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Abstract

We prove the existence and uniqueness of mild solutions for initial value problems of nonlinear hybrid �rst
order Caputo fractional integro-di�erential equations. The main tool employed here is the Krasnoselskii and
Banach �xed point theorems. An example is also given to illustrate the main results. In addition, the case
of the Higher order Caputo fractional integro-di�erential equations is studied.
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1. Introduction

Fractional di�erential equations arise from a variety of applications including in various �elds of science
and engineering. In particular, problems concerning qualitative analysis of fractional di�erential equations
have received the attention of many authors, see [1]-[14], [16]-[20] and the references therein.

Hybrid di�erential equations involve the fractional derivative of an unknown function hybrid with the
nonlinearity depending on it. This class of equations arises from a variety of di�erent areas of applied
mathematics and physics, e.g., in the de�ection of a curved beam having a constant or varying cross section,
a three-layer beam, electromagnetic waves or gravity driven �ows and so on [6], [7], [9]-[11], [16], [17].
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Recently, Dhage [7] discussed the following �rst order hybrid di�erential equation with mixed perturba-
tions of the second type {

d
dt

[
u(t)−k(t,u(t))

f(t,u(t))

]
= g (t, u (t)) , t ∈ [t0, t0 + a] ,

u (t0) = x0 ∈ R,

where [t0, t0 + a] is a bounded interval in R for some t0, a ∈ R with a > 0, f : [t0, t0 + a]× R → R\ {0} and
k, g : [t0, t0 + a]×R → R are continuous functions. He developed the theory of hybrid di�erential equations
with mixed perturbations of the second type and provided some original and interesting results.

Zhao et al. [20] discussed the following boundary value problem of nonlinear fractional di�erential
equations with mixed perturbations of the second type

CDα
0+

[
u(t)−k(t,u(t))

f(t,u(t))

]
= g (t, u (t)) , t ∈ J = [0, T ] ,

a
[
u(t)−k(t,u(t))

f(t,u(t))

]
t=0

+ b
[
u(t)−k(t,u(t))

f(t,u(t))

]
t=T

= c,

where 0 < α ≤ 1, CDα
0+ is the Caputo fractional derivative, f : J × R → R\ {0} and k, g : J × R → R are

continuous functions, a, b and c are real constants with a+ b ̸= 0. They established an existence theorem for
the boundary value problem under mixed Lipschitz and Carathéodory conditions by using the �xed point
theorem in Banach algebra due to Dhage.

In [1], Ardjouni and Djoudi studied the existence and approximation of solutions for the following initial
value problem of nonlinear hybrid Caputo fractional integro-di�erential equations CDα

0+

(
u(t)

p(t)+ 1
Γ(β)

∫ t
0 (t−s)β−1g(s,u(s))ds

)
= f (t, u (t)) , t ∈ J = [0, a] ,

u (0) = p (0) θ,

where 0 < α ≤ 1, 0 < β ≤ 1, θ ∈ R, g, f : J ×R → R are continuous functions and p : J → R is a continuous
function. By using the Dhage iteration principle, the authors obtained the existence and approximation of
solutions under weaker partially continuity and partially compactness type conditions.

In this paper, we discuss the existence and uniqueness of mild solutions for the following initial value
problem of nonlinear hybrid �rst order Caputo fractional integro-di�erential equations CDα

0+

(
u(t)−f(t,u(t))

p(t)+ 1
Γ(β)

∫ t
0 (t−s)β−1g(s,u(s))ds

)
= h (t, u (t)) , t ∈ [0, T ] ,

u (0) = f (0, u (0)) + p (0) θ,
(1)

where CDα
0+ denotes the Caputo fractional derivative of order α ∈ (0, 1), β ∈ (0, 1), θ ∈ R, p : [0, T ] → R and

f, g, h : [0, T ] × R → R are continuous functions with p (t) + Iβ
0+
g (t, u (t)) ̸= 0. To show the existence and

uniqueness of mild solutions, we transform (1) into an integral equation and then use the Krasnoselskii and
Banach �xed point theorems. Also, we provide an example to illustrate our obtained results. Finally, we
study the Higher order Caputo fractional integro-di�erential equations.

2. Preliminaries

Let C ([0, T ],R) be the Banach space of all real-valued continuous functions de�ned on the compact
interval [0, T ], endowed with the norm

∥u∥ = sup
t∈[0,T ]

|u (t)| .

L1 ([0, T ],R) denotes the space of Lebesgue integrable functions on [0, T ] equipped with the norm ∥.∥L1

de�ned by

∥u∥L1 =

∫ T

0
|u (s)| ds.
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We consider the following set of assumptions.
(A1) There exists a constant Kf > 0 such that

|f (t, u)− f (t, v)| ≤ Kf |u− v|

for all t ∈ [0, T ] and u, v ∈ R.
(A2) There exist functions H,G ∈ L1 ([0, T ],R+) such that

|h (t, u)| ≤ H (t) and |g (t, u)| ≤ G (t) , t ∈ [0, T ].

(A3) There exists a constant Kp > 0 such that

|p (t2)− p (t1)| ≤ Kp |t2 − t1| for all t1, t2 ∈ [0, T ].

(A4) There exist constants Kh,Kg > 0 such that

|h (t, u)− h (t, v)| ≤ Kh |u− v| and |g (t, u)− g (t, v)| ≤ Kg |u− v|

for all t ∈ [0, T ] and u, v ∈ R.
We introduce some basic de�nitions and necessary lemmas related to fractional calculus and �xed point

theorems that will be used throughout this paper.

De�nition 2.1 ([13]). The left sided Riemann-Liouville fractional integral of order α > 0 of a function

u : [0, T ] → R is given by

Iα0+u (t) =
1

Γ (α)

∫ t

0
(t− s)α−1 u (s) ds,

where Γ denotes the gamma function.

De�nition 2.2 ([13]). Let n− 1 < α < n. The left sided Riemann-Liouville fractional derivative of order α
of a function u : [0, T ] → R is de�ned by

Dα
0+u (t) =

dn

dtn
In−α
0+

u (t) =
1

Γ (n− α)

dn

dtn

∫ t

0
(t− s)n−α−1 u (s) ds, t > 0,

provided the right side integral is pointwise de�ned on [0, T ]. In particular, if 0 < α < 1, then

Dα
0+u (t) =

d

dt
I1−α
0+

u (t) =
1

Γ (1− α)

d

dt

∫ t

0

u (s)

(t− s)α
ds, t > 0.

De�nition 2.3 ([13]). Let n − 1 < α < n. The left sided Caputo fractional derivative of order α > 0 of a

function u ∈ Cn([0, T ],R) is given by

CDα
0+x (t) = In−α

0+
x(n) (t) =

1

Γ (n− α)

∫ t

0
(t− s)n−α−1 x(n) (s) ds, t > 0.

In particular, if 0 < α < 1, then

CDα
0+u (t) = I1−α

0+
u′ (t) =

1

Γ (1− α)

∫ t

0

u′ (s)

(t− s)α
ds, t > 0.

Moreover, the Caputo derivative of a constant is equal to zero.

Lemma 2.4 ([13]). Let α > 0 and u ∈ Cn ([0, T ] ,R). Then
1) CDα

0+I
α
0+u (t) = u (t) .

2) Iα C
0+ Dα

0+u (t) = u (t)−
n−1∑
k=0

u(k)(0)
k! tk.

In particular, when α ∈ (0, 1) , Iα C
0+ Dα

0+u (t) = u (t)− u (0).
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From the de�nition of the Caputo derivative, we can obtain the following lemma.

Lemma 2.5 ([13]). Let n− 1 < α < n and u ∈ Cn ([0, T ] ,R). Then

Iα C
0+ Dα

0+u (t) = u(t) + c0 + c1t+ c2t
2 + ...+ cn−1t

n−1,

for some ck ∈ R, k = 0, 1, 2, ..., n− 1.
In particular, when α ∈ (0, 1) , Iα C

0+ Dα
0+u (t) = u(t) + c0.

The following Krasnoselskii's �xed point theorem is useful in the proof of our main results.

Theorem 2.6 (Krasnoselskii's �xed point theorem [15]). Let M be a non-empty closed bounded convex subset

of a Banach space (B, ∥.∥). Suppose that A and B map M into B such that

(i) Ax+ By ∈ M for all x, y ∈ M,

(ii) A is continuous and compact,

(iii) B is a contraction with constant r < 1.
Then there is z ∈ M, with Az + Bz = z.

3. Main results

In this section, we discuss the existence and uniqueness results for the initial value problems (1).
Let us start by de�ning what we mean by a mild solution of the problem (1).

De�nition 3.1. A function u ∈ C ([0, T ] ,R) is said to be a mild solution of the problem (1) if u satis�es

the corresponding integral equation of (1).

For the existence and uniqueness of solutions for the problem (1), we need the following lemma.

Lemma 3.2. u ∈ C ([0, T ] ,R) is a mild solution of (1) if u satis�es

u (t) =

(
p (t) +

1

Γ (β)

∫ t

0
(t− s)β−1 g (s, u (s)) ds

)
×
(

1

Γ (α)

∫ t

0
(t− s)α−1 h (s, u (s)) ds+ θ

)
+ f (t, u (t)) . (2)

Proof. Let u be a solution of the problem (1). Applying the Riemann-Liouville fractional integral Iα0+ on
both sides of (1), by Lemma 2.5, then we obtain

u (t)− f (t, u (t))

p (t) + 1
Γ(β)

∫ t
0 (t− s)β−1 g (s, u (s)) ds

= Iα0+h (t, u (t)) + c,

for some c ∈ R. So, we get

u (t) =

(
p (t) +

1

Γ (β)

∫ t

0
(t− s)β−1 g (s, u (s)) ds

)
×
(

1

Γ (α)

∫ t

0
(t− s)α−1 h (s, u (s)) ds+ c

)
+ f (t, u (t)) . (3)

Substituting t = 0 in the above equality, we have

u (0) = p (0) c+ f (0, u (0)) .

The condition u (0) = f (0, u (0)) + p (0) θ implies that

c = θ. (4)

Substituting (4) in (3) we get the integral equation (2).
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Now we will give the following existence and uniqueness theorems for the initial value problem (1).

Theorem 3.3. Assume that hypotheses (A1)-(A3) hold. Furthermore, if

Kf < 1, (5)

then the initial value problem (1) has a mild solution de�ned on [0, T ].

Proof. Set B = C ([0, T ],R) and de�ne a subset M of B by

M = {u ∈ B, ∥u∥ ≤ N} ,

where

N = KfN + F0 +

(
KpT + |p (0)|+

T β ∥G∥L1

Γ (β + 1)

)(
Tα ∥H∥L1

Γ (α+ 1)
+ |θ|

)
,

with F0 = supt∈[0,T ] |f (t, 0)|. Clearly, M is a closed, convex and bounded subset of the Banach space B.
De�ne two operators A,B : M → B by

(Au)(t) =

(
p (t) +

1

Γ (β)

∫ t

0
(t− s)β−1 g (s, u (s)) ds

)
×
(

1

Γ (α)

∫ t

0
(t− s)α−1 h (s, u (s)) ds+ θ

)
, t ∈ [0, T ] , (6)

and
(Bu)(t) = f (t, u (t)) , t ∈ [0, T ] . (7)

Now, (2) is equivalent to the operator equation

u (t) = (Au)(t) + (Bu)(t), t ∈ [0, T ] .

We shall use Krasnoselskii's �xed point theorem to prove there exists at least one �xed point of the operator
A+ B in M. The proof will be given in several steps.

Step 1. We prove that B is a contraction with constant Kf < 1. Let u, v ∈ M. Then by (A1), we get

|(Bu)(t)− (Bv)(t)| = |f (t, u (t))− f (t, v (t))| ≤ Kf |u (t)− v (t)|
≤ Kf ∥u− v∥

for all t ∈ [0, T ]. Taking supremum over t, then we have

∥Bu− Bv∥ ≤ Kf ∥u− v∥

for all u, v ∈ M. Thus, by (5), B is a contraction operator on M with constant Kf < 1.
Step 2. We prove A is a compact operator on M into B. It is enough to prove that A(M) is a uniformly

bounded and equicontinuous set in B. On the one hand, let u ∈ M be arbitrary. Then by (A2), we get

|(Au)(t)| ≤
(
|p (t)|+ 1

Γ (β)

∫ t

0
(t− s)β−1 |g (s, u (s))| ds

)
×
(

1

Γ (α)

∫ t

0
(t− s)α−1 |h (s, u (s))| ds+ |θ|

)
≤
(
Kpt+ |p (0)|+ 1

Γ (β)

∫ t

0
(t− s)β−1 |G (s)| ds

)
×
(

1

Γ (α)

∫ t

0
(t− s)α−1 |H (s)| ds+ |θ|

)
≤
(
KpT + |p (0)|+

T β ∥G∥L1

Γ (β + 1)

)(
Tα ∥H∥L1

Γ (α+ 1)
+ |θ|

)
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for all t ∈ [0, T ]. Taking supremum over t, we obtain

∥Au∥ ≤
(
KpT + |p (0)|+

T β ∥G∥L1

Γ (β + 1)

)(
Tα ∥H∥L1

Γ (α+ 1)
+ |θ|

)
for all u ∈ M. This shows that A(M) is uniformly bounded on M.

On the other hand, let t1, t2 ∈ [0, T ] be arbitrary with t1 < t2. Then for any u ∈ M, we get

|(Au)(t2)− (Au)(t1)|

=

∣∣∣∣(p (t2) + 1

Γ (β)

∫ t2

0
(t2 − s)β−1 g (s, u (s)) ds

)
×
(

1

Γ (α)

∫ t2

0
(t2 − s)α−1 h (s, u (s)) ds+ θ

)
−
(
p (t1) +

1

Γ (β)

∫ t1

0
(t1 − s)β−1 g (s, u (s)) ds

)
×
(

1

Γ (α)

∫ t1

0
(t1 − s)α−1 h (s, u (s)) ds+ θ

)∣∣∣∣
≤
(
|p (t2)|+

1

Γ (β)

∫ t2

0
(t2 − s)β−1 |g (s, u (s))| ds

)
×
(

1

Γ (α)

∣∣∣∣∫ t2

0
(t2 − s)α−1 h (s, u (s)) ds−

∫ t1

0
(t1 − s)α−1 h (s, u (s)) ds

∣∣∣∣)
+

(
|p (t2)− p (t1)|+

1

Γ (β)

∣∣∣∣∫ t2

0
(t2 − s)β−1 g (s, u (s)) ds

−
∫ t1

0
(t1 − s)β−1 g (s, u (s)) ds

∣∣∣∣)( 1

Γ (α)

∫ t1

0
(t1 − s)α−1 |h (s, u (s))| ds+ |θ|

)
.

Thus,

|(Au)(t2)− (Au)(t1)|

≤
(
|p (t2)|+

1

Γ (β)

∫ t2

0
(t2 − s)β−1G (s) ds

)
Tα

Γ (α+ 1)

∣∣∣∣∫ t2

t1

H (s) ds

∣∣∣∣
+

(
Kp |t2 − t1|+

T β

Γ (β + 1)

∣∣∣∣∫ t2

t1

G (s) ds

∣∣∣∣)
×
(

1

Γ (α)

∫ t1

0
(t1 − s)α−1H (s) ds+ |θ|

)
≤
(
|p (t2)|+

T β ∥G∥L1

Γ (β + 1)

)
Tα

Γ (α+ 1)

∣∣∣∣∫ t2

t1

H (s) ds

∣∣∣∣
+

(
Kp |t2 − t1|+

T β

Γ (β + 1)

∣∣∣∣∫ t2

t1

G (s) ds

∣∣∣∣)(Tα ∥H∥L1

Γ (α+ 1)
+ |θ|

)
=

(
|p (t2)|+

T β ∥G∥L1

Γ (β + 1)

)
Tα

Γ (α+ 1)
|ρ (t2)− ρ (t1)|

+

(
Tα ∥H∥L1

Γ (α+ 1)
+ |θ|

)(
Kp |t2 − t1|+

T β

Γ (β + 1)
|σ (t2)− σ (t1)|

)
,

where ρ (t) =
∫ t
0 G (s) ds and σ (t) =

∫ t
0 H (s) ds. Since the functions ρ and σ are continuous on compact

[0, T ], they are uniformly continuous. Hence, for ε > 0, there exists a δ > 0 such that

|t2 − t1| < δ =⇒ |(Au)(t2)− (Au)(t1)| < ε
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for all t1, t2 ∈ [0, T ] and u ∈ M. This shows that A(M) is an equicontinuous set in B. Now the set A(M)
is uniformly bounded and equicontinuous set in B, so it is a relatively compact by Arzela-Ascoli theorem.
Thus, A is a compact operator on M.

Step 3. We prove A is a continuous operator on M into B. Let {un} be a sequence in M converging to
a point u ∈ M. Then by the Lebesgue dominated convergence theorem, we obtain

lim
n→∞

(Aun)(t) = lim
n→∞

[(
p (t) +

1

Γ (β)

∫ t

0
(t− s)β−1 g (s, un (s)) ds

)
×
(

1

Γ (α)

∫ t

0
(t− s)α−1 h (s, un (s)) ds+ θ

)]
=

(
p (t) +

1

Γ (β)

∫ t

0
(t− s)β−1 lim

n→∞
g (s, un (s)) ds

)
×
(

1

Γ (α)

∫ t

0
(t− s)α−1 lim

n→∞
h (s, un (s)) ds+ θ

)
=

(
p (t) +

1

Γ (β)

∫ t

0
(t− s)β−1 g (s, u (s)) ds

)
×
(

1

Γ (α)

∫ t

0
(t− s)α−1 h (s, u (s)) ds+ θ

)
= (Au)(t)

for all t ∈ [0, T ]. This shows that {Aun} converges to Au pointwise on [0, T ]. Moreover, the sequence {Aun}
is equicontinuous by a similar proof of Step 2. Therefore {Aun} converges uniformly to Au and hence A is
a continuous operator on M.

Step 4. We show Au+ Bv ∈ M for all u, v ∈ M.
For any u, v ∈ M and t ∈ [0, T ], we have

|(Au) (t) + (Bv) (t)|

≤
∣∣∣∣(p (t) + 1

Γ (β)

∫ t

0
(t− s)β−1 g (s, u (s)) ds

)
×
(

1

Γ (α)

∫ t

0
(t− s)α−1 h (s, u (s)) ds+ θ

)
+ f (t, v (t))

∣∣∣∣
≤
(
|p (t)|+ 1

Γ (β)

∫ t

0
(t− s)β−1 |g (s, u (s))| ds

)
×
(

1

Γ (α)

∫ t

0
(t− s)α−1 |h (s, u (s))| ds+ |θ|

)
+ |f (t, v (t))|

≤
(
Kpt+ |p (0)|+ 1

Γ (β)

∫ t

0
(t− s)β−1G (s) ds

)
×
(

1

Γ (α)

∫ t

0
(t− s)α−1H (s) ds+ |θ|

)
+ |f (t, v (t))− f (t, 0)|+ |f (t, 0)|

≤
(
KpT + |p (0)|+

T β ∥G∥L1

Γ (β + 1)

)(
Tα ∥H∥L1

Γ (α+ 1)
+ |θ|

)
+Kf ∥v∥+ F0

≤ N.

This shows that Au+ Bv ∈ M for all u, v ∈ M.
Thus, all the conditions of Theorem 2.6 are satis�ed and hence the operator equation Az + Bz = z has

a solution in M. Therefore, the initial value problem (1) has a mild solution de�ned on [0, T ].
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Theorem 3.4. Assume that (A1)-(A4) are satis�ed and[(
KpT + |p (0)|+

T β ∥G∥L1

Γ (β + 1)

)
TαKh

Γ (α+ 1)

+

(
Tα ∥H∥L1

Γ (α+ 1)
+ |θ|

)
T βKg

Γ (β + 1)
+Kf

]
= λ < 1. (8)

Then the initial value problem (1) has a unique mild solution de�ned on [0, T ].

Proof. From Theorem 3.3, it follows that the initial value problem (1) has a mild solution in M. Hence, we
need only to prove that the operator A+ B is a contraction on M. In fact, for any u, v ∈ M, we have

|((A+ B)u) (t)− ((A+ B) v) (t)|

≤
(
|p (t)|+ 1

Γ (β)

∫ t

0
(t− s)β−1 |g (s, u (s))| ds

)
×
(

1

Γ (α)

∫ t

0
(t− s)α−1 |h (s, u (s))− h (s, v (s))| ds

)
+

(
1

Γ (β)

∫ t

0
(t− s)β−1 |g (s, u (s))− g (s, v (s))| ds

)
×
(

1

Γ (α)

∫ t

0
(t− s)α−1 |h (s, v (s))| ds+ |θ|

)
+ |f (t, u (t))− f (t, v (t))|

≤
[(

KpT + |p (0)|+
T β ∥G∥L1

Γ (β + 1)

)
TαKh

Γ (α+ 1)

+

(
Tα ∥H∥L1

Γ (α+ 1)
+ |θ|

)
T βKg

Γ (β + 1)
+Kf

]
∥u− v∥ .

Thus,
∥(A+ B)u− (A+ B) v∥ ≤ λ ∥u− v∥ .

Hence, the operator A+B is a contraction mapping by (8). Therefore, by Banach's �xed point theorem, the
initial value problem (1) has a unique mild solution in M.

Example 3.5. Let us consider the following initial value problem CD
1
2

0+

(
u(t)− 1

8
sinu(t)

π+sin t+
1/9

Γ(1/3)

∫ t
0 (t−s)−2/3 sinu(s)ds

)
= 1

7 cosu (t) , t ∈ [0, 1] ,

u (0) = 1
8 sinu (0) + π,

(9)

where α = 1
2 , β = 1

3 , T = 1, θ = 1, f (t, u (t)) = 1
8 sinu (t) , p (t) = π + sin t, g (t, u (t)) = 1

9 sinu (t) ,
h (t, u (t)) = 1

7 cosu (t). Let Kf = 1
8 , Kp = 1, G(t) = 1

9 , H(t) = 1
7 . Then hypotheses (A1)-(A3) hold. Since

Kf =
1

8
< 1,

hence (5) holds. Therefore, by Theorem 3.3, the initial value problem (9) has a mild solution. Also, we have

Kg =
1

9
, Kh =

1

7
and λ ≃ 0.957 < 1,

then (A4) and (8) hold. So, by Theorem 3.4, (9) has a unique mild solution.
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4. Higher order Caputo fractional integro-di�erential equations

The method in Section 3 can be extended to the following initial value problem of nonlinear hybrid higher
order Caputo fractional integro-di�erential equations

CDα
0+

(
u(t)−f(t,u(t))

p(t)+ 1
Γ(β)

∫ t
0 (t−s)β−1g(s,u(s))ds

)
= h (t, u (t)) , t ∈ [0, T ] ,(

u(t)−f(t,u(t))

p(t)+ 1
Γ(β)

∫ t
0 (t−s)β−1g(s,u(s))ds

)(k)
∣∣∣∣∣
t=0

= θk, k = 0, ..., n− 1,
(10)

where α ∈ (n− 1, n), β ∈ (n− 1, n), θk ∈ R, p : [0, T ] → R and f, g, h : [0, T ] × R → R are continuous

functions with p (t) + Iβ
0+
g (t, u (t)) ̸= 0.

Lemma 4.1. u ∈ C ([0, T ] ,R) is a mild solution of (10) if u satis�es

u (t) =

(
p (t) +

1

Γ (β)

∫ t

0
(t− s)β−1 g (s, u (s)) ds

)
×

(
1

Γ (α)

∫ t

0
(t− s)α−1 h (s, u (s)) ds+

n−1∑
k=0

θk
k!
tk

)
+ f (t, u (t)) . (11)

The proof is similar to that of Lemma 3.2 and hence, we omit it.

Theorem 4.2. Suppose that hypotheses (A1)-(A3) and (5) hold. Then (10) has a mild solution.

The proof is similar to that of Theorem 3.3 and hence, we omit it.

Theorem 4.3. Suppose that (A1)-(A4) are satis�ed and[(
KpT + |p (0)|+

T β ∥G∥L1

Γ (β + 1)

)
TαKh

Γ (α+ 1)

+

(
Tα ∥H∥L1

Γ (α+ 1)
+

n−1∑
k=0

|θk|
k!

T k

)
T βKg

Γ (β + 1)
+Kf

]
= Λ < 1. (12)

Then (10) has a unique mild solution.

The proof is similar to that of Theorem 3.4 and hence, we omit it.

5. Conclusion

In the current paper, we have studied the existence and uniqueness of mild solutions for initial value
problems of nonlinear hybrid Caputo fractional integro-di�erential equations. We have presented the exis-
tence and uniqueness theorems for the initial value problems (1) and (10) under some su�cient conditions
due to the Krasnoselskii and Banach �xed point theorems. The main results have been well illustrated with
the help of an example. Our results in this paper have been extended and improved some wellknown results.
Acknowledgements. The authors are grateful to the referees for their valuable comments which have led
to improvement of the presentation.
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