Hacettepe Journal of Hacet. J. Math. Stat.
Volume 53 (1) (2022), 757774
Mathematics & Statistics DOI : 10.15672/hujms.936018

RESEARCH ARTICLE

On the existence of weak solutions for a class of
singular reaction diffusion systems

Salim Mesbahi

LMFN Laboratory, Department of Mathematics, Faculty of Sciences, Ferhat Abbas University, Setif,
Algeria

Abstract

We study the existence of weak solutions for a parabolic reaction diffusion model applied
in Quenching endowed with singular production terms by reaction. The singularity is due
to a potential occurrence of quenching localized to the domain boundary. The techniques
used are based on energy estimates to approach nonsingular problems and uniform control
on the set where singularities are localizing.
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1. Introduction

The applications of reaction diffusion systems are numerous, particularly in the model-
ing of real diffusion phenomena in biology, chemistry and engineering, see Levenspiel [19]
and Murray [27,28]. A very interesting case is that of quenching. We recall that quenching
is the rapid cooling of a hot object in the air or in a liquid such as water or oil to obtain

certain properties. The study of quenching phenomena began in 1975 with an article by
Kawarada [15], where he studied a model in one space dimension. This article initiated a
broad study of the quenching problem by many scientific researchers, including work on
existence, the structure of quenching points, the asymptotic behaviour of solutions, etc.
Since then, this notion has been widely studied and developed in hundreds of books and
scientific articles. For a detailed survey, we refer also to Levine [20].

The quenching phenomena have been studied by many researchers and therefore we find
a lot of works in this field. This is due to its many and varied applications in the fields of
science, especially engineering. We find a lot of models in Constantin et al. [6], Kiselev
and Zlatos [16] and Marion [22]. For example, quenching can increase the hardness of
metallic or plastic materials, to see other examples we refer to Aris [3], Muntean [26] and
references given there. In this kind of problems, singularities can appear in the solutions of
the systems formulated. This can complicate the theoretical and numerical mathematical
analysis of the problem.

In this work, we are interested in the study of a singular reaction diffusion system. For
modeling and mathematical analysis of this type of problem, several methods have been
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proposed; see for example, [1,2], [4], [5], [7], [9-14], [21-24], [29-33], [37] and corresponding
references therein.

The study of specialized behaviour for reaction diffusion systems has been an active
area of research for decades. Two types of specialized behaviour, solution explosion and
solution quenching, have been of particular interest more recently. In explosion problems,
the solution becomes unbounded in finite time, i.e. when t approaches the explosion
instant T, which is finite. Naturally, the reason for this behaviour of the solution is due to
the singularity of the nonlinearities. In quenching problems, the solution remains bounded
while the first order time derivative becomes unbounded in finite time. We refer also to
Salin’s works [30-33], Selcuk [34] and to references therein for more detailed information
and a mathematical analysis of models involving singular terms.

So, the objective here is the study of a notion which one calls “quenching” generalizing
that of the explosion. We are then interested in the study of the existence of weak solutions
of the following reaction diffusion system with singular nonlinearities :

@—Au:F(t,x,u,v) in Qr
gt (1.1)
a—:—Av:G(tjm,u,v) in Qr

with the initial conditions

uw(0,2) =ug () inQ
{ v(0,7) = v(?(x) in O (1.2)

and the following boundary conditions
u(t,z) =0  on Iy x(0,7)
v(t,x)=0  onTy x (0,7)

0
(‘TZ ~0 on Ty x (0,T) (1.3)
ov
520 onT'; x (0,7)
with s
F(t,ﬂi’,T,S) = f(t,(E) Ti’y
i (1.4)
G (t,z,r,s) :g(t,x)ﬁ

where Q7 = Q x (0,T), Q is a bounded Lipschitz domain of RN | N > 2 and T > 0. v is a
real parameter such as 0 < v < 1. I'y and I's are such that I'y UT's = 9Q and I'y N Ty = ¢.
The Haussdorfl measure of I'y and 'y does not vanish. Here v denotes the outer normal
to 99). The functions f, g : Qr — R and satisfy the following conditions :

f,9€ Ll (Qr) , f>0 and f+g<0 (1.5)

Note that the functions F' and G are singular at » = 0, and we assume that the functions
ug and vg are such that

ug, vo >0 and wug, vy € L™ (Q) (1.6)
We will study our problem in the following spaces :

V={pcHQ):9p=0 onTi}

W={¢pecH Q) :9=0 onTy}

The dual spaces of V' and W, respectively, are denoted by V* and W*.

The problem (1.1) — (1.4) consists of a weakly coupled system whose right term is
singular in the variable u. We hear that the nonlinearities F' (¢, z,r, s) and G (¢, z,7,s) can
become unbounded to the neighborhood of r = 0.
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The main contribution is to study a reaction diffusion system with singular and nonreg-
ular nonlinearities F' and G dependent on the independent variables ¢ and x and on the
unknown functions v and v. The functions f and g verify simple properties, this allows
us to choose them from a wide range.

We confirm that the studied model is not only applied to the quenching phenomenon,
but can also be applied to other singular reaction diffusion models in different scientific
fields.

Before stating the main result of this work, it is worth mentioning that several math-
ematicians have dealt with this type of problem using various analytical and numerical
techniques and methods, under different hypotheses as appropriate, see for example, [4],
[7], [9-14] and [37].

This document is organized as follows : In the next section, we state our main result.
In the third section, we give a result concerning the nonsingular approximating problem.
In the fourth section, we give important a priori estimates. The fifth section is devoted
to some important results of convergence and compactness. In the sixth section, we prove
certain properties relating to our problem near the singularity. The last section is devoted
to prove the main result. The paper ends with a conclusion and some perspectives.

The difficulties in this work are similar to those in [9-14], and the techniques are of the
same spirit, but specific new difficulties due to the nature of the system must be handled.

2. The main result
We first introduce the notion of weak solution to the problem (1.1) — (1.4) used here.
Definition 2.1. A weak solution to problem (1.1) — (1.4) is a nonnegative couple
(u,v) € [L*(0, T3 V) N L®(0,T; L*(Q)] x [L*(0,T; W) N L>®(0,T; L*(2))]

with

(uts ve) € [L2(0, T3 V") + L0, T Lige ()] x [L*(0, T3 W) + L1(0, T3 Ljoe())]
such that

u(0,z) =uo(z) , v(0,z) =vo(z) ae xz€N
/QTf;;gb<+oo , /QTg;n<+oo

and

0
—/ uo(z)p(0, ) —/ u£+ VuVyp = / Fyp
0 Qr Ot Jor Qr

- [w@woa [ oZx [ v = [ G

for all ¢, n, ¢, ¥ € C§°([0,T) x Q).
Now, we can state the main result of this work :
Theorem 2.2. Assume (1.4) — (1.6), then there exists a weak solution (u,v) to problem
(1.1) — (1.4) in the sense of Definition 2.1.
3. Nonsingular approximating problem

To study the problem (1.1) —(1.4), we consider the nonsingular approximating problem.
Essentially, we are truncating in such a way as to eliminate the singularity. In this case,
we define the sequences of functions f,, and g,, such that

fo(t,x) = min{n, f (t,x)}
gn (t,z) = —min{n,—g(t,x)}
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It is easily seen that f,, and g, satisfy the same properties as f and g, moreover,

0<fu<f ) lim f,=f
n—-4o00

g<gn<0 , lim go=g
n—-+00

The approximate problem is the following :

Find (un,v,) in [L2(0,T;V) N L¥(Q7)] x [L*(0,T; W) N L¥(Q7)]

such that
(un)t — Auy, = F, (t x unavn) in Qr
(Un); — Avy = Gy (t, 2, up, vp) in Qr
Up, (0,2) = ugp () in Q
v (0,2) = v () in
up, (t,z) =0 on Ty x (0,7) (3.1)
vp (t,x) =0 on I'y x (0,7)
a(;ZL:O on I's x (0,7)
vy,
S =0 on Ty x (0,7)
where
Un .
fot,z) ———  ifu, >0and v, >0
Fo(t,z,up,vn) = (un + %)7
0 otherwise
Un .
gn (t,2) ———— if u, > 0 and v, > 0
Gn(t, z,up,vy) = (up + %)V
0 otherwise

while ug , von € L®(Q) N HE(Q) are suitable regularizations of the initial data obtained
by a standard convolution technique (see [8]) such that

Al @ =0 (3.2)
1
i oo =0 53

We have the following important result :

Lemma 3.1. Problem (3.1) admits a nonnegative couple of solutions :
(un,vn) € [L*(0,T5V) N L=(Qr)] x [L*(0,T; W) N L™®(Qr))]
such that

~ [ wontaroto.) ~ [ w2l | vaves [ Flrune 34

~ [ woale)o(0,2) - / o2l 4 [ Vuvu= [ Gutauue  (35)
Q ot Qr

for every ¢, ¥ € C§°(2 x [0,T)).

Proof. For simplicity, we suppose g, = 0 and vy, = 0. Then, by a direct application of
the method of Stampacchia in [36], we can prove the positivity of the solution by taking
as test function in the first equation of the problem (3.1) the function ¢ = —u,,, where

Up = ut —u, , ul =max{u,,0} , wu, =max{—u,,0}
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Since u,} = 0 on the support of u,, we have that the right hand side of (3.4) is zero
because

Un .
fn(tyx) ——=— if up, > 0and v, >0
E,(t,z,up,vy) = ! (un + %)7 " "
0 otherwise
so we have
/ (wn)e(—u) + | VunV(—u;) =0
T Qr
which give

[t =) + [ V=) vieu) =0

We observe that on the support of u;, we have u,}.u;, = 0, he comes

1/9(u,:)2(t)+/QT|V(u,_L)\2:O, for all ¢ € [0, 7]

and we deduce that

u, =0 ae. inQr
i.e. that u, > 0 a.e. in Q and for all ¢ € [0,T"). In the same way, we prove that v, > 0,
by choosing as test function ¢ = —v,,. ([l

In everything that follows, we denote with C' a generic constant. Usually C' is thought
to be independent of n, if not otherwise mentioned. Before giving the proof of our result,
let us denote by T} the truncation function

Tk (s) = max{—k,min{k,s}}, k>0,s€eR
and by G the function
Gk (s) =s—Tx (s)

In the following, we will denote by (-,) the duality product between V* and V (and
also between W* and W).

4. A priori uniform estimates

4.1. Uniform estimate for (u,,v,) in L>(Qr)

Proposition 4.1. There exist positive constants My and Mo, independent of n, such that
unll Lo (@) < M (4.1)
lvnll Loo (@) < M2 (4.2)

Proof. The uniform estimate (4.1) for the sequence {u,} follows directly by Proposition
2.13 in [11] with some abbreviations that go along with our problem. For simplicity we
suppose vg ,(x) = 0. To handle the equation solved by v, we choose as test function

Y = G, (vn) = (vn — M2)+
with My > 1 fixed, we obtain, with Q; := Q x [0,¢)

/ (Un)t (Un - M2)+ + g anV (Un — M2)+

gn (t,x) Uin” (v, — ]\42)Jr <0
(un + E)
Neglecting the nonnegative term on the left hand side, it comes
(v, — M2)+ =0 a.e. in Qr
which proves (4.2). O

Qt
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4.2. Energy estimate for (u,,v,) in L*(0,T;V) x L*(0,T; W)
Proposition 4.2. There exists a positive constant C, independent of n, such that
HunHL2(0,T;V) + HUNHLQ(O,T;W) <C (4.3)

Proof. Choosing as test function ¢ = u, € L?*(0,T;V) in the first equation of problem
(3.1) solved by u, and integrating over € x [0,t), we obtain

1d 2 UnlUn
- dt n n (t,
2dt/ +/ Vel / fn (t:) (wa+ 1)

which give
UnUn

1/ 2 2 1 2
5 L @dt [ Vunl = 3 lwonllae + [ fata)
2 Ja Qr 2 LT Jo, (wn+ 1)

n

By observing that 0 er"l y <wul™and 0 <1 -~ < 1, we obtain

Vpll _ _
/° fo (t,7) 77— < ﬁwa,m)ui’%mfgsupkdi”vny/ fn<C
T (un + 5) Qr Qr
We then obtain
|l Lo 0,m522(0)) < C

For the second equation of problem (3.1), we choose as test function ¢ = v, € L2(0,T; W).

We obtain
UplUn

dt+/ Vo2 = fHUOnH +/ PR L
2/ L@ (un+l)7

n

1 2
< 5 HUO,nHLZ(Q)

which give
[vnll Lo 0,1 L2(02)) < C
hence the inequality (4.3). O
Proposition 4.3. There exists a positive constant C, independent of n, such that
/ fn (t, ) Uin”gpz (x) <C , forallneN (4.4)
/ gn (t.2)] "0 (2) S C . foralin €N (4.5)
Qr (un + E)

for every ¢, € C§°(Q2).

Proof. (i) We multiply the first equation of problem (3.1) by the test function ¢?(x), we
get
T o, )
/ ()i, o (@) + 2/ VunpVip = / o (t,2) 759" (@)
’ (0 +3)
which give
Un

fultw) — s (@) <2 [ [Vl Il [Vl +C
Qr (wn+ 1) Qr

this gives, by applying the Holder’s inequality and the previous Proposition

QTfn(t,x)Mso (& >sc+2(/QT|wn|2.sa2)é.(/QTwPf <0y
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which proves the inequality (4.4).
(ii) In the same way, but this time we multiply the second equation of problem (3.1) by
the test function 1?(z), we get

/()T<(Un)t7¢2($)> —I—Q/QT Vo, pVip = /QT gn (L, 2) sz( 2)
which give
|/0T<(Un)t,¢2 x > -1-2‘/QT anwv?ﬁ‘ > /Tgn (t, ) MW ()

We choose C so that

| ot (W @ <Cv2 [ 9ul.1ul 199

this gives, by applying the Holder’s inequality and the previous Proposition

/. rgn<t7x>|(ufl)vw2 (1) < C 12 (/Q |vvn|2.¢2f.(/QT\wF)é e

which gives the desired result (4.5). U

4.3. Uniform estimate on critical sets
In this paragraph we will consider the following critical sets
{(t,z) € Qr : up(t,x) <6} and {(t,x) € Qr : vp(t,x) < 0}

These sets are prone to hosting the locations of the singularity. In fact, we wish to
avoid a potential blow up of the solutions on these sets. This is ensured by the following
Proposition :

Proposition 4.4. For v > 0, we have

4.6
/QTH{O<un<5} f ( %)W 4,0 ( )

Un, Co'  ifo<~y<1
n (t, 4.7
/Qm{ogvngé}f ) [ { oVe  ify=1 (4.7)

Un,
/ 90 (8, 2)] ——"<7¢" (z) < C6 (4.8)
Qrn{0<v, <6} (un + E)

Un 2 C5'T ifo<y <1
n (b z)| ———= < : 4.9
Loy o .2 oty {Cf A (9)

for every ¢ € C3°(2) with ¢ > 0.

Proof. (i) We prove first (4.6). Following the same ideas as in the proof of Proposition
2.20 in [11], we choose as test function in the equation solved by wu,, the function ¢, =
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M¢2(gg}, with ¢ € C§°(Q2) and ¢ > 0. Therefore we get

I <<un>t T 2O 20} 4L g VeV (T~ (un — 6)7)) ()

+2 fo, Vn T”(_(“; —97) v, (4.10)
Un T (—(upn — 5)7) 2
= fQT fn (t7$) ( 1\7 2 (:E)
Uy, + 5) g
First, we show that
T —(uy — 8)~
[t T2 =) 20 > g (@11

where || is the Lebesgue measure of Q. For that, we introduce the function v,, =

w, where u,, is, for any fixed n € N and o € N, the solution of the following

o
ordinary differential equation problem

1
{ = [unpl; +tny = un (4.12)

Un,v (0) = Uo,n
The function w,,, satisfies the following properties (see [17] and [18]) :
Uny € L2(0,T; Hy(Q)),  (unw)e € L*(0,T; Hy(%2))
unwllLoe@r) < lJunllLoe(@p)
Uny — uy, in L20,T; HY(Q)) as v — +oo
(unw)t — (un)e in L2(0,T; Hy'(Q)) as v — +o0

So, we have

o (4.13)

N (P L L

Introducing now the function ®,(s) := fo(s—ﬁ)* L20) 4. from (4.13), we obtain

(e

7To(<un,ll —0)7) 4

lim. QT(un,y —6); 5 ¢°(x)
—im [ Lo, (u)
V—r00 QT dt ’
~ lim /Q Dot — 8)"(T) — Jim /Q B, (1 — 6)(0)

vV—00

> _ lim /pra(un,,, —5)7(0) = —/Qcpg(un —5)7(0) > —|9
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which proves (4.11). By (4.11), observing also that M = 0 on the set {(z,t) €
Q1 : up(x,t) > 6}, the equality (4.10) becomes

(%) To((uny —0)~
~7 (( ) ) )902(1:)

<2 Jorafun<ay [Vinl -#- [V +619]

1
P fQTm{a—agunga} Wun’z -902 (z) + fQT fn (t,2)

(4.14)
Using Hélder’s inequality in the right hand side of (4.14), we obtain
Un To((uny —0)7) o
fn (t,2) : ¢ (z)
Qr (un + %)7 a
: )
< 2 </ IVun|2-902> (/ |V90|2> +49
QrN{un<d} Qr
Now, we can prove that
/ Vun 202 (z) < C6 (4.15)
QrM{un<d}

Indeed, multiplying problem (3.1) by the test function —(u, — §)~¢%(z), ¢ € C§°(Q),
¢ > 0, we obtain
Jo (Cun)es (= (un = 8)7)p%)+
Jorngun<oy Vun?9* =2 [, Vin(un — 6)7¢Ve <0

For the first term of (4.16), we follow the same arguments as those used to obtain (4.11),
he comes

(4.16)

T
/0 ((un)e, (= (un = 6)7)*(2)) = =610 (4.17)
By (4.17), the inequality (4.16) becomes
/ Vi 2 < 2 Vitn| (6 = un) | Vig] + 012
QTm{unS(S} QTm{un<5}

which, by Holder’s inequality and (4.3), leads to

1 1
Lo wmPe ([ vunie) ([ weR) + ol
QrM{un<d} Qr Qr
<o

Thus, (4.15) holds. Finally, we have obtained that

Un o((uny —0)~
un+1)”T(( 5 ))902(x)§05 (4.18)

Qr

n

fn (L) (

Now, we can pass to the limit in (4.18) for ¢ — 0 and n fixed. For this we use Lebesgue

dominate convergence Theorem since M — 1 a.e. on the set {(z,t) € Qr :

up(t,x) < 0}. Therefore, we obtain

/ fu
QTO{OSUH Sé}

and hence (4.6) holds.
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(ii) We are now focusing on estimation (4.7). If 0 < v < 1, we consider the decomposi-
tion v
Jornfo<o<sy n (&, ) %@2 (z)

(Un + E)

v

= fQTm{ogvnga}m{ogunga} fn (t,2) (nl)y@z (z)

n n

+ fQTm{ogunga}m{un>5} fn (t,2) 1)v¢2 (z) (4.19)

< Jornio<un<sy fn (£, 2) (ul)W’Q (z)

+ fQTm{ogvnga}m{un>5} fn (t,2) w@2 (z)

=h+1
By (4.6), we obtain
L <C§ (4.20)

1 ¥
To handle the term I, we proceed as follows : Since v,, < § and ( + un) > 7, he
n

comes m < 5%. Then

1
n

)
I2 < Jorn{o<vm<synfun oy fn () 57502 (@) = 0177 fo, fn (t,7) ? (2)

4.21
< 81 sup |¢* (2)] Jo, fn (@) < COI 2!
e

If v =1, we consider the decomposition

fQTm{Ogvnga} fn (t, ) ©? (z)

n
Un

1
= fQTﬂ{Ogvngé}ﬂ{Ogung\/S} fn (t,2) m<ﬁ2 (z)
Un,
+ fQTﬂ{ngngé}ﬁ{un>\/S} fn (t,2) wn + %902 (z)
Un
T2 902 (x)

(4.22)

< fQTm{ogung\/S} fn (t, x) u

n

n__ 2
xT
un—l-l(p (=)

n

+ fQTﬂ{Ogvn§5}ﬁ{un>\/S} fn (t )
= Jl + JQ

Choosing as test function in the equation solved by w, the function

with ¢ € C3°(2), ¢ > 0, and repeating the same arguments of the proof of (4.6), we obtain

J <CVs (4.23)

For the term Jo, since v, < ¢ and % + up > V0, he comes % < %, we obtain

Un+ L
fQTﬂ{OSvn§6}ﬂ{un>\/¢§} fn (t7 $) uy + %902 (ZL‘)

<V Jornfoon<sinfunsvay Fn (6:2) 9% (@) (4.24)
< Vosup | (@)] fo, fu (t,2) < OV

Un

Therefore, by (4.18) — (4.24), we finally obtain (4.7).
We proceed as in the previous cases (i) and (ii), we easily arrive at (4.8) and (4.9). O
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5. Convergence and compactness results

To pass to the limit as n — oo in (3.4) and (3.5) we need strongly convergent subse-
quences, which ensured by the following Proposition.

Proposition 5.1. There exists a couple
(u,0) € [L2(0, T3 V) N L%(Qr)| x [L*(0, ;W) N L=(Qr)]
such that, as n — oo, we have
Uy —u  weakly in L*(0,T;V)
vy = v weakly in L*(0,T; W)
Up = u  weakly in L=°(Qr)
v, = v weakly in L (Qr)
U, = u  strongly in L*(Qr)
v, — v strongly in L' (Qr)

Uy — U a.e. in Qp

A~~~ N A/~ /N~~~

o NS ;s ooho
~— ' ~— ~— ~— ~— ~—

Vp =V a.e in Qp
up to a subsequence.

Proof. Convergences (5.1) and (5.2) are direct consequences of (4.3). The same thing
applies to convergences (5.3) and (5.4). To prove (5.5) and (5.7), we observe that the
estimate (4.4) leads to

v
fa(t,2) —"5—9? € LNQr) , Vo € C§(Q) (5.9)
(un + E)’Y
In addition, we have

o 2

@g?’) is bounded in L2(0,T;V*) + LY (Qr) (5.10)
. N . .

By (5.10), choosing s such that s > 5 + 1, using the same argument as Lemma 2.3 in
0 N
[25], we deduce that (?;;‘P) is also bounded in Ll(O, T; H*). Consequently, since s > 2

we find that
V CLP(Q) Cc H?®(Q)
and the embedding V' — LP(2) is compact. Applying now Corollary 4 in [35], by (5.10)

and the compactness results we deduce that u,¢ is relatively compact in L?(Qr). Hence,
up to a subsequences, convergences (5.5) and (5.7) are satisfied. In the same way for the

sequence {v,}, we find (5.6) and (5.8). O
Proposition 5.2. We have
lim IV (up, —u)|* =0 (5.11)
n—o0 QT
lim IV (v, —0)> =0 (5.12)
n—oo QT
Therefore,
Vu, - Vu a.e. in Qr (5.13)
Vv, = Vv a.e. in Qr (5.14)

Proof. This result can be obtained as a particular case of Proposition 3.14 in [11]. O
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6. Uniform estimate near the singularity

We consider the set {(t,z) € Qr : u(t,z) = 0 a.e. in Qr}. As a consequence of the
uniform estimate near the singularity (4.6), we have the following Proposition :

Proposition 6.1. The couple (u,v) as a solution to (1.1)—(1.4), in the sense of Definition
2.1, satisfies

/Q g 69 Ly =0 (6.1)
L o 960 50 =0 (62)
for all b, ¢ € C([0,T) x Q) with ¥, ¢ > 0. Moreover, it holds
o St o= f ) g (6.3)
f, o go=[ g o (64)

Proof. (i) We consider a test function ¢ € C§°([0,7) x Q), ¢» > 0, with suppy =
0, Ty xY, Ty <T,Y cCC EcCc Qand ¢ € C}(Q) with p(z) = 1 over Y, ¢ > 0 with
supp ¢ = E. By the uniform estimate (4.6), we obtain

fn (t,2) ¥ (t, @)

U
(up + %)7

(%)

< 00 nty T I~
<Moo [ 000 X

/QTO{“n<5}

UTL
< HZ/}HOO/QT fn (t, ) m@z(l‘)x{uﬂ<6} <Cd
On the other hand,
Un
fQT fn (t,2) mx{und}w (t, )
Up "
= Jar I (6:2) G X <5 X sy ¥ (82) (6.5)

Un,
+Jgp fn (t,2) mx{un<5}x{u¢5}¢ (t,z) <C6

We observe that there exists at most a countable set D; such that meas{(t,z) : u (¢,z) =
0} > 0. We choose 6 outside of this set Dj, so that, in (6.5), the integral

Un, .
/QT fu(t2) (up + %)’Y X{un<5}x{u:§}w(t’ ) =0
So, we have
Un
fQT fn (tvx) 1,[)(75,33)

(um + 27 Mun<s)
= Jar Jn(4:2) mx{und}x{u#}iﬁ(tvw) < C6
Since by (5.7),

Xpup<stXquzsy 7 Xu<sy &€ in Qr

Applying Fatou’s Lemma in (6.6) for § fixed, leads to

v
[ (00) X gy 2) < O
T
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Using again Fatou’s Lemma in the last inequality for § — 0, we get
v
t,x = / t,x) —Y(t,x 0 6.7
[T o) = [ 1) e e) = (6.7
this leads to

) g = [ ) ) (638)

which are the desired 1dent1t1es.

(ii) In the same way with some simplifications, we prove (6.2) and (6.4). We consider a
test function ¢ € C§([0,T) x ), ¢ > 0, with supp ¢ = [0, T2] x Y, To < T,Y CC E CC Q
and ¢ € C}(Q) with p(z) = 1 over Y, ¢ > 0 with supp ¢ = E. By the uniform estimate
(4.9), we obtain

Un
/Tﬁ{un«s} l9n (£, ) m¢ (t,)

n
v
< ||¢||oo/ |gn t,x ‘mx{un<5}
n n

Un 2
< _'n
Col— ifo<y<1
CVs ify=1

On the other hand,

= fQT |gn (¢, )|

Un
mx{%d}wt,@

Un,
mx{un<5}x{u:5}¢ (t, SL‘)

Un
+ Jo, lgn (8, 2)] mX{und}X{u#}(ﬁ (t, )
{051—7 ifo<~y<1

(6.9)

CVs ify=1

We observe that there exists at most a countable set Dy such that meas{(t,z) : u (t,x) =
0} > 0. We choose 6 outside of this set Da, so that, in (6.9), the integral

Un o
/;T’gn(tvx)‘(un_+;yvxkun<a}xtua}¢(t’x)“0

So, we have

Un
Jor 19n (£, )] mx{un<a}¢ (t,z)
vp
= Jor 19n (8, 2)| mx{un<(s}x{u¢5}¢(t’ z) (6.10)

< célr ifo<y<1
CvVs ify=1

Since by (5.7),
X{un<6}X{u¢6} - X{u<5} a.e. in Qp
Applying Fatou’s Lemma in (6.10) for § fixed, leads to

v Col7 if0<y<1
/QT ’gn(tvx)‘aX{u<6}¢(tv ) { C\/> lf’yzl
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Using again Fatou’s Lemma in the last inequality for § — 0, we get

v v
J, o gt = [ gl e =0 )
this leads to
v v
t,x)| —o(t,x :/ t,x)| —o(t,x 6.12
G G R NN U P (8 (612)
which also means that
v v
t,x) —o(t,x :/ t,x) —o(t,x
[, o geta=[ g2 Fo
this is the desired result ]

7. Proof of the main result

Now, we give the proof of the main result of this paper. Since uy,v, > 0 a.e. in Qr,
thanks to (5.3) and (5.4) we obtain u,v > 0. Thanks to the convergences (5.5) and (5.6),
we can now go to the limit in the parts involving the time derivatives of (3.4) and (3.5).

By (5.11) and (5.12), the sequences (Vu,) and (Vv,) are equi-integrable. By (5.7),
(5.8), (5.13) and (5.14), thanks to Vitali’s Theorem (see Theorem 1.0.16 in [19]), we
obtain

Vu, = Vu in L*(Qr) (7.1)
Vv, = Vo in L*(Qr) (7.2)

We deal now with the singular lower order terms. Let be D = [0,71] x K, T} < T, such
that K CC E CC Qand ¢ € C§°([0,T) x Q) with suppy = D. Let ¢ be a function such
that ¢(z) = 1 on the set K, 0 < ¢ <1 and supp(yp) = E. For any § > 0 we have

Jop fn (t2) — " (t, )

(un + %)’Y
Un,
= n(t,x) ————u (t,x
Jorn{o<un<sy In ( )(U%4_i)7w( ) (7.3)
+ fQTm{unZ(S} fn (t, ) mﬂ) (t,x)
=A+B
Concerning the term A, we proceed as follows :
v
AL 0o (1) ——— (e
Sl [ I

Un

2
Shlle [ I lo8) @)

By (4.6), we get to
A<Co (7.4)

where C is a constant independent of n. For the term B, we see that
Un
B = —_—
Qr Jn (5, 2) (un + %)vx{unza}x{u#}w (t.2)
Un

+ /Q Jn (t, ) mx{unz5}x{u:5}¢ (t, )

T
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We observe that there is at most a countable set O; such that meas{(t,z) : u (t,z) =
0} > 0. We choose § outside of this set Oy, so that the term By is zero. Since (5.7) holds,
for the term B; we have that

X{unza}x{uﬁ} — X{ ~5) a.e. in Qp

Un
In (t, ) mx{unzé}x{u#}w(ﬂf 1) < f(t, l‘) 57 = (t,x) € L' (Qr)

Thanks to (5.7) and (5.8), the Lebesgue Dominate Convergence Theorem guarantees that

. Un
lim

n—+oo o, fn (t,x) mX{un25}X{u#é}w (t,x)

v
= QTf(t,x) aX{u>6}¢ (t7$)

Then
. v
By (7.3), (7.4), (7.5) and (6.8), we can deduce that
. Un, Un,
Jim or fn (t, ) mlﬁ (t,r) = h_>m or fn (t, ) mw( )X{w 5}
v

= t,x) —¢ (t,x

[ty T8 5 (40

= [ ) G

In the same way, we have for any § > 0
Un
Jog n (t,2) ———(t, @)
Qr In (Un + %)"/

= n t o 1\~
fQTﬂ{O§Un<5}g (t,z) (un _|_ %)7 (7.6)

+Jornfun>s) 9n (£7) m
=A+B
Concerning the term A, we have

Un

A < OO/ n tv T
AWl [, e 0] @)

n

By (4.9), we get to

- Célmr ifo<y<1
4] < leloo.{ OVE  ifye1 (7.7)

which implies %in% ‘/_1‘ = 0, where C is a constant independent of n. For the term B, we
—
see that

Un,
B= Jor 0 00 G T Xz Xuray ¥ (07

Un
T Jor O ) G T X e gy ()

=B+ By
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We observe that there is at most a countable set Oz such that meas{(t,z) : u(t,7) =
d} > 0. We choose 0 outside of this set Oz, so that the term By is zero. Since (5.7) holds,
for the term B we have that

Xz} Xquzsy " Xjussy &€ 1M Qr

Un Un 1
|gn (&, )] mX{unzé}X{u#}w(l”t) <lg(t,z)| 57¢(t73?) € L (Qr)

Thanks to (5.7) and (5.8), the Lebesgue Dominate Convergence Theorem guarantees that

. S (Y

n—oo QT

By (7.6), (7.7), (7.8) and (6.8), we can deduce

Un

lim [ go(te) — " (tz) = lim [ go(t2)

=% Jor (Un + )7 520 Jor (un + )7

v
=y 90 G 02)
v
= /QTg(t’x) Ew(t’x)

Repeating the same argument for u,, to deal with the case of v,, but this time we use
(4.7) and (4.8), which ends the proof of our main result Theorem 2.2.

8. Concluding remarks and perspectives

This work has mainly focused on the question of the existence of weak solutions for a
class of singular reaction diffusion systems. Many important results have been obtained
with additional assumptions that can be applied to extinction models and other models
in biology, ecology, physics, and others as appropriate.

We have developed original methods to overcome certain difficulties, and despite the
complexity of the model studied, we have succeeded in obtaining an existence result.

In addition to this work, we can address the following interesting questions :

e Question of uniqueness, by considering the notion of entropic solutions.

e Mathematical analysis of anisotropic system, which consists in adding diffusion
coefficients to the studied system depending on (¢, z) or more generally depending
on (t,z,u, Vu).

e Asymptotic behaviour of solutions.

e Numerical simulation.

This list of loose themes corresponds to work in progress or prospective. Some are a
continuation of the work already done, and some are new research projects.

This not only makes it possible to be closer to the reality and concerns of the current
industrial world, but also goes beyond the theoretical framework by developing models
and tools that can be used and transferred to various industries.
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