@ﬂP(iy

Cr(61 + 62T 26J+
L(01,02, A\11, B, T)

w%%@ﬂ@MHWMM) (4.50)
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