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Highlights
« Trigonometrically convex function is studied.
« Ostrowski type integral inequalities for trigonometrically convex functions were obtained.
* The results of the new type of integral inequalities are determined.

Article Info Abstract

In the paper, we introduce the class of trigonometrically convex functions and using the Holder,
Received: 08 May 2021 Holder-Iscan, Power-mean and Improved power-mean integral inequality together with an
Accepted: 23 Aug 2022 identity we establish some new inequalities of Ostrowski-type for functions whose second

derivatives are trigonometrically convex which is a special case of h-convex functions. Some

applications for special means are also given.
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1. INTRODUCTION
In 1938, Alexander Markovich Ostrowski proved the following important integral inequalty [1].

Theorem 1. Let ¢: I € R — R be a differentiable function on I° (the interior the interval I), such that ¢’ €
Lpy, p2], where py, p; € I (p1 < p3), then

P2
1 M [(w=p)?+(p; — w)?
o) - pf pludu] < —— 2 &

for every w € [pq,p2]- This inequality is known as Ostrowski inequality. Ostrowski, a addressed the
problem of estimation deviation from the integral mean of the function. In recent years inegality (1) has
attracted the attention of many researchers and based on Ostrowski’s inequality studies to obtain various
extensions, generalizations and applications has been included in the literature. See [2-9] and references
therein.

The definition given below is well-known in the mathematical application analysis literature for convex
functions.

Definition 1. A function ¢:1 € R — R is said to be convex on interval I if the following inequality
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p(Tpr+ A —1)p2) ST (1) + (1 —7)0(p2) (2)
is valid for every p,,p, € I and T € [0,1] and ¢ is said to be concave on I if the inequality (2) holds in
reversed direction.

The inequalities shown below are known in the field of inequalities theory as Hermite-Hadamard [10].

Theorem 2. Let ¢: 1 € R — R be a convex function on I and p4, p, € I(p; < p2), then two inequalities
holds:

+ 1 Pz +
(p(pl pz)S f (p(u)dusco(pl) @(.02).
2 P2 1Jp, 2

Convexity theory formed the basis of many inequalities in the pure and applied fields of mathematics. See
[11-12] and the references therein.

Definition 2. Let h: ] = R be non-negative and for all p; € J, h # 0. When ¢ is non-negative function,
p1,p2 €I and a € (0,1), if we obtain

p(ap; + (1 —a)pz) < h(@)p(p1) + h(1 = a)p(py). (3)

We say that ¢: I — R is an h-convex functions (or ¢ € SX(h, 1)) [13].

Definition 3. A non-negative function ¢:J — R is called trigonometrically convex function on interval
[ p1, p2], if forevery w,@ € [ py, p;] and 7 € [0,1],

p(w+ (1 —1)w) <sin (?) @(w) + cos (g) (). (4)

The class of all trigonometrically convex functions on interval I is denoted TC (1) [14].

More clearly, every non-negative convex function is trigonometrically convex function and every
. . . . - - . T
trigonometrically convex function is h-convex function with k() = sin )

For example, nonnegative constant functions are trigonometrically convex, since sin (?) + cos (?) >1
forall = € [0,1].

In [15], a new refinement of the Holder’s integral inequality presented by Iscan is given below:

Theorem 3. (Holder-Iscan integral inequality) Letp > 1 and % + é = 1. If ¢ and y are real mappings
on interval [p4, p2]. If |@|? and | y| are integrable mappings on [p4, p,], then

P2
) f 0(@) y(@)ldw
P1

1 1

Pz p /[ P2
1
< = pf (p2 — w) lp(w)[Pdw pf (0, — ) | y(w)|9dw )
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1 1
P2 ) P2 E‘
+ f(w—pl)lq)(w)lpdw f(w — o) ¥(@)]7de
P1 P1
1 1
1 P2 p [/ P2 q
if) f (02 — @) lp(@)[Pdaw f (02 — @) | ¥(@)]7dw
P2 — P1
P1 P1
1 1
P2 5 P2 E
v f (@ — p1) lp(@)Pdo f (@ — p) | y(@)%dw
P1 p1
1
P2 p [/ P2 q
< f 10 (@) [P dao f 7)) dw
P1 P1

Hélder-iscan integral inequality clearly showed a better result than Holder integral inequality. In [16], a
variation of the holder-iscan inequality is given follows:

Theorem 4. (Improved power-mean) Let g = 1 and % + % = 1. If ¢ and y are real mappings on interval
[a, p,]. If @] and |¢]| y|? are integrable mappings on [a, p,], then

P2
) j l0(@)y(@)ldw
P1

- jz( — ) lp(w)|dw a jz( — ) [p(@)|ly(@)|1dw % (6)
P p P2 @ p P2 4 |4

1

1

L1
q

P2
+ f (@ — p) l9(@)]daw
P1

(

P2
f @ — p0) lo(@)ly (@)|7dw
P1

1
1- =
q

Q=

P2
if) j (03 — ) l9(@)]dw
P1

P2
1
— q
pa—s pf (o2 = )o@ Iy @) do

1

1—

Q|

P2 P2
+ J(w—pl)lq)(w)ldw j(w—m)lfp(w)ll)/(w)lqdw
P1 a

1
1—=
q

P2 %
j lo(@)ly(@)]9 do

P2
< j 0 (@)]daw
P1 P1

Improved power-mean integral inequality showed a better result than Power-mean integral inequality.
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The lemma we need to prove our main results is given below [17]:

Lemma 1. Let I € R, ¢:I — R be a two times differentiable mapping on I° with ¢"" € L[p,, p,] where
01, P2 € I with p; < p,, then

P2
P2 — 1 f pdu =) + (“’ = er p2> ¢ (@)
P1
(w— p1)3 20 (p2 — w)* 2
= n 17} _ d
o] ARG L ey Of r2g" (tw + (1~ Dpp)dr

for each w € [pq, p3].
2. MAIN RESULTS

In this section, we have some Ostrowski type inequalities for functions whose second derivatives are
trigonometrically convex function by using classical integral inequalities, Holder, Holder-Iscan, Power-
mean and Improved power-mean integral inequality.

Theorem 5. Let ¢:1 € R - R be two times differentiable function on I° assume that ¢ € L[p4, p,],
where py,p; € I (p1 < py) . If |p"| is trigonometrically convex on [p4, p,], then

P2

| oaodu- @ + (w i 2)<p'<w) ™

P2 —P1
p1 )3 8 om? _
(w_pl T[_ II T[ n

(p2—w)? [8m—16 2
s | 10 @)+ = i I<p”(pz)l]

Proof: Because the function |¢"’| trigonometrically convex, we have

9" (rw + (1 = Dpp)| < sin (5 9" @)] + cos (%) [0 (o)

and

lp" (t + (1 = T)p)I < sin () 19" (@) + cos () 9" (p)I.

Combining Lemma 1 and trigonometrically convex of |¢"'|, we conclude that

P2
+
2 — p1 f pw)du — g(w) + (a) _P > p2>(p'(w)
P1
1
(w _P1)3 2 (p, — 2
—— rn _ \F2 —@) " B d
= 2(p, —P1)0 vl o+ (1 =npy)lde + 2(p, )f lp" (tw + (1 — 1)p,)|dt
1
(w—py)?

_mo Tz(sm( )I(p”(w)I+COS( )Iw”(pl)l)dr
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1

2(/()%_0213)0 72 (sm( ) lo" ()| + cos ( ) |(p”(p2)|)
[ 1 1 .
= _2(2;)2__!);)13) OfTZsm( ) lo" (w)ldT + !T cos( ) lo" (py)ldT
[ 1 1 1
2(/(?;2—_0;))13) _Of TZSm( )I(p”(w)ldr +bf‘[ cos( )|(p"(p2)|d-[_

By using the above integral calculations, we get

P2
papy f pWdu — p(w) + (w P~ ‘;,02> o' (@)
P1
5§§Zéi?i; Sn;;16"T >++2”2_ |¢"oa)q
*-iﬁégifiﬁ Sn;;16' (@ >|+-2”2 |¢"<p2n]
This is the desired conclusion.
M

Corollary 1. Under the assumptions of the Theorem 5 for w = , we get the following the inequality:

P2
1 j p1t+ P2
(wW)du — (—)
P2~ P1 ¢ ¢ 2
(p p) 4n— o (PP n?-8 p
e o (B522)| + == 400" oL 10" (2D,

where A4 is the arithmetic mean.

Theorem 6. Let ¢: I < (0,00) — R be two times differentiable function on I° with ¢"’ € L[p4, p,], where
p1,P2 €E1(py < py).Ifforp > 1, " |? istrigonometrically convex on [p4, p,], then the following holds:

P2
p1tp2\ ,
pZ_plp[ (p(u)du_‘p(“’)Jr(“’— 2 )(p(w)
1 1
(w_pl)S 1 5 2 a " " 1
= 2(p; — p1) (ZP + 1) (E) (e (@) + lp" (p)]7)4
1 1
(pz—w)®( 1 \p(2\a, .y 1
200, — P (2p+1> (E) (" (@)1 + lp" (p) ). ®

Proof: Because the function |¢"’| is trigonometrically convex, we get
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9" (r + (1 = DppI® < sin (5 [9" w1 + cos (%) 9" (o)1
and
9" (r + (1 = )| < sin (%) Ig” (@)1 + cos (5) I0" (91

Combining lemma 1 and using the Holder integral inequality, we have

P2

p1t+p2\ ,
— plpf P - o) + (0 - 222 ')
1
_ 3

S%o r2|<p"<m+(1—r)p1)|dr+%f 72|¢" (1w + (1 — T)py)ldr

1 l

(@ — a)? 1 P q

2p " — q
S—Z(pz—pl) fr dt Oflqo (tw+ (1 —1)py)|%d7t
1
q

1
(p2 — w)? fz f
+———| [ T°Pdt l"(tw+ (1 -7 |9dt
2005 = p1) J @"( (1-1)ps)

Because |¢'’'|? is trigonometrically convex, we have inequalities

P2

P1 1 1
<L o) ([ sn 2wt con (Do) |
~ 2(p2 —p1) 5 o Y n

) 1
! q

1

' 1
JTZPdT f(SlTl (" )|¢”(w)|q +COS( )I(p”(p )|q)
0 { 01
2p1+ 1>p (%)q (" (@) + l@" (p)]9)a

1 1
(Pz—w)3 1 E 2 E " " 1
N (zp+1> (;) (9" @)% + 9" (9,)]9)7

where

1 1 1
1 T T 2
fTZpdT = i1 and fsin (7) dr = f cos (?) dt = .
0 0 0

Hence our theorem is proved.
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Corollary 2. Under the assumptions of the Theorem 6 for w = Prtpe p2

the inequality:

and p = q = 2, we obtain following

P2
p1t P2
(wW)du — ( )
P2 —P1 pf ¢ ¢ 2
1

N[ =

<L (2 (o () e

1
O @) (o (2 o)

Corollary 3. Under the assumptions of the Corollary 2 for ¢"'(p;) = ¢"' (
following the inequality:

N| =

P1tp2

> ) = ¢"'(p3), we have the

p2 1
1 f (W — (.01+P2> <(P2—P1)2<i)2| ,,(P1+P2>|
o,—p. ) ¢ L R | S V= B o NI
P1

Theorem 7. Let ¢:1 c (0,) — R be two times differentiable function on I° with ¢"' € L[p,, p,], where
p1,P2 €1 (py <pz). If for p>1, |p"|? is trigonometrically convex on [p,, p,], then the following
inequality

P2
Pz_f’l,,jl <p(u>du—<p(w>+(w—” 2y (@) ©
1
< 22 +6p+z) i @10 (Z7) 1o ()]

1
P Y o () oo (Y

1
e o fém) o @i (5=) + 1o ()

P o () o eon (2

wherel+l=1.
P q

Proof: Combining Holder-Iscan integral inequality, Lemma 1 and trigonometrically convexity of |f"'|4
gives

P2
+
P2 —p1 f p(wdu = g(w) + (‘” = 2 p2> ¢ (@)
P1
1
N3
< —2(2)2 _p;)l) J %" (tw + (1 — T)py)ldT + %f ?|o" (tw + (1 — 1)pz)ldr
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1 1

1 p /1 a
< = o omma ( fa-ofon o s wwor)er
w0 [} oo V(1 %
STy of e Of w(sin () lo" @)1 + cos (5) l9" (p0)1%)

(0, — )} 1 p /1 a
= fo-oena ( - oo o s s (D)
—3 b/ é

(o[ on -

1
ot o o)
2(222 pl):)(z J [0 ”<w>"’( =)+l ()|

1
z(f;z p13) ; 2+6p+2) [l @17 (F7) + 107 G017 ()|

1

(
P o () o eon (]

where

1

f(l —1)t?Pdr = !

4p2 +6p + 2’

%

jrzl’“dr 1 ,

2p+2
%

Therefore, the proof is completed.

Remark 1. Because h: [0,) - R, h(r) =r%,s € (0,1], is a concave function, for every u, v > 0, we get

h(u-;-V)Z(u;—v)SZh(u)-zl—h(v)=us-;v5.

Using above inequality, if we consider the right hand-side of the inequality (9) again, we have

1
=)+ 1o ool ()|

(w—py)? ( )
2(pz —p1) \4p* +6p +2

[l @17 (2
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1
im0 z> o )+ 1o Gor (S

3

[

oAl e = ) [l (= 4)+'<0”<pz>"11(4)]a
S P loram(E) v (]
- mf( >% 10" (@17 (2) + 10" o017 (2)]°
2(pz p1) \2p + 2
"1
o) 5[l @it (B) + 10" 1 (B)]*
+2(€;2_a;)1)(2p1+2>p2 — ()2¢ ()

11
— 3 1 5 /2\g 1
% i%<m+zpﬁyWWWWMMWWmW)

+ P20 ( ! )_(n) Aq(lfp”(w)lq lo" (p2)|7).

(p2—p1) \2p+2

This indicate that the inequality (9) is a better approximation than the inequality (8).

Theorem 8. Let ¢: I < (0,0) — R be two times differentiable function on I° with ¢" € L[p4, p,], where
p1,P2 €1 (py < py). Ifforqg =1, |¢p"|?is trigonometrically convex on [p, p,], then the following holds:

p2
P2 — P1 j ‘p(u)du_‘p(“’)J’(“’_lezr—m)‘P'(w) (10)

P1

1

—0.)3 1-2 /8 16 2 — 16 1

1

—w)3 87 — 16 on? — 16 1

+%%?%%() <nn 'WW””+£;f—W%mnﬂf

Proof: From the Lemma 1, trigonometrically convexity of |f''|1 and power-mean integral inequality, we
have inequality

P2
p1t P2
w)du — p(w +(a)— ) "(w
%_mfw> 9(@) —22) ')
P1
(0=p)? | (o= ) |
a)_pl 2 " 2 "
<—— lo" (tw + (1 —1) )Idr+—fr| (tw+ (1 —1)p,)|dT
2002 —p) S TORY Y R P2
1-1 1
W= ([, \ (] ‘
w— Py J 2 f 2 "
<— T4dt |lo" (tw + (1 — 7)py)|%d7
2(p2 — p1) a ¢ P
121

1 1

(p2 — w)? f 5 f
+———"| | t%dr ?|o" (tw + (1 — 7)p,)|%dt
2005 = p1) J @"( (1-1)p2)
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1 1
oo ) (ot son G
0 0

Q-

Q=

1 /1
A foo) ([
0 0

1
(w—p)® I\ "q/8m—1 2m? —
- M7 (= " q " q
2(p2—p1)(3) 3 | (@1 +——73 |<p (pI
1
(p — w)? (1\'"q (8 — 16 2m? —
e 20— n q n q
o2 (5) (T @l + Tl o)
where
1
Zd =_,
T°art 3

We eventually get the desired result and this completes the proof.

Corollary 4. Under the assumption of the Theorem 8 for g = 1, we get the conclusion of the Theorem 5.

Corollary 5. Under the assumption of the Theorem 8 with w = % and p = q = 2, we obtain the
inequality:
1 P2
p1t p2
(w)du — ( )
P2 —P1 pf ¢ ¢ 2
1

1
2 2m?—-16 " ) 2
+ 0" (o)l

1
< (p2 — p1)? (})E 8r—16| (P1 + Pz)
=7 16 \3 N L
1
L2 - p1)° (1)5 8m—16| <p1 + Pz)
16 \3 = | 2

Corollary 6. Under the assumption of Corollary 5 with ¢''(p;) = ¢" (%) = ¢"'(p,), we get the
following the inequality:

1
2 2n%2-16
+—

2
lo" (p2 )|2>

P2 1 1

1 f wd (P1‘|'P2)<(P2—P1)2<2)E n? +4m — 162
po—pr) TR 73

P1

" (Pl + .02)
(p 2 .
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Theorem 9. Let ¢:1 c (0,0) - R be twice differentiable function on I° with ¢" € L[p;, p,], where
p1,P2 €1 (py < py). Ifforq =1, |¢"|?is trigonometrically convex on [py, p,], then the inequality holds:

P2
—— [ wtidu - o) + (0 - 25 p'(@) an
P1

1

1- q

Q=

(a) p1)° (1 " 96 — 412 — 167 . 327T
2(,02 pl)(ﬁ) (kD (w)|q< T4 >+|(P (.01)|q

MChs oD (117 . 1212 — 96 . 23 —4-87r+96
oo (3) <|<p (w)lq<T>+l<p <p1)|q( )

1
(p —w)3 1\ 7q 96 — 42 — 167 32n 96
22 (=) [l @)1t () + e ol (e —

1
q

Z(Pz p1) \12

(02— )® (177 . 122 — 96 . 2m® — 48w + 96
+yr = () <|¢<>|Q<—”n )+|<p <p2)|Q(" nf ))

Proof: Combining Lemma 1, the property of the trigonometrically convexity function of |¢"|? and
Improved power-mean integral inequality, then we have inequality

P2
p1tp2\ ,
P2~ pf o= (@) + (0= H75) 9'(@)
1 1
((1) - p1)3 " (pz - (1))3 "
S—Z(pz_pl)o T2|(P (T(J.)+(1—T)p1)|d‘[+m Tzl(p (T(U+(1—T)p2)|d‘[
(w-p)® [ [ g
—_ 1 _ 2 _ "
=2 | 0T f (1 =07 (sin () lo " (@)1
1
q
+ cos (5) I (o)1) d
L 1
w=-p)* [ [ el a
e 3 3 1 17;
+2(,02—,01) b[‘[ dt bf‘[ Sln |q) ((U)lq+COS( )|§0 (P )lq)
L 1
(p w)? g ot T T a
2 [ " "
2(ps — p1) Of(l—‘t’)‘czd‘r 6[(1—1’)1-2 (sm (7)|(p (w)]|9 + cos (7)|(p (p2)|q) dt
o (1 N[} a
M2 m W) [ 3 3 " .
+2(p2 — 1) OJ-T dr !T sm |<P ()7 + COS( )|<p (p2)|q)

-
Q|

_(=p)® p1NTaf, 96 — 4% — 16m ., 32m — 96
= 30225 () (|<p (amq( = )+|<p (o)l (<= ))
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1

1 =
(w—p)® M\'Taf 122 — 96 . 2m® — 48w + 96\ |1
Ty ) <|<p @) (—n4 ) +1p" ()1 ( = ))
1
(p2—w)® 1N\"af 96 — 42 — 167 . 321 — 96
tar—(3) (|<p (w)w( — ) +lo" (ol (o ))
1

1 =
(p2 —w)® (\'af 122 — 96 . 2m® — 481 + 96\ |1
+m(g) ! <|(P (w)|4 <T> + o (.02)|q< ) >>

where
1

1

f3d—1 and f(l—)zd _ 1
vidr =7 Oridr =,
0

T 96 — 4% — 167
j(l—r)r sm(z)dr i ,

Q|

f(l—r)r cos( )dt—m

m? ’

Remark 2. The inequality (11) gives a better approximation than the inequality (10).

Proof: Because the function h: [0,) - R, h(r) = rS,s € (0,1] is concave function, if we consider the
right-hand-side of the inequality (11) again, we obtain,

1

1 =
(w=p)® (IN"af, 96 — 4m? — 167 . 32m — 96\ \4
25 (3) <|<p (w)w( - )+|<o (o)l (“— ))

1
(w—py)?

naf 12m% — 96 ., 2m® — 481 + 96\ \?
o os(3) e @it (=) e el (T

1
+ (5)
L P2 w)? (%)1—3 (Iw”(w)lq (96 — 47; — 167T> 10" (o))" <32nn: 96>>
(G 1

QR

2(pz — p1)

1
(p2 — w)? (1

S 12m% — 96 ., 2m® — 48w + 96\ \?
) e @1 (F=2) + el (T

2(py — p1) \4
1

_@-p)’ (1)1—3 0" @)1 (1) 4197 (o1 (2 2)
~ (p2—p1) 2




1323 Senol DEMIR, Selahattin MADEN/ GUJ Sci, 36(3): 1311-1324 (2023)

1

1 " q (8T —16 " q <2n2 - 16) q
+(P2 —a))_3 (1)1 o[l ( 73 )+ 9" (p2)] w3
(p2 —p1) \4 2
which is required result and this proves the remark.
Corollary 7. Under the assumption of the Thereom 9 for w = % and g = 1, we get the inequality
below:
17 +
P11 P2
(uw)du — ( )
P2 — P1 f ¢ ¢ 2
% —8

+

P1

(2 —p1)? [4m =8 , (p1+p; " N
<P P T o (B222)] + E ade ol 0 (oD |
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