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1. Introduction

We investigate the following initial boundary value problem:

Uy + A? u—f (t—s)A2u(s)ds+ ul® 0 (u;) = |ul" ' u in Qx (0,+00),
u(x,0) = 14()> ur (x,0) = uy (x) on x€Q, (L.1)
u(x,t) = aiu(x t)=0 on x € 9Q,

where d j (s) denotes the sub-differential of j (s) [1], n is the outer normal and Q is a bounded domain in R" with a smooth boundary dQ.
The Petrovsky type equations are orginated from the study of beams and plates and so often arise in many branches of physics such as optics,
nuclear physics, geophysics and ocean acoustics. Rivera et al. [2] considered

1
s+ Au f/ w(t — 5)A%u(s)ds — yAuy; =0
0

and proved the asymptotic behaviour of solution with the initial and dynamical boundary conditions.
The following problem was studied by Alabau-Boussouira et al. [3]

Uy + Nu— /Ot/,t(t—s)Azu(s)ds =f(u). (1.2)

The authors studied exponential and polynomial decay results of solutions when the memory 1t decay exponentially and polynomially,
respectively. Afterwards, Tahamtani ve Shahrouzi [4] investigated the existence of weak solutions for problem (1.2). In addition, the authors
proved blow up of solutions with positive and negative initial energy in finite time.

In [5], Li and Gao discussed the following equation

1
Ut +A2u*/0 w(t — $)Au(s)ds + us|P "> up = |ul?” . (1.3)
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The authors studied blow up result of solutions under suitable conditions of the initial datum and the relaxation function. Furthermore,
problem (1.3) has been studied by Liu et al. [6] and the finite time blow-up of solutions with arbitrary high initial energy has been proved.
Recently, Liu et al. [7] investigated problem (1.3) with case (p = 2) and proved blow up of solution with E (0) < M, M is positive constant.
Furthermore, the authors studied blow up of solutions with E (0) > M by applying concavity method.

On the other hand, Messaoudi [8] investigated the following problem

uy + A+ |u,\p_2 u = \u\y_z u. (1.4)

The author studied an existence result and global solution in case p > 7. Then, blow-up of solutions with negative initial energy and p < y
was proved. Then, Chen and Zhou [9] discussed blow up with positive initial energy for (1.4) and showed that the solution blows up
in finite time for vanishing initial energy case (p = 2). Moreover, the problem (1.4) with Aw; term has been considered by Pigkin and
Polat [10] and the authors proved decay estimates of the solution by using Nakao’s inequality. Some other studies on Petrovsky equations
are [117, [12], [13], [14].

The hyperbolic models with degenerate damping also are of much interest in material science and physics. It particularly appears in physics
when the friction is modulated by the strains. There are a lot of studies that has degenerate damping terms, namely 8 (u)h(u;) here 6 (u) is a
positive function and # is nonlinear, (see [15-21]).

Motivated by previous results, we prove several results concerning the blow up and exponential growth of solution for the problem (1.1). It
should be noted here that we can say that the study is both quite difficult and interesting and the analysis are more subtle because of the
degenerate damping.

The remaining part of this paper is organized as follows: In the next section, we study the nonexistence of solutions. The exponential growth
result is presented in Section 3.

2. Preliminaries

Now, we present some preliminary material which will be helpful in the proof of our results. Throughout this paper, we denote the standart
£7(Q) norm by ||| = | 2(q and ¢ () norm |||, = | 14(a) -

AD)v,p>0,y>Lov< s y4+1< nzf”z if n > 3. There exist positive constants ¢, co, c1 such that for all s,k € R j(s): R — Rbe aC!
convex real function satisfies

o j(s)>cls,

o j'(s) is single valued and |j' (s)| < co|s]”,

o (' (5) = (0) (s—k) > ey [s— [P+
(A2) g (x) € H} (9) 1 (x) € L2 ().
(A3) Assume @ (7) : RT — RT satisfies

() >0, p'(7) <0,

forall s € RT and

/tu(r)d1<1.
0

—1
(A4) fou()dt < Ty
We use the following notations

l:l—/otu(f)dn
(we0) ()= [ wi—2) [ 100) -0 @ldxar.

The said solution of (1.1) satisfies the energy identity

E@)+yu @) 18P~ 5 (1 oaa) O+ [ [ ()Y ) (2)drdz = E (0) @
2 2 0 Jo J\Ur ’ .
where
1 4 1
£0) =3 [lulP + (1= [ (0)ds) 1aulP + o) (0] -~ Tl 02
and
1 1
£(0) = 5 [P+ 1dwoll?] = =5 ol 23)

Moreover, by computation, we get

E(r) <E(0). (2.4)
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3. Blow up

In this section, we shall prove the blow up results of the solutions for problem (1.1).

Theorem 3.1. Let (A1)-(A4) hold. Assume further that Y > v + p, E (0) < 0 and u be a any solution to (1.1) on the interval [0,T], then T
is necessarily finite, i.e. u can’t be continued for all t > 0.

Proof. We assume that the solution exists for all time and we arrive to a contradiction. Set
H(t)=—E(1). (3.1)
By using (2.1), we get

H (t)=—E'(t)

= ROl = 3 (W od) 0+ [ )] )

> [ @) ) uds

> co/ | ()| |ue| P . (3.2)
JQ
Hence, we find
0<H(0)<H()< a5}, > (3.3)

Y+ 1
Define

K(t)=H'""" (t)+£/ uuydx,
JQ

where p = min{ Zf _;]1))7 2(7;;11> } and € is a positive constant.

Taking the derivative of K(r) and using Eq.(1.1), we get
K'()=(1—p)H P (t)H'(z)+8Hu,Hz—8\|Au||2+8/Ot/,t(t—s)/QAu(s)Au(t)dxds
—e [ w0 ()2 () (1) dx+ e a1}
—(1—p)HP (z)H’(z)+sHu,HZ—e\|Au||2+£/(:u(s)ds||AuH2+s/0tu(t—s)/QAu(t) (Au(s) — Au (1)) dxds
—s/ ()1 0 (6) 9, () (1) +- € |25 (3.4)
By applying Young’s inequality to estimate the fifth term of (3.4) as follows
'/Otu(t—s)/QAu(t) (Au(s) — Au (1)) dds

From (A3), since 0 < < 1. Then it follows from the definition of H(r) that
2

4 1
< /0 H(s)ds [ 8ull® + 5 (wodu) (). (3.5)

5 1, o, 1 2
— || Aul| :YH(t)—i-jHutH +7(/.L<>Au)(t)—l(y+1) ull 71 (3.6)
Combining (3.4)-(3.6), we obtain
K02 0-pH P Or e (14 )l + TH0+ (4 - ;) osn 0
_e/ ()] u( a](u,)(t)dx+£(l (7+1)>H laep 3.7

By assumption [ i (7)dt < L, we have 1 —

> 0.
Y+1 ’ (y+1)
In order to estimate fifth term in (3.7), since g > v + p, from assumption (A1) and thanks to Holder’s inequality and Young’s inequality, we
obtain

V+p+l

+p+1 +p
< [P o) 5 0 ax

'/ ()% u (1) 9 (ur) () dx| <

1

<ao (o aortas) ([ ora)”

Vp+l

p
Y—v—p p+l
<Golof 7 ([Pl a) " ol

V4pt+l

<B(H' ()7 a7
<B (s H () +8 Iy, (3:8)
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_r .
where constant § > 0 is specified later and = CoC, "' |Q] e
Hence, (3.7) becomes

K> [(1-p)H ™ (1)~ eBS 7 | H' (1) +e (1 + %) |+ € 2H (1) + € (1 - 1) (1o Au) (1)

[ I 4
el 11—
" ( (1)

The choice of § (i.e. o= % <% - l(Virl)) [|u] 3:;)7[’) , then

[\

)
+1 +ptl
Yl By

—_

ptl
e llu()lly i =e

Lo LY gt
2 1y ) M

Furthermore, since |[ul|,..; > [(y+1)H (0)] 7T by (3.3)and v+p—y+p(y+1)p <0, then

—
s

I(y+1)

yY_v-p

(r+ 1) 2 5 1 (05

=

> HP (1) |1-p—ep' s (1—#)_

— 1+1 1 1 71% —p w
2H 20 |1-p-eB™F (3= 1ot ) ) P iy
[ 2 (r+1)

_1 " _Y-v—p
where y = (% - m> " (y+ 1P H (O)f, /""" Now, we choose & to be sufficiently small such that

1—p—eftig>o.
Then (3.10) and (3.9) yield

K/ (6) 2 €C [H (0)+ [l (0] + 15} + (o 80) (1)]

where C > 0 is a constant that does not depended on €. Especially, (3.11) means that K (¢) is increasing on [0,7’), with

K(t):Hl_p (t)+8/ ”“deZHl_p(0)+8/ ugudx.
Q Q

We also select € to be sufficiently small such that K (0) > 0, thus K (1) > K (0) > 0 fort > 0.
Letn = ﬁ Since 0 < p < %, itis evident that 2 > 11 > 1. By using the following inequality

by <27 (| ") for m > 1,
applying Young’s inequality, we get
K" (1) <2771 (H (1) + lu )| flue (1)[1)

1
2 s
<C (H(t)+ e ()11 + e (£)] y;f) :
By the choice of p, we have % -p> ﬁ Now applying the inequality

1
a° < <1+5) (b+a), a>0, 0<o <1, b>0,

lan 1

and taking a = [[u )|/, 1 = =)D

< 1,and b = H (0), we obtain

1
e 1 7+l
@i < (14 75) (O + lu@135))
1
<c(H@+u@Iy)-
Therefore, by combining of (3.12) and (3.13), we obatin

K1 (0) <€ (H @)+l (0] + ) 17))

< C(H @)+ lur O + (@)1} + (o) (1))
Thus, (3.11) and (3.14) arrive at
K'(t)>CK" (1), t€[0,T].

|

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

In the end, from (3.15) and n = ﬁ > 1, we see that K (1) = H' =P (¢) + € [ uu;dx blow up in finite time. This completes the proof. [
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4. Growth

In this section, we goal to show that the energy grow up as an exponential function as time as goes to infinity.

Theorem 4.1. Let (A1)-(A4) hold. Assume further that Y > v + p and E (0) < 0 and u be a any solution to (1.1) grows exponentially.

Proof. We define
Z(t)zH(t)—i—S/ uudx, 4.1)
Q
where H (1) = —E (t) and 0 < &€ < 1. By derivating (4.1) and using Eq.(1.1), we have
t
Z’(t):H’(t)+8Hul|\2—s\|AuH2+e/0 u(t—s)/gAu(s)Au(t)dxds—s/Q\u(t)\”u(z)aj(ut)(;)dx+s||u|\;1}
ot t
:H’(t)+£Hu,|\2—s\|AuH2+£/ u(s)ds||Au||2+£/ u(t—s)/Au(t)(Au(s)—Au(t))dxds
0 0 Q
v 7+1
_8/ e (1)[° u () 0 () (1) dx+ e ][ 4.2)

By using (3.5), the assumption (A3) and the definition H (¢), we have 0 </ < 1 and

Z'()>H (1) +e (1+ %) Hut||2+%H(t)+ G - i) (o Au) (1) 78/9|u(t)\vu(t)8j(u,)(t)dx+£ (1 - z(y2+ 1)) lul 741

4.3)
By the assumption [ 1 (7)d7t < 1 and using (3.8), we get
, 1, 1 , 2 11
Z (1) > [1—8[35 P]H ()+e (147 ) Il +eTH ) +e (-7 ) wotu)(r)
2 +1 1
re (1o 2 Il - eBa Iy @)
: : _1(1 1 Y=v—-p
The choice of § (1.6. 6= B (7 — Z(Hl)) Htu+1 ) , then
B3y = e (5 - 7t ) Il
Y+1 2 (Y+1) y+1-
Furthermore, since [[ul|,.,; > [(v+ l)H(O)}% by (3.3) and assumption v + p — ¥ < 0, then
1
1 141 (1 1 o _rpw -
1-epo T z1-ep [(E*I(YH)) (y+1) o0 H(0),
>1-ep'tip
_l} _y-pv Y—v—p
where P = (% - m) "(y+1)" /0 H (0), HW) Now, we choose € to be sufficiently small such that
1—eptrp>o.
Thus,
Z (1) 2 €C [H (0) + g ()] + Nl 1} + (o ) (1) *5)

where C > 0 is a constant that does not depended on €.
Now, applying Young’s inequality, and Sobolev Poincare inequality we have

Z(t) <H (1) +& [ul|[Ju|
< C(H () + |2+ )

Now, in order the estimate ||u||> term we apply the inequality a’ < (a+1) < (1 + H)(a+b) fora= ||u|\ﬁ} JA=2/y+1<1,b=H(0), we
have

2 2
el < €l
2
1\ 71
:c(uunzﬂ) -

< (14 57 ) (g +00)

<C(Hu||$i} H()). (46)
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Thus,

Z(1) < C[H )+ e ()] + 77} + (ot (1)]. @7

Therefore, (4.5) and (4.7) arrive at
Z(t)=2&z(1), 120

This completes the proof. O

5. Conclusion

In this work, we obtained the finite time bolw up and growth of solutions for a Petrovsky equation with degenerate damping in a bounded
domain. This improves and extends many results in the literature.
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