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Abstract

In this study, inhomogeneous modular groups and their basic properties are examined, and the relationships
between homogeneous and inhomogeneous linear transformation concepts are discussed. The definition of the
modular group is demonstrated by using inhomogeneous linear transformations. With the help of modular group
conditions, the upper half-plane is defined with the help of the images under the elements of the modular group
I" and the formation of inhomogeneous modular transformations on different transformations is examined. In
addition, the theorem about the cases of the modular group has been determined with a distinct method.

Keywords: Inhomogeneous linear transformation, Complex numbers, Modular group.
Modiiler Grup Ozellikleri ile inhomojen Modiiler Gruplarin Genislemesi

Oz

Bu ¢alismada inhomojen modiiler gruplar ve onlarin temel 6zellikleri incelenerek homojen, inhomojen lineer
doniistim kavramlar1 arasindaki iligkiler ele alinmistir. Inhomojen lineer doniigiimler kullanilarak modiiler
grubun tanimi gosterilmistir. Modiiler grup kosullar: yardimi ile I  modiiler grubunun elemanlar altindaki
goriintiileri yardimiyla iist yar1 diizlem tanimlanip inhomojen modiiler doniisiimlerin farkli doniigiimler iizerine
olusturulmasi incelenmistir. Ayrica, moduler grubun durumlan ile ilgili teorem degisik bir ydntemle
kanitlanmustir.

Anahtar Kelimeler: Inhomojen dogrusal déniisiim, Karmasik sayilar, Modiiler grup.

1. Introduction

Henry Poincare first demonstrated some important findings that could serve as a basis for
discrete group theory towards the end of the nineteenth century, and these were used in the
generalization of elliptic functions theory. Many scientists investigated the functions left
invariant by these discrete groups, which were named Fuchsian groups after Henry Poincare's
systematic work on them. Due to their suitability for topologic group structure, linear fractional
transformation groups acquired a special significance with the discovery of NonEuclidean
geometry and invariant theory in the 19th century, and they were extensively studied by analysis
and algebraic methods.

In recent years, it has become clear that congruence subgroups of the I" modular group, that is
I'(N),T,(N) and I, (N), have been extensively studied due to their significance in elliptic

curves, integral quadratic forms, and elliptic modular functions.
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In this study, firstly, homogeneous and inhomogeneous transformations will be defined and
their important properties will be given. Further, the modular group is defined using these
transformations. After these, modular transformations are classified by means of the
transformations and also generators of the modular group and their relations are given.
Furthermore, the fundamental region is defined. Tessellation upper half plane is explained
because of existence of the fundamental region.

For linear inhomogeneous transformation

p.C*>C*
az+b
Z-o>wW=p(2)=
cz+d

and
ad —bc =0 where a,b,c,d e C.

The inhomogeneous linear transformation is reversible and preserves the C* sphere for this
transformation. The inhomogeneous modular transformation is represented by ‘P.

When ¢ ey is not identical, it has at most two fixed points and ¢ transform with respect to
these points is classified as hyperbolic, elliptic, loxodromic and parabolic transformations.

If homogeneous modular transformations whose elements are rational integers and the 2-by-2
integral matrices with determinant equal to 1 then they are homogeneous linear transformations.
The group formed by homogeneous modular transformations is called homogeneous modular

group.

The generations of inhomogeneous modular transformations expanded by reflections were
investigated in the analysis of modular group conditions, and a theorem concerning modular
group generations was proved using a distinct approach. Also, the fundamentals of
inhomogeneous modular transformations were developed using newly identified
transformations.

2. Material and Methods

Inhomogeneous Linear Transformation

The field of real numbers, complex numbers and Riemann sphere are denoted by R, Cand C*
respectively. The following is the definition of an inhomogeneous linear transformation.

p:C*>C*
z—>W:go(z):aZ+ﬂ
yi+o
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where «, ,7,0 € C are complex numbers which satisfy a.c—y.8=0 for A= {a ﬂ}. b4
Yy O

denotes the set of all inhomogeneous linear transformations.
The inverse transformation of the ¢ e i is also defined as

(p‘l:C*—>C*

W— 7= ¢71(W) :M.
—-yW+a

The set ¢ is a group under the combination of the functions. Also, it is holomorphic for ze C

with p eV, o # 2. @ transforms on itself to the set of circles on w.

Let A be the group of reversible 2 by 2 matrices on C.If Ae g then the determinant of the
matrix

A

{a 'B}iS|A|=a5—,B;/¢O
y o0
where «, 3,0,y € C.

Let ¢ also be the set of invertible linear maps of C?onto itself, which we refer to as
homogeneous linear transformations.

The transformation

p,:C*>C* z>w=Az

,
belongs to ¢ for any A< o where A.z is the matrix product of A by column z { 1}e<cz.
@,

From here,

w
W=A.Z=[a ﬂ}{aﬂ{awﬁﬁa)ﬂ{ 1}5 obtained.
y 0|l o, yo, + ow, W,

az+p

ppo>V, A>Azo>w=A(Z)=
yZ+0

is a homomorphism with the kernel of

C*=C\{0}.

If ¢ restricts itself to the group " of unimodular matrices
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A=[“ ﬂ]ego*, |Al=as - gy =1
y 0

then the kernel of ¢ is {1} and p/C*=¥, " /{£l}= V.

A homogeneous modular transformation is a homogeneous linear transformation with rational
integers as elements and a determinant equal to one. It forms a group called a homogeneous
modular group. This group

F::{[a b},a,b,c,d eZ,ad—bc:l}
c d

is isomorphic to unimodular matrix group.

The homomorphism ¢ shows the inhomogeneous T := {K| Ac F} modular group.

az+b
cz+d’

. a
Here if A:{
c

b _
d}er then A:z >

The components inhomogeneous modular transformations are referred to as A< I. They retain
the upper half plane «, the real axisR, and the set of rational numbers Q.

Given by isomorphism
r

IR

L/{xl}

describes the relationship between I"and T.

b
If A:[Z1 d}el‘ and tr(A) =a+d then the characteristic polynomial is

a- b
0,(x) = det[ cZ g }: % —tr(A) y +1 It has two roots such that
4

=282 lardy =4

2
Clearly 4,4, =1.

The following special matrices belonging toI" occur
11 0 -1 10
B = , D= , E= :
01 1 0 11
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The corresponding mappings are given by

Bz=z+1, Dz:—l,Wz:i.
yA z+1
We note that, for any k e Z
B* = Lok .
0 1
Moreover,
D?=—1, P3=-I,

0 -1
and P=DB=
1 1

-1
Also, P? = and E = BDB.
1 O

The mappings D and P have periods 2 and 3 respectively.

R is any commutative ring and R is the multiplicative group of the inverse elements of the R

a
ring. The group of the matrices in form A:[

b| . : :
d}wnh determinant equal to 1 is shown as
c

S¢, where a,b,c,d eR and det A=ad —bceR".
Here R=TR, Z or Z, can be taken.

The modular group denoted by S¢,(Z) is the subgroup of Sg,(R) whose elements are defined

F::{[a b},a,b,c,d eZ,ad—bc:l}
c d

by 2x2 matrices with integer coefficients and determinant equal to 1.

in the form

Let H={zeC:Imz>0}.
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We write ¢ =[aw,,@,] if @, o, is abasis of the lattice . We always assume that z =9 cH.
@,

Otherwise itis =2 e H and we can write p=[w, o]
@,

ar+b

The set of all transformations of the form F: A= A(z) = is called the inhomogeneous

cr+
modular transformations (Apostol, 1976).

3. Resarch Findings

Let I' = Sg,(Z). We define T"_. (or I'(Z")) for each positive integer Z" to be the subgroup of
the modular group T consisting of those matrices satisfying the condition

b 10
a =| (ModZ") for unit matrix | = .
c d 01

In other words,
a=d=1(ModZ")andc=d =0(ModZ") (Wilson, 1987).

The congruence subgroup of level N is referred to as I'y. Inhomogeneous modular
transformations

= 1
F:S=S(r)=-=
1 (7) -
. 0 -1
for matrix S = el
1 0
F,:U=U(r)=-—
7+1
. 0 1
for matrix U :[ }er and T =SU
generate T, has proposition F,” = F,°=1(z)
In fact,
= 1
FiS=5(r)=-~

= F,* = S(2)0S(z) = I ()
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FZ:U:U(T):-L
T+1

= F,’=U(r)oU(r)oU(7) = I(7)

We'll look at F;, F, andF; transformations. Transformation F, is the reflection in the
imaginary axis for z=i. Transformation F, is a reflection in region ReF, :—Efor =1

Transformation F,, which is
F,:R=R(r)=r for matrix R=-SU is areflection in the unit circle |z|=1.

Now we prove the following theorem with a different matrix.

11 0 -1
Theorem: The two matrices T :{0 J and S =L O} are used to generate I" modular

group.

Proof: By taking the matrix A

a b 1 n
A: = Er
L d} {2 2n+1}

A is written as a product of powers of T and S. Only the first power of S will occur since S*?

= |. Therefore we obtain
1 n 1 n 1 2n
AT "= ) =
{2 2n +1} {0 1} {2 4n +J

(3.2)
From (3.1), det(AT") is one. By choosing suitable n values, for example, takingn =0

Next, multiplying both sides of the (3.1) from the right by S

1 2n [0 -1] [ 2n -1
AT"S = = (3.2)
2 4n+1||1 0] |4n+1 -2

Letting n=0
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-1
ATos=|Y
1 -2
Similarly, by multiplying an appropriate power of T, that is T2

R _1H1 2}

4n+1 -2]|0 1
[ 2n 4n-1
__4n+1 8n

gives us this matrix.

Thus choosing n =0, we obtain
0 2 0 -1
AT ST = =Sel
1 0

4n-1 0 -1
" } is made by product of powers of T and S, whichis S = [1 }

. 2n
The matrix [ 0

4n+1 8n
for n=0.

Solving for A, we can obtain

rsy S o)=[t o]

:>TkST2=_k 2k -1
1 2
:>T"STZS:_2k_1 K
2
:TKSTZST{Zk_l k=1]
1

2n+1 n|
1

— T"™ST2ST {

where k=n+1.
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1 0
T ™ST2ST matrix produced of powers of Sand T is equivalent to A:{2 J matrix for

n=0. We get A=T""'ST?ST.

. .. . . la b )
It is sufficient to consider the matrix d eI to prove the theorem in general. On c, we
c
use induction in the following way:

a) If c=0 then ad =1s0 a=d =+1.

In this case,
b +1 b 1 +b
A=|® = =+ =+T*" Bytaking +h=q, then A=T%,
c d 0 +1 0 1

Therefore, A is a power of matrix T.

b) If c=1then ad-b=1so b=ad -1 when the matrix A is rewritten as
a b a ad-1
A= =
c d 1 d
1 a]fo -1][1 d
11 d||1 oo 1
= T2ST¢,

According to the induction theorem, the last matrix is a product of T and S powers, so A is as
well. This concludes the proof of the theorem. As a result, the theorem was proved using the

1 4 9
general matrix { } rather than the special matrix Ll 25} used by Apostol previously.

2n+1

Fundamental Regions.

The upper half-plane generated by the extended upper half-plane formed by the rational points

of the real axis and imaginary axis ic is described by x*and the upper half- plane is « and
its variable is 7.

Let T =(T(7),S(r))=('r,8_)c1:

be the group generated by T(r) and S(r). There is a point equivalent to 7 under x* which
has a representative in

3-={rire K,|ReT| S%,|z‘| >1}Ufioo}
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for every 7 e x since the transformationsT =T (7) and S = S(7)already line in x* (Lehner,
1965).

a b
Now suppose that Az{ d} eI is given and complex number 7 such that Imz> 0, then
c

corresponding to A= A(z) there isa B =B(7)eI™with BA =BA(r)e 3. and BA(7) = |
(7) so A(r)= B’l(r)el“x,and r*=T.

Thus, we have a proof for the assertion that T (z), S(7)and R(7)generate T

The image of an element 7 € 3 distinct from r, i and i defines tessellation of the upper
half-plane as an inhomogeneous modular transformation. As a result, we can deduce that any
element 7 of the expanded upper half-plane «*, different from r, i andic, appears exactly
once as the image under I of an element in 3= (Swinnerton-Dyer and Birch., 1975).

Obviously, the points equivalent to i are covered twice, the points equivalent to r are covered
twice, the points equivalent to ico are covered an infinite number of times. For arbitrary U e I”

, we understand the image of J- under U =U(z)Clearly, 3 is a fundamental region

T(U()
because of U(7r) e T forU el and

St =Y (S7):

The upper half-plane can be divided into modular triangular regions, which are made up of that
cover the upper half-plane. There are three modular triangular regions adjacent to each modular

: i . a
triangular region. For general matrix U :[

d}el‘, we will be following three modular
c

triangular regions that are adjacent to each other.

a) UTU *(7)=UTU ™ (3.) for matrix

l1-ac a?’
utut=|" 5 el
—C 1+ac

- _ l+ac -a’
b) UT U ™(7)=UT U™ (3;) for matrix UTU™ = { 21 } =
c —ac

_2_2
ac+bd -a b}el‘

c) USU*(7)=USU*(3-) formatrix USU* =
) (%) (37) LZer2 —ac-hd
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4. Results

Using the modular group conditions, we investigate the generations of inhomogeneous modular
groups and prove the theorem about modular group generations using a different approach.
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